


bsy

THIS BOOK IS THE PROPERTY OF:

Qi G

T

STATE
PROVINCE Book No.
COUNTY Enter information
PARISH in spaces
SCHOOL DISTRICT. f° the left as
OTHER instructed
Year CONDITION
ISSUED TO Used ISSUED | RETURNED

/ { 7
-n)u-u--unu-uucn

\umn(,\cwuj

-----------------------------------------

..........

PUPILS to whom this textbook is issued must not write on any page
or mark any part of it in any way, consumable textbooks excepted.

1. Teachers should ses that the pupil's name is clearly written in ink in the spaces ebove In

every book issved.

2. The feliewing terms should be used in recording the condition of the beek: New; Geod; Foir;

Poor; Bed,



















I

Lesson A

Lesson B
Lesson 1

Lesson 2

Lesson 3

Lesson 4

Lesson 5

Lesson 6

Lesson 7
Lesson 8
Lesson 9
Lesson 10
Lesson 11
Lesson 12
Lesson 13
Lesson 14

Lesson 15
Lesson 16
Lesson 17
Lesson 18
Lesson 19
Lesson 20
Lesson 21
Lesson 22

Contents

Preface

Basic Course

Geometry review ¢ Angles ¢ Review of absolute value e
Properties and definitions

Perimeter ¢« Area ¢ Volume ¢ Surface area ¢ Sectors of circles
Polygons « Triangles « Transversals * Proportional segments

Negative exponents ¢ Product and power theorems for
exponents ¢ Circle relationships

Evaluation of expressions * Adding like terms
Distributive property ¢ Solution of equations ¢
Change sides—change signs

Word problems e Fractional parts of a number

Equations with decimal numbers « Consecutive integer
word problems

Percent « Equations from geometry

Polynomials ¢ Graphing linear equations « Intercept-slope method
Percent word problems

Pythagorean theorem

Addition of fractions ¢ Inscribed angles

Equation of a line

Substitution ¢ Area of an isosceles triangle

Equation of a line through two points ¢ Equation of a line with a
given slope

Elimination

Multiplication of polynomials ¢ Division of polynomials
Subscripted variables « Angle relationships

Ratio word problems « Similar triangles

Value word problems ¢ AA means AAA

Simplification of radicals « Line parallel to a given line
Scientific notation « Two statements of equality

Uniform motion problems—equal distances < Similar triangles
and proportions

ix

10
21
29

34
36

42

48
34
58
61
64
69
73
77

80
83
87
90
94
98
102
104



Lesson 23
Lesson 24
Lesson 25
Lesson 26
Lesson 27
Lesson 28
Lesson 29
Lesson 30

Lesson 31

Lesson 32

Lesson 33
Lesson 34
Lesson 35

Lesson 36

Lesson 37
Lesson 38
Lesson 39
Lesson 40
Lesson 41
Lesson 42
Lesson 43
Lesson 44
Lesson 45
Lesson 46
Lesson 47
Lesson 48
Lesson 49
Lesson 50
Lesson 51

Lesson 52
Lesson 53

Lesson 54
Lesson 55

Lesson 56
Lesson 57
Lesson 58

vi

Graphical solutions

Fractional equations ¢ Overlapping triangles
Monomial factoring ¢ Cancellation ¢ Parallel lines
Trinomial factoring  Overlapping right triangles
Rational expressions

Complex fractions ¢ Rationalizing the denominator
Uniform motion problems: D, + D, = k

Deductive reasoning ¢ Euclid  Vertical angles are equal ¢
Corresponding interior and exterior angles ¢ 180° in a triangle

Negative reciprocals ¢ Perpendicular lines ¢+ Remote interior
angles

Quotient theorem for square roots ¢ Congruency ¢ Congruent
triangles

Major rules of algebra « Complex fractions

Uniform motion problems: D, + k = D,

Angles in polygons e Inscribed quadrilaterals ¢ Fractional
exponents

Contrived problems ¢ Multiplication of rational expressions ¢
Division of rational expressions

Chemical compounds ¢ Parallelograms

Powers of sums ¢ Solving by factoring ¢ Only zero equals zero
Difference of two squares ¢ Parallelogram proof ¢« Rhombus
Abstract fractional equations

Units ¢ Unit multipliers

Estimating with scientific notation

Sine, cosine, and tangent ¢ Inverse functions

Solving right triangles

Difference-of-two-squares theorem

More on radical expressions * Radicals to fractional exponents
Rate unit conversions ¢« More on fractional exponents

Radical equations

Linear intercepts ¢ Transversals

Quadratic equations * Completing the square

Imaginary numbers ¢ Product-of-square-roots theorem ¢ Euler’s
notation ¢ Complex numbers

Chemical mixture problems

Metric unit conversions ¢ English units to metric units ¢« Weight
combination by percent

Polar coordinates ¢ Similar triangles

Advanced abstract equations ¢ Word problems and quadratic
equations

Angles in circles ¢ Proofs
Ideal gas laws
Lead coefficients « More on completing the square

Contents

108
111
116
120
124
127
130
133

139

143

149
153
156

161

164
169
173
177
180
183
186
190
195
198
202
205
208
211
215

220
223

226
231

234
238
241



Lesson 59

Lesson 60
Lesson 61
Lesson 62
Lesson 63
Lesson 64
Lesson 65
Lesson 66
Lesson 67
Lesson 68
Lesson 69
Lesson 70
Lesson 71
Lesson 72
Lesson 73
Lesson 74
Lesson 75
Lesson 76
Lesson 77
Lesson 78
Lesson 79
Lesson 80
Lesson 81
Lesson 82
Lesson 83
Lesson 84
Lesson 85
Lesson 86
Lesson 87
Lesson 88
Lesson 89
Lesson 90
Lesson 91

Lesson 92
Lesson 93
Lesson 94

Lesson 95
Lesson 96
Lesson 97
Lesson 98

vii

Experimental data < Simultancous equations with fractions and
decimals « Rectangular form to polar form

Direct and inverse variation

Chemical mixture problems, type B

Complex roots of quadratic equations

Addition of vectors

Complex fractions « Complex numbers

Advanced substitution

Signs of fractions « 30-60-90 triangles

Radical denominators

Scientific calculator « Scientific notation « Powers and roots
Gas law problems

Advanced abstract equations

Quadratic formula

Lines from experimental data « Negative angles

More on radical denominators

Uniform motion with both distances given

Factorable denominators and sign changes

Using both substitution and elimination « Negative vectors
Advanced radical equations « Multiple radicals

Force vectors at a point

Metric volume ¢ 45-45-90 triangles

Direct and inverse variation as ratios

Complex numbers

Algebraic simplifications

Variable exponents

Solutions of equations

Systems of nonlinear equations

Greater than « Trichotomy and transitive axioms < Irrational roots
Slope formula

The distance formula « The relationship PV = nRT
Conjunctions « Disjunctions * Products of chords and secants
Systems of three equations

Linear inequalities « Greater than or equal to; less than or equal to -«
Systems of linear inequalities

Boat-in-the-river problems
The discriminant

Dependent and independent variables ¢ Functions ¢
Functional notation

More nonlinear systems

Joint and combined variation « More on irrational roots
Advanced substitution

Relationships of numbers

Contents

244

249
2352
256
259
262
265
269
273
275
280
284
286
290
294
297
300
303
307
311
314
318

378
381
386
388

N
|

|



Lesson 97

Lesson 98

Lesson 99
Lesson 100
Lesson 101
Lesson 102
Lesson 103
Lesson 104
Lesson 105
Lesson 106
Lesson 107
Lesson 108
Lesson 109
Lesson 110
Lesson 111
Lesson 112
Lesson 113
Lesson 114
Lesson 115

Lesson 116

Lesson 117
Lesson 118
Lesson 119
Lesson 120
Lesson 121
Lesson 122

Lesson 123
Lesson 124

Lesson 125
Lesson 126
Lesson 127
Lesson 128

Lesson 129

viii

Advanced substitution

Relationships of numbers

Absolute value inequalities ¢ Negative numbers and absolute value
Graphs of parabolas

Percent markups

Sums of functions ¢ Products of functions

Advanced polynomial division

Complex numbers, rational numbers, and decimal numerals
Advanced factoring

More on systems of three equations

Numbers, numerals, and value ¢« Number word problems
Sum and difference of two cubes

More on fractional exponents

Quadratic inequalities (greater than)

Three statements of equality

Quadratic inequalties (less than)

Logarithms ¢ Antilogarithms

Nonlinear inequalities

Exponential equations ¢ Exponential functions ¢« Compound
interest

Fundamental counting principle and permutations e
Probability « Independent events

Letter symbols for sets ¢ Set-builder notation
Logarithmic equations

Absolute value inequalities

Age word problems

Rational inequalities

Laws of logarithms e« Intersection of sets ¢ Union of sets ¢
Venn diagrams -

Locus « Basic construction

Conditions of congruence ¢ Proofs of congruence ¢ Isosceles
triangles

Distance defined ¢ Equidistance * Circle proofs

Rectangles ¢ Squares ¢ Isosceles trapezoids ¢ Chords and arcs
Lines and planes in space

Circumscribed and inscribed ¢ Inscribed triangles < Inscribed
circles » Proof of the Pythagorean theorem ¢ Inscribed angles

Stem and leaf plots ¢« Measures of central tendency ¢ The normal
curve ¢ Standard deviation

Glossary
Answers
Index

Contents

386
388
392
396
403
405
409
411
415
419
422
425
428
430
433
435
437
442
446

451

457
461
464
468
471
475

479
484

490
495
500
504

519
531
571



[l

Preface

This is the second edition of the second book in an integrated three-book series designed to
prepare students for calculus. In this book we continue the study of topics from algebra and
geometry and begin our study of trigonometry. Mathematics is an abstract study of the
behavior and interrelationships of numbers. In Algebra |, we found that algebra is not
difficult—it is just different. Concepts that were confusing when first encountered became
familiar concepts after they had been practiced for a period of weeks or months—until finally
they were understood. Then further study of the same concepts caused additional understanding
as totally unexpected ramifications appeared. And, as we mastered these new abstractions, our
understanding of seemingly unrelated concepts became clearer.

Thus, mathematics does not consist of unconnected topics that can be filed in separate
compartments, studied once, mastered, and then neglected. Mathematics is like a big ball
made of pieces of string that have been tied together. Many pieces touch directly, but the other
pieces are all an integral part of the ball, and all must be rolled along together if understanding
is to be achieved.

A total assimilation of the fundamentals of mathematics is the key that will unlock the
doors of higher mathematics and the doors to chemistry, physics, engineering, and other
mathematically based disciplines. In addition, it will also unlock the doors to the understanding
of psychology, sociology, and other nonmathematical disciplines in which research depends
heavily on mathematical statistics. Thus, we see that mathematical ability is necessary in
almost any field of endeavor.

One must be able to apply the fundamental concepts of mathematics automatically if
these fundamentals are to be useful. There is insufficient time to relearn basics every time a
basic principle must be applied, and familiarity or a slight acquaintance with a basic principle
does not suffice for its use. Testing has indicated that many students have only a tenuous grasp
of basics at this point even though some topics have been practiced for almost a full year.

Thus, in this book we go back to the beginning—to signed numbers—and then quickly
review all of the topics of Algebra 1 and practice these topics as we weave in more advanced
concepts. We will also practice the skills that are necessary to apply the concepts. The
applicability of some of these skills, such as completing the square, deriving the quadratic
formula, simplification of radicals, and complex numbers, might not be apparent at this time.
but the benefits of having mastered these skills will become evident as your education
continues.

We will continue our study of geometry in this book. Lessons on geometry appear at
regular intervals, and one or two geometry problems appear in every homework problem set.
We begin our study of trigonometry in Lesson 43 when we introduce the fundamental
trigonometric ratios—the sine, cosine, and tangent. We will practice the use of these ratios in
every problem set for the rest of the book. The long-term practice of the fundamental concepts
of algebra, geometry. and trigonometry will make these concepts familiar concepts and will
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enable an in-depth understanding of their use in the next book in this series, a pre-calculus
book entitled Advanced Mathematics.

Problems have been selected in various skill areas, and these problems will be practiced
again and again in the problem sets. It is wise to strive for speed and accuracy when
working these review problems. If you feel that you have mastered a type of problem, don’t
skip it when it appears again. If you have really mastered the concept, the problem should not
be troublesome: you should be able to do the problem quickly and accurately. If you have not
mastered the concept. you need the practice that working the problem will provide. You must
work every problem in every problem set to get the full benefit of the structure of this
book. Master musicians practice fundamental musical skills every day. All experts practice
fundamentals as often as possible. To attain and maintain proficiency in mathematics, it is
necessary to practice fundamental mathematical skills constantly as new concepts are being
investigated. And, as in the last book. you are encouraged to be diligent and to work at
developing defense mechanisms whose use will protect you against every humans’ seemingly
uncanny ability to invent ways to make mistakes.

One last word. There is no requirement that you like mathematics. I am not especially
fond of mathematics—and 1 wrote the book—but I do love the ability to pass through doors
that knowledge of mathematics has unlocked for me. I did not know what was behind the
doors when 1 began. Some things I found there were not appealing while others were
tascinating. For example. I enjoyed being an Air Force test pilot. A degree in engineering was
a requirement to be admitted to test pilot school. My knowledge of mathematics enabled me
to obtain this degree. At the time I began my study of mathematics, 1 had no idea that I would
want to be a test pilot or would ever need to use mathematics in any way.

I thank Tom Brodsky for his help in selecting geometry problems for the problem sets.
I thank Joan Coleman and David Pond for supervising the preparation of the manuscript. I
thank Margaret Heisserer, Scott Kirby. John Chitwood, Julie Webster. Smith Richardson,
Tony Carl. Gary Skidmore. Tim Maltz. Jonathan Maltz, and Kevin McKeown for creating the
artwork, typesetting. and proofreading.

[ again thank Frank Wang for his valuable help in getting the first edition of this book
finalized and publisher Bob Worth for his help in getting the first edition published.

John Saxon
Norman, Oklahoma
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LESSON A

A.A

geometry
review

Geometry review  Angles * Review of absolute
value + Properties and definitions

Some fundamental mathematical terms are impossible to define exactly. We call these terms
primitive terms or undefined terms. We define these terms as best we can and then use them
to define other terms. The words point, curve, line, and plane are primitive terms.

A point is a location. When we put a dot on a piece of paper to mark a location, the dot
is not the point because a mathematical point has no size and the dot does have size. We say
that the dot is the graph of the mathematical point and marks the location of the point. A
curve is an unbroken connection of points. Since points have no size, they cannot really be
connected. Thus, we prefer to say that a curve defines the path traveled by a moving point. We
can use a pencil to graph a curve. These figures are curves.

~ L @

A mathematical line is a straight curve that has no ends. Only one mathematical line
can be drawn that passes through two designated points. Since a line defines the path of
a moving point that has no width, a line has no width. The pencil line that we draw marks the
location of the mathematical line. When we use a pencil to draw the graph of a mathematical
line, we often put arrowheads on the ends of the pencil line to emphasize that the mathematical
line has no ends. ‘

4 5 ¢

We can name a line by naming any two points on the line in any order. The line above
can be called line AB, line BA, line AC, line CA, line BC. or line CB. Instead of writing the
word “line,” we can put a bar with two arrowheads above the letters, as we show here.

AB BA AC CA BC CB
These notations are read as “linc AB.” “line BA.” etc. We remember that a part of a line is
called a line segment or just a segment. A segment has two endpoints. A segment can be
named by naming the two endpoints in any order. The following segment can be called
segment AB or segment BA.
A B

&—

Instead of writing the word “segment.” we can draw a bar that has no arrowheads above the
letters. Segment AB and scgment BA can be written as

AB and BA

If we write the letters without using the bar, we are designating the length of the
segment. 1f segment AB has a length of 2 centimeters, we could write either



A.B

angles

4 Lesson A

AB = 2cm or BA = 2cm

A ray is sometimes called a half line. A ray has one endpoint, the beginning point,
called the origin. The ray shown here begins at point A, goes through points B and C, and continues
without end.

A B Cc

@ -
@ @

When we name a ray, we must name the origin first and then name any other point on the ray.
We can name a ray by using a line segment with one arrowhead. The ray shown above can be
named by writing either

AB or AC
These notations are read by saying “ray AB” and “ray AC.”

A plane is a flat surface that has no boundaries and no thickness. Two lines in the same
plane either intersect (cross) or do not intersect. Lines in the same plane that do not intersect
are called parallel lines. All points that lie on either of two intersecting lines are in the plane
that contains the lines. We say that these intersecting lines determine the plane. Since three
points that are not on the same line determine two intersecting lines, we see that three points
that are not on the same line also determine a plane.

= ===

Parallel lines Intersecting lines Three points

The word angle comes from the Greek word ankulos, meaning “crooked” or “bent.” An angle
is formed by two rays that have a common endpoint. If the rays point in opposite directions,
we say that the angle formed is a straight angle. If the rays make a square corner, we say that
the rays are perpendicular and that the angle formed is a right angle. We often use a small
square, as in the following figure, to designate a right angle. If the angle is smaller than a right
angle, it is an acute angle. An angle greater than a right angle but less than a straight angle is
called an obtuse angle. An angle greater than a straight angle but less than two straight angles
is called a reflex angle.

~ V-

Straight angle Right angle Acute angle
Obtuse angle Reflex angle

If a right angle is divided into 90 parts, we say that each part has a measure of 1 degree.
Thus, a right angle is a 90-degree angle. Two right angles make a straight angle, so a straight
angle is a 180-degree angle. Four right angles form a 360-degree angle. Thus, the measure
of a circle is 360 degrees. We use a small raised circle to denote degrees. Thus, we can write
90 degrees, 180 degrees, and 360 degrees as 90°, 180°, and 360°.
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90° 90°

90° 90°

1]
L

European authors tend to define an angle to be the opening between two rays. Authors
of U.S. geometry books tend to define the angle to be the set of points determined by the two

Opening Set of points

Authors of trigonometry books prefer to define an angle to be a rotation of a ray about its
endpoint from an initial position to a final position called the terminal position. We see that
the rotation definition permits us to distinguish between a 50° angle and a 410° angle even
though the initial and terminal positions are the same.

Initial Initial
Some angles can be named by using a single letter preceded by the symbol £ for angle. The
notation ZA is read as “angle A.” Some angles require that we use three letters to name the
angle. The notation ZBAD is read as “angle BAD.” When we use three letters, the middle
letter names the vertex of the angle, which is the point where the two rays of the angle
intersect. The other two letters name a point on one ray and a point on the other ray.

S

The angle on the left is ZA. The figure on the right has three angles. The big angle is ZBAD.
Angle BAC and angle CAD are called adjacent angles because they have the same vertex,
share a common side, and do not overlap (i.e., do not have any common interior points).

If the sum of the measures of two angles is 90°, the angles are called complementary
angles. If the sum of the measures of two angles is 180°, the angles are called supplementary

angles.
A
,—I/ C /

Complementary Supplementary
angles angles

In the figures in this book. lines that appear to be straight are straight. Two intersecting
straight lines (all lines are straight lines) form four angles. The angles that are opposite each
other are called vertical angles. Vertical angles are equal angles.
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solution

example A.2

solution

example A.3

solution
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D

In this figure, angle A has the same measure as angle B, and angle C has the same measure as
angle D.

It is important to remember that only numbers can be equal. If we say that two angles
are equal, we mean that the number that describes the measure of one angle is equal to
the number that describes the measure of the other angle. If we say that two line
segments are equal, we mean that the numbers that describe the lengths of the segments
are equal. Both of the following notations tell us that the measure of angle A equals the measure
of angle B.

LA = 4B mLA = msLB

Because excessive attention to the difference between equal and equal measure tends to be
counterproductive. in this book we will sometimes say that angles are equal or that line
segments are equal because this phrasing is easily understood. However, we must remember
that when we nse the words equal angles or equal segments, we are describing angles
whose measures are equal and segments whose lengths are equal.

Find x and ».

1.>"30°
NDNR
yc

The 30° angle and angle v form a right angle. so x equals 60. Thus, angle x and the 30° angle
are complementary angles. The 40° angle and angle v form a straight angle. Straight angles
are 180° angles. so v equals 140. Thus. angle v and the 40° angle are supplementary angles.

Find x. y. and p.

Angte v and the 50° angle form a 180° angle. Thus. y equals 130. Because vertical angles are
equal angles. x equals 50 and p equals 130.

Find x. y. and p.

This problem allows us to use the fact that if two angles form a straight angle the sum of their
measures is 180°. We see that angle 2v and 110° form a straight angle. Also. 5.x must equal 110
because vertical angles are equal.

STRAIGHT ANGLE VERTICAL ANGLE
2v + 110 = 180 S =)0
2y =70 x = 22
) =a85

Since vis 35. 2y is 70. Thus. p = 70 because vertical angles are equal.



A.C

review of
absolute value

7/ A.C review of absolute value

A number is an idea. A numerical expression is often called a numeral and is a single
symbol or a collection of symbols that designates a particular number. We say that the
number designated is the value of the expression. All of the following numerical expressions
designate the number positive three, and we say that each of these expressions has a value of
positive three.

3 7+8 . 12 75 16 _

5 Y 25 2

We have agreed that a positive number can be designated by a numeral preceded by a
plus sign or by a numeral without a sign. Thus, we can designate positive three by writing
either

+3 or 3

The number zero is neither positive nor negative and can be designated with the single
symbol
0

Every other real number is either positive or negative and can be thought of as having two
qualities or parts. One of the parts is designated by the plus sign or the minus sign. The other
part is designated by the numerical part of the numeral. The two numerals

+3 and -3

designate a positive number and a negative number. The signs of the numerals are different,
but the numerical part of each is
3

We say that this part of the numeral designates the absolute value of the number. It is difficult
to find a definition of absolute value that is acceptable to everyone. Some people object to
saying that the absolute value is the same thing as the “bigness” of a number because
“bigness” might be confused with the concept of “greater than” which is used to order
numbers. Some explain absolute value by saying that all nonzero real numbers can be paired,
each with its opposite, and that the absolute value of either is the positive member of the pair.
Thus,

+3 and -3

are a pair of opposites, and both have an absolute value of 3. Other people prefer to define the
absolute value of a number as the number that describes the distance of the graph of the
number from the origin. If we use this definition, we see that the graphs of +3 and -3 are both
3 units from the origin, and thus both numbers have an absolute value of 3.

3 3

I
|
|
! ] ¢ | ] ! !
hd 1 T T T

T
:
f
5 -4 -3 2 -1 0 1 2

1 i
T I

4 5

@ 2ro=2

Some people feel that words should not be used to define absolute value because absolute
value can be defined exactly by using only symbols and using two vertical lines to indicate
absolute value. This definition is in three parts. Unfortunately, the third part can be confusing.
(a) If x>0 [x|
by Ifx=0 |y

X

AT

() Ifx<0 |y ==

Part (c) does not say that the absolute value of x is a negative number. It says that if x is a necative
number (all numbers less than zero are negative). the absolute value of v is the opposite of x.
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Since —135 is a negative number, its absolute value is its opposite, which is +15.
[-15] = =(=15) = 15
In the same way, if we designate the absolute value of an algebraic expression such as
lx + 2]

and x has a value such that x + 2 is a negative number, then the absolute value of the expression
will be the negative of the expression.

v+2<d lx + 2] ==(x + 2)
To demonstrate, we give x a value of —5, and then we will have
[-5 + 2| = |-3] = =(=3) = 43

No matter how we think of absolute value, we must remember that the absolute value of
zero is zero and that the absolute value of every other real number is a positive number.

o] = 0 I-5] = 5 5| =5 [-2.5] = 2.5

In this book, we will sometimes use the word “number” when the word “numeral”
would be more accurate. We do this because overemphasizing the distinction between the two
words can be counterproductive.

Simplify: —|-4| — 2 + |-5]

We will simplify in two steps.
-4-2+5 simplified
-1 added algebraically

Understanding algebra is easier if we make an effort to remember the difference between
properties and definitions. A property describes the way something is. We can’t change
properties. We are stuck with properties because they are what they are. For instance,

3+2=5 and 2+3=35

The order of addition of two real numbers does not change the answer. We can understand this
property better if we use dots rather than numerals.

Here we have represented the number 5 with 5 dots. Now, on the left below we separate the
dots to show what we mean by 3 + 2, and on the right we show 2 + 3. The answer is 5 in
both cases because there are a total of 5 dots regardless of the way in which they are arranged.
We call this property the commutative property of real numbers in addition.

3 + 2 2 + 3

Definitions are different because they are things that we have agreed on. For instance,

32 means 3 times 3
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13. -3(=2 = 3 + 6) — [-5(=2) + 3(=2 — 4)]

| 2 NR—s i 15. -2 - |-4 - 2| + 8]

#6. Z|=3@y-"3- 22 17. -22 - 25 _|-2} -2

18. -3[-1 — 2(-1 — D][-3(=2) - 1] 19. -3[-3(-4-1) - (-3 - 4)]
20 2[(=3 + 1) — (=2 - 2)(-1 + 3)] 21, -2[-2(-4) - 23](-|2D

22, -8 - 32— (<22 - 3(-2) +2 23. —{-[-5(-3 + 2)71}

2. 58 =442 @2 - 3 25. 3(=2 + 5) - 222 - 3) - |-2|

-5 - (=2) + 8 — 4(5)
6 — 4(=3)

=3~ (aflad 9 L (=5)
7(1-3 + 4|)
30. 4- (=4 - 53 -1 + 3@)=2)

26. 27, 2)[-3- 4-5] -2 - (1]

28. 29. 4(=-D)[-(7 - 3)5 - 2)2]

LESSON B

B.A

perimeter

Perimeter « Area  Volume < Surfacearea ¢
Sectors of circles

The perimeter of a closed. planar geometric figure is the distance around the figure. The
perimeter of this figure is 12.5 units.

3

25 3 Perimeter = 2.5 + 3 + 3 + 4 = 125

4

We call the perimeter of a circle the circumference of the circle. The radius of a circle
is the distance from the center of the circle to any point on the circle. A chord of a circle is
a line segment whose endpoints are on the circle. A diameter is a chord that passes through
the center of the circle. The length of a diameter is twice the length of a radius.

DO

Radius Chord Diameter

It takes about 3.14 diameters to go all the way around a circle. The exact number is a number
we call pi. We use the symbol 7 to represent this number. It takes & diameters to equal the
circumference, and it takes 27 radii to equal the circumference. When we use 3.14 as an
approximation for 7, we use the symbol =, which means “‘approximately equal to.”
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d
d = 0.14d ~ 0.28r
d r
Circumference = md Circumference = 2mr
Circumference = 3.14d Circumference = 6.28r

From this we see that the number 7 is the number we get when we divide the circumference
of any circle by its diameter.

: Circumference
For any circle - =7r

Diameter
We can use this relationship to find the circumference of a circle if we know the diameter and
to find the diameter if we know the circumference.

circumference
b/d

m X diameter = circumference Diameter =

To write was a decimal number would require an infinite number of digits because 7is an irrational
number. A calculator gives a decimal approximation of  as
= 3.141592654

In our calculations that involve the number 7 we can use 3.14 as an approximation or use the
m key on a calculator, which gives a more accurate approximation.

The area of a flat, closed geometric figure is a number that tells us how many squares of a
certain size it will take to completely cover the figure. On the left we show a rectangle that is
2 centimeters high and 4 centimeters long.

4 4

On the right we see that the rectangle can be divided into 2 x 4, or 8, squares whose sides are
1 centimeter long. The area of each square is | square centimeter. From this we see that the
area of a rectangle equals the length times the width. Thus the area of the rectangle is 8 square
centimeters, which we write as 8 cm?.

The area of a circle is greater than the area of three squares whose sides have the same
length as the radius of the circle, and the area of the circle is less than the area of four of these
squares.

e 4R
N

The area of a circle is greater than 3% and less than 4,2, Mathematicians have proved that the
area of a circle equals 772, Thus, if we know the radius of a circle we can find the circumference
of the circle and the area of the circle. Both of these relationships contain the number .
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example B.2  Find the area of the shaded portion of this
figure. Dimensions are in meters.

solution The area of the shaded portion equals the area of the rectangle minus the areas of the circle
and the triangle.
6 X5
2

150 — 167 — 15 = 84.76 m?

10 X 15 — m(4)? -

Area

B.C

volume A cube is a three-dimensional geometric figure whose six sides are identical squares.

1

A cube whose edges are all 1 centimeter long has a volume of 1 cubic centimeter. A cube
whose edges are all 1 inch long has a volume of 1 cubic inch. A cube whose edges are all |
kilometer long has a volume of 1 cubic kilometer.

A geometric figure that has three dimensions and thus takes up space is called a
geometric solid. The volume of a geometric solid is a number that tells us how many cubes
of a certain size it will take to fill up the solid. It is helpful to think of sugar cubes when
discussing volume. If we have a rectangle that measures 2 cm by 3 cm, it has an area of 6 cm?.
If we put 1 sugar cube on each square, we see that one layer of cubes has a volume of 6 cubic
centimeters. If we stack the cubes 3 deep, we see that we have 3 times 6, or 18 cubes. Thus,
the volume of the figure on the right is 18 cubic centimeters. Geometric solids whose sides are
perpendicular to the base are called right geometric solids, or just right solids.

2

LEEET

3 3 3

Area = 6cm? Volume = 6 cm3 Volume = 18 cm3

The figure on the left below is the figure from example B.1. It has an area of approximately
28.28 square meters. If we use this figure as a base and build sides that are perpendicular to
the base and 1 meter high, the container formed will hold 28.28 crushed 1-m sugar cubes.

6—7\ e, [

Area = 28.28 m? Volume = 28.28 m3 Volume = 84.84 m3
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If we make the sides 3 meters high, the volume would be 3 times 28.28 m?, or 84.84 m?. We
can extend this process to determine the volume of any right solid. We see that the volume of
a right solid equals the area of the base times the height.

Aright solid can also be called a right cylinder. If the sides of the base are line segments
(the base is a polygon), the cylinder can also be called a right prism.

=

y——————

-F---
// ~ N
Right oval Right circular Right triangular Right rectangular Right
cylinder cylinder cylinder (prism) cylinder (prism) cylinder

The right cylinder on the left is a right oval cylinder because the top and the bottom are
identical ovals whose surfaces are parallel. The next cylinder is a right circular cylinder. The
bases of this cylinder are identical circles whose surfaces are parallel. The third cylinder is a
right triangular cylinder with identical bases that are triangles whose surfaces are parallel.
This cylinder can be called a prism because its base is a shape whose sides are line segments.
The rectangular cylinder is also a prism. A cylinder is formed by moving a line segment
called an element around a closed. flat geometric figure. The element is always parallel to a
given line.

The volume of a cylinder or a prism equals the area of the base times the perpendicular
distance between the bases, whether or not the cylinder is a right cylinder.

T — e U N

10m

' \
If the perpendicular distance between the bases of each cylinder shown above is 10 m and if
the area of each base is 10 m?, the volume of each cylinder is 100 m>.

Volume of cylinder (prism) = area of base X height

10m? x 10 m = 100 m?

A cone is defined as a solid bounded by a closed. flat base and the surface formed by
line segments which join all the points on the boundary of the base to a fixed point not in the
plane of the base. This point is called the vertex. The line from the center of the base to the
vertex is called the axis of the cone. In a right circular cone the axis is perpendicular to the
base. A cone whose base is a polygon is called a pyramid. Thus. a pyramid is a cone whose
base has straight sides.
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D H A A

Circular cone Right circular Cone Cone
cone Pyramid

The altitude of a cone or pyramid is the perpendicular distance from the base to the vertex.
The volume of a cone (pyramid) is exactly one-third the volume of the cylinder (prism)
that has the same base and the same height.

A sphere is a perfectly round, three-dimensional shape. Every point on the surface of a
sphere is the same distance from the center. This distance is the radius of the sphere.

Sphere

The volume of a sphere is exactly two-thirds the volume of the right circular cylinder
into which the sphere fits. The radius of the cylinder equals the radius of the sphere, and the
height of the cylinder is twice the radius of the sphere.

Volume of the sphere equals % the volume of the cylinder
Close your eyes and try to remember this diagram. It will help you remember the formula for
the volume of a sphere. The first proof of this method of finding the volume of a sphere is

attributed to the Greek philosopher Archimedes (287-212 B.c.). There is a formula for the
volume of a sphere. See if you can use the figure above to find the formula.

example B.3 Find the volume of this cylinder. The area
of the base is 242 m?. .% _

10m

solution The volume of any cylinder equals the area of the base times the altitude.

Volume = 242 m? X 10m = 2420 m?



example B.4

solution

example B.5

solution

B.D

surface area

example B.6

solution

example B.7

solution
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Find the volume of this cone. The area of
the base is 242 m>.

10m

The volume of a cone equals one-third the
volume of the cylinder that has the same
base and altitude.

2420 5

3 = 806.67 m?

Volume = %(242 m2)(10 m) =

Find the volume of a sphere whose radius is 3 centimeters.

The volume of a sphere is exactly two-thirds the volume of the right circular cylinder that will
contain it.

Area of base = 7(3)? = 97 cm?
Height = 2r = 6 cm
Volume of cylinder = 6(97) = 547 cm?3

The sphere takes up two-thirds of this volume.

Volume of sphere = %(5471‘) cm?® = 367 cm?

The surface area of a geometric solid is the sum of the areas of the faces of the solid. In this
book we will restrict our investigation of the surface areas of cylinders to the surface areas of
right cylinders.

Find the surface area of this right prism. All
dimensions are in centimeters.

3
The prism has two ends that are triangles. It has three faces that are rectangles.

4cm X 3cm

Area of one end = > = 6cm?
Area of other end = 4 cm >7< em _ 6 cm?
Area of bottom = 3c¢m X 6 cm = 18 cm?

4cm X 6cm = 24 cm?
5cm x 6 cm = 30 cm?

Area of back
Area of front

Surface area = total = 84 cm?
Find the surface area of the right circular T e
cylinder shown. Dimensions are in meters. =
The cylinder has two ends that are circles. 10

The area of one end is /2. so the area of
both ends is
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The perimeter of the figure is
Perimeter = 5 + 6 + 5 + 3m = 25.42 ft
Thus, the lateral surface area is the area of the rectangle.
Lateral surface area = (10 f1)(25.42 ft) = 254.2 fi?

We add this to the surface area of both bases to get the total surface area.

Base area 44.13 ft?
Base area 44.13 fi2
Lateral surface area 254.20 ft2
Total surface area 342.46 ft2

There is an easy way to remember how to find the surface area of a sphere. The surface
area of a sphere equals the combined areas of four circles, each of which has a radius the same
length as the radius of the sphere. A picture to aid your memory shows a grapefruit and four
halves of the grapefruit.

DR PP E

Surface area zre zrd nre nre
of grapefruit

Close your eyes and try to place the diagram above in your memory. If you do, it will be easier
to remember that the surface area of a sphere equals the sum of the areas of four circles, each
with a radius whose length equals the length of the radius of the sphere.

Surface area of a sphere = 472 |

There are formulas for the lateral surface areas of many types of cones, and they are all
different. The lateral surface area of a right circular cone equals 7rs, where r is the radius of
the base and s is the distance from any point on the perimeter of the base to the vertex. This
distance is called the slant height. The lateral surface area of a pyramid is the sum of the areas
of the faces of the pyramid.

i
s =\re+ h2

b
Pyramid

Right circular cone

1
Area of one face = 7 bs Lateral surface area = zrs

B.E

sectors of A part of a circle is called an arc. If we draw two radii to connect the endpoints of the arc to
circles the center of the circle. the area enclosed is called a sector of the circle.

Am\

[ L,

Center Central
angle
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14. The complement of an angle is 10°. What is the measure of the angle?

15. The supplement of an angle is 60°. What is the measure of the angle?

Simplify:
16. -22 - 2B - (<22 -2 17. =22 — |-4] + |4]
18 =-3] — 3 - 82 19. -4 — (=3 - 22 + |-4]
20. -32 - 2(-4 + 6) A S4@2 h3)e= 5 x |8
22. -2[-1 - (=5)] - [-6(-2) + 3] M 22 % _ 3, |9
24, -2 -]-3- 4+ 8- 22 5 3 d=-2]
26, = ("26)j48(_'3)4(5) =3 27. D[-3+4-35 -2 - (=1)]
3 -5 - (-2) + 6 — 43 - |6 — 9]) 7, 2-(3-2)-(2+53)
5 - |@)-3)] —422 - 3)(-2)

30. -2(-3 +4 - 6) — 2(=2) - 3(-2) - |-5]|

LESSON 1

1.A

polygons

Polygons < Triangles * Transversals ¢
Proportional segments

Definitions often change. The definition of a polygon is a good example. The word is formed
from the Greek roots poly, which means “more than one” or “many,” and gonon, which means
“angle.” Thus, polygon literally means “more than one angle.” In 1571 Diggs said that
“Polygona are such figures that haue moe than foure sides.” In 1656 Blount said that a
polygon was a geometrical figure that “hath many corners.”

4 5 6 8 8
Sides Sides Sides Sides Sides

Triangle Quadrilateral  Pentagon Hexagon Octagon Octagon

All of the figures shown here fit Blount’s definition of a polygon, but the two on the left do
not have enough sides for Diggs’s definition. Modern authors tend to define polygons as
simple, closed, flat geometric figures whose sides are straight lines. The figures below are not
polygons.

(a) (b) (c) (d)

The sides of the figures (a) and (b) cross, so these are not simple. closed geometric figures.
One “side™ of (c) is not a straight line, and figure (d) is not a closed figure. The five figures
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shown below are all polygons. Note that in each figure the number of vertices (corners) is
the same as the number of sides.

: Cave ::
g Equilateral Equilangular
(a) (b)

polygon polygon
(c) (d) (e)
Figure (b) has an indentation that we think of as a cave, and this polygon is called a concave

polygon. Any polygon that does not have a cave is a convex polygon. Any two points in the
interior of a convex polygon can be connected with a line segment that does not cut a side of

the polygon.
Concave Convex Convex

If all the angles of a polygon have equal measures and all sides have equal lengths, the
polygon is called a regular polygon. Polygons that are not regular polygons are called irregular
polygons.

OEONON

Regular Irregular Regular Irregular
pentagon pentagon heptagon heptagon

The name of a polygon tells the number of sides the polygon has.

NUMBER OF SIDES NaME NUMBER OF SIDES NaME
3 - Triangle 9 Nonagon
4 Quadrilateral 10 Decagon
5 Pentagon 11 Undecagon
6 Hexagon 12 Dodecagon
7 Heptagon n n-gon
8 Octagon

Although these names are useful, we will not concentrate on memorizing them. Some polygons
of more than 12 sides have special names, but these names are not used often. Instead, we use
the word polygon and tell the number of sides or use the number of sides with the suffix -gon.
Thus, if a polygon has 143 sides, we would call it a polygon with 143 sides or a 143-gon. The
endpoints of one side of a polygon are called consecutive vertices, and two adjacent sides are
called consecutive sides. A diagonal of a polygon is a line segment that connects two
nonconsecutive vertices. In the figures below, the dashed lines represent diagonals.

Diagonals Diagonals
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triangles

23 1.B triangles

If a triangle has a right angle, the triangle is a right triangle. If one angle is greater than 90°,
the triangle is an obtuse triangle. If all angles are less than 90°, the triangle is an acute triangle.

NN A

Right Obtuse Acute
triangle triangle triangle

The sum of the measures of the three angles of any triangle is 180°. The greatest angle is
opposite the longest side, and the smallest angle is opposite the shortest side. In the triangle
on the left below, we know that the length of side C is greater than the length of side B because
80° is greater than 70°,

B
80° B
/\ 7/\
70° 30°
A
(0] 9 ©

In the triangle on the right, we know that C is the smallest angle because it is opposite the
shortest side. Angle A is the largest angle because it 1s opposite the longest side.

In a triangle, the angles opposite sides of equal lengths have equal measures. The
sides opposite angles of equal measures have equal lengths.

B E
80°
60°
A C D F

Scalene triangle Isosceles triangle

Angle C in the figure on the left must be a 40° angle, because the sum of all three angles must
be 180°. In the same figure all the angles have different measures, so all the sides must
have different lengths. If all the sides of a triangle have different lengths, the triangle is
called a scalene triangle. The identical tick marks on two sides of the triangle on the right
above tell us that these two sides have equal lengths. Thus, angle D and angle F must have
equal measures. A triangle that has at least two equal sides (and two equal angles) is called an
isosceles triangle. The word isosceles derives from the Greek prefix iso-, meaning “equal,”
and the Greek word skelos, meaning “leg.”

The triangle shown below has three sides whose lengths are equal, so we call this
triangle an equilateral triangle, from the Latin equi- meaning “equal” and /atus meaning “side.”

H

G K
Equilateral triangle

The identical tick marks indicate that the lengths of the sides are equal. Since angles opposite
equal sides have equal measures, all three angles in this triangle must have equal measures.



example 1.1

solution

example 1.2

solution

example 1.3

solution

1.C

transversals
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Each angle must have a measure of 60° because 3 x 60° equals 180°. Since an equilateral
triangle has at least two sides whose lengths are equal, an equilateral triangle is also an
isosceles triangle. We summarize these very important properties of triangles in the following
boxes.

If two sides of a triangle have equal lengths, the angles
opposite these sides have equal measures. If two angles
of a triangle have equal measures, the sides opposite these
angles have equal lengths.

When the three sides of a triangle have equal lengths, all
three angles are 60° angles. If the three angles of a triangle
are equal, they must be 60° angles and the three sides
must have equal lengths.

Find x and y.

In any triangle the angles opposite equal sides are equal angles. Thus x is 50 and angle x
is a 50° angle. The sum of three angles in a triangle is 180°, so y must be 80 and angle yisan .
80° angle.

Find x and y.

The 150° angle and angle x form a 180° angle. Thus, angle x is a 30° angle. Since angle B is
a 40° angle. angle y must be a 110° angle so that the sum of the angles will be 180°. We check
by adding all three angles.

“30 + 40 + 110 = 180 check

This triangle is an equilateral triangle. Find D. B

DC
c

A t

If the triangle is an equilateral triangle. all three angles are equal and each angle is a 60° angle.
Angle D and one of the 60° angles form a straight angle. Thus, angle D is a 120° angle.

m«D = 120°

A transversal is a line that cuts or intersects two or more other lines. If a transversal intersects

two or more lines that are parallel and if the transversal is perpendicular to one of the |
parallel lines, it is perpendicular to all the parallel lines. We use the symbol Il to mean parallel

and X to mean not parallel.
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solution

1.D

proportional
segments

25 1.D proportional segments

p
t
/ u s
i
ol m
m M n
L X m sllmln

In the left-hand figure, line 1 is a transversal because it intersects both line m and line £. In the
right-hand figure, line p is a transversal because it intersects lines s, m, and n. These lines are
parallel lines, as indicated by the arrowheads that are not on the ends of the segments. Because
the transversal p is perpendicular to one of the parallel lines, it is perpendicular to all the
parallel lines. We omit the arrowheads on the ends of these lines because the arrowheads
would clutter the diagram.

If the transversal is not perpendicular to the lines, two groups of equal angles are
formed: Half the angles are ‘““large angles” that are equal angles and are greater than 90°,
Half the angles are ‘“small angles’ that are equal angles and are less than 90°.

L/S
s/t

L /9 120°/60°
S/L 60°/120°
L/s
L/S 120°/60° b~

S/L 60° / 120°
L/S
7
On the left we use the letters L and S to mean “large” and “small.” We note that together a
large angle and a small angle form a straight angle (180°), so the large angles and the small
angles are supplementary angles. In the center figure, the large angles are 120° angles and the
small angles are 60° angles. Thus, the sum of any large angle and any small angle is 180°. In

the figure on the right, we see that when a transversal cuts three parallel lines, six equal large
angles are formed and six equal small angles are formed.

Find A, B, and C. /

- n
607 A°

Angle A and the 60° angle form a straight angle, which measures 180°. Thus, A is 120. Lines
m and n are parallel, so all the small angles are equal and all the large angles are equal. Thus,
C equals 60 and B equals 120.

When three or more parallel lines are cut by two transversals, the lengths of the corresponding
segments of the transversals are proportional. This means that the lengths of the segments of
one transversal are related to the lengths of the corresponding segments of the other transversal
by a number called the scale factor.
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2.A negative exponents

LESSON 2

2.A

negative
exponents

example 2.1

solution

Negative exponents * Product and power theorems
Jor exponents < Circle relationships

Negative exponents cannot be “understood” because they are the result of a definition, and
thus there is nothing to understand. We define 2 to the third power as follows:
2 =02.2.2

We have agreed that 23 means 2 times 2 times 2. In a similar fashion, we define 2 to the
negative third power to mean | over 2 to the third power.

P

2°% = >3
Thus, we have two ways to write the same thing. We give the formal definition of negative
exponents as follows:

DEFINITION OF x~"

If n is any real number and x is any real number that is
not zero,

= 1
g I

This definition tells us that when we write an exponential expression in reciprocal form,
the sign of the exponent must be changed. If the exponent is negative, it is positive in
reciprocal form; and if it is positive, it is negative in reciprocal form. In the definition we
say that x cannot be zero because division by zero is undefined.

1

Simplify: (a) = (b) 33 (00 =32 (@ (=32 (e -(-3)7?

w

1 _ 52 _ I e
@ r=3=9 o 33%=-=

(c) Negative signs and negative exponents in the same expression can lead to confusion. If

the negative sign is not “‘protected” by parentheses, a good ploy is to cover the negative

sign with a finger. Then simplify the resulting expression and remove the finger as the
last step.

-32 problem
W)3%  covered minus sign
np ,;l: equivalent expression

ID1  simplified

~— removed finger

\O | et

(d) When we try to slide our finger over the minus sign in (d), we find that we cannot

because the minus sign is “protected™ by the parentheses.

(-3)? problem
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LESSON 3

3.A

evaluation
of expressions

example 3.1

solution

example 3.2

solution

3.B
adding
like terms

example 3.3

solution

Evaluation of expressions + Adding like terms

We remember that a numerical expression is a meaningful arrangement of numerals and
symbols that designate operations. Thus. each of the following can be called a numerical
expression.

4 242 7+3+14 \16 48 + 12

Every numerical expression represents a single number. We say that this number is the value
of the expression. The value of each of the above expressions is 4, for each expression is a
different way to designate the number 4.

Every numerical expression is also an algebraic expression. An algebraic expression
can contain letters that represent unspecitied numbers. We call the letters variables. The value
of the algebraic expression

X+ 4

depends on the number we use as a replacement for x. If we replace x with —32, the expression
will have a value of —28.

(-32) + 4 = -28
When we replace the variables in an expression with selected numbers and simplify, we say
that we have evaluated the expression.

Evaluate: %y — ¥ if v=-2and vy = -4

We replace x with —2 and v with —4.

(=2)*(=4) — (—4) = (+4)(-4) + 4 =-16 + 4 = -12
Evaluate: a(-b - a) — ab if a=-2and b =4

We replace a with -2 and b with 4.

@) = (<)) - (<)) = -2(=2) - (-8) =4 +8 =12

Like terms are terms whose literal components represent the same number regardless of the
numbers used to replace the variables. Thus,

3xyz and —2ow

are like terms because xyz and zyx have the same value regardless of the replacement values
of the variables. We demonstrate this by replacing x with 2. y with 3. and z with 4.

Xyz IRV
)3 #H3)(2)
6)4) (12)(2)
24 24

We add like terms by adding the coefficients of the terms. as shown in the following
examples.

Simplify by adding like terms:  3xy — 2x + 4 — 6yx + 3v

We add like terms and get

=3yx + x + 4
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of equations
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ADD FIrsT MuvtipLy FIRST
34 +95) 34 +5)
309) 3-4+3:-5
27 12 + 15

27

On the left, we added 4 and 5 to get 9 and then multiplied by 3. On the right, we multiplied
first and then added. The answer was the same in both cases. We say that on the right we
distributed the multiplication over the addition.

4a? (b™%  3ba

Expand: —|—— - —
P b (a“ azj

Since letters stand for unspecified numbers, all the rules for numbers also hold for
letters. Two multiplications are indicated. We do them both and then simplify.

4a’b™%  12a*ba 4

- = - 12a
ba* ba* b3a?
-3;,0 2 -2
b” [ a“bc 3a
Expand: < -
. ¢ ( 2 b2 ]

The distributive property permits two multiplications. Then we simplify.

a3a’bc  3a3a? _ a b 3a5

3 ch™? c? ch™?

We remember from algebra 1 that the two rules for solving equations are the addition rule and
the multiplication/division rule. These rules are extensions of the additive property of equality
and the multiplicative property of equality, and these rules apply to both true equations and
false equations.

(a 4+3=7 true b)) 4+3=35 false

We can add the same number to both sides of an equation without changing the truth or falsity
of the equation. We will demonstrate this by adding —5 to both sides of equations (a) and (b).

(a) 4 +3=7 true (b) 4+3=5 false
4 +3-5=7-5 added -5 4+3-5=5-5 added -5
=2 still true 2= 0 still false

We can use the additive property of equality to prove that the same number can be added to
both sides of an equation without changing the solution set of the equation. To demonstrate,
we will use the equation

x+4=6
The number 2 is the solution to this equation. If we add —5 to both sides of the equation, we get
X+4-5=6-5
or x—-1=1

We did not change the solution by adding —5 to both sides, as 2 is also the solution to the new
equation. Equations that have the same solution sets are called equivalent equations.
Thus, the new equation and the original equation are equivalent equations.

A similar explanation could be used for the multiplication/division rule. We will forgo
this explanation and state the two rules as follows.
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ADDITION RULE FOR EQUATIONS

The same quantity can be added to both sides of an equation
without changing the solution set of the equation.

MutctipLICATION/DIvVISION RULE FOR EQUATIONS

Every term on both sides of an equation can be multiplied
(or divided) by the same nonzero quantity without changing
the solution set of the equation.

We remember that we always use the addition rule before we use the multiplication/
division rule. This is because the solution of an equation undoes a normal order of operations
problem. To demonstrate, we will begin with 4, then multiply by 3, and then add -2 to get 10.

34) -2 =10

Now. to undo what we have done and get back to 4, we must undo the addition of —2 first and
then undo the multiplication. To demonstrate this procedure, we replace 4 with x and get the
equation

3x—-2=10
Now we solve to find that x equals 4.

3x-2=10 equation
+2 42 add +2 to both sides

3x = 12
B Q .. |
3 =3 divided by 3
x =4

We remember from algebra 1 that the five steps for solving simple equations with one variable are:

Eliminate parentheses.

Add like terms on both sides.

Eliminate the variable on one side or the other.
Eliminate the constant term on the side with the variable.
Eliminate the coefficient of the variable.

[ SO
¥ &

Do

We will use these steps to solve the equations in the next two examples.
Solve: 12-(2v+5)=-2+(x-23)

As the first step. we eliminate the parentheses, remembering that if the parentheses are
preceded by a minus sign, we must change all signs therein.
12-2x-5=-2+x-3
Now we simplify on both sides of the equation.
7-2x=x-35

Next we eliminate the .x term on the left side by adding +2x to both sides.

7-2x= x-15
+2v  +2x
7 = 3v-35
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change signs

39 4.C change sides-change signs

Now we eliminate the —5 on the right by adding +5 to both sides.

7=3x-95
+5 + 5
12 = 3x

Then we complete the solution by dividing both sides by 3.
4 =iFg divided by 3

The same procedure is used when the numbers in the equation are fractions or mixed
numbers.

o33 _3,)=_(_-1
Solve: 3(6 3x) ( > + x)

As the first step, we eliminate the parentheses. Then we solve.

5 g o
>~ Sx = 2 X multiplied
+ Sx + Sx add Sx to both sides
50 _ 1
> ) + 4x
1 L add 1 to both sides
2 2 2
2 = 4x
% = x divided both sides by 4

It is important to understand why we do things in algebra, but it is also important not to let the
emphasis on understanding interfere with our ability to do. The use of the addition rule for
equations is a case in point. We can use this rule to eliminate a term from one side of an
equation by adding the opposite of the term to both sides of the equation. For example, if we
wish to solve the equation

y+2x =4

for y, we add —2x to both sides of the equation.

y+ 2x =4 equation
- 2x - 2 add —2x to both sides
y =4 - 2

We were able to eliminate the 2x term from the left-hand side of the equation, but when we
did, the same term appeared on the right-hand side of the equation with its sign changed. This
happens every time we use the addition rule. The term will disappear on one side of the
equation and will appear on the other side with its sign changed. Many people use this
thought process. Rather than mentally adding the same quantity to both sides, they simply
pick up a term, carry it across the equals sign, and change the sign of the term. This leads to
the adage

Change sides—change signs

Authors of algebra books published in the late 1800s called this process transposition. If we
use transposition to solve the preceding equation for y, we transpose the +2x to the right-hand
side, where it becomes —2x.
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Word problems « Fractional parts of a number

Word problems that contain one statement of equality can usually be solved by writing one
equation and using one unknown (variable). Word problems that contain two statements of
equality can usually be solved by writing two equations and using two unknowns. Three
statements of equality require three equations and three unknowns, etc. In general, to obtain
a unique solution, the number of equations must equal or exceed the number of unknowns.
If the number of equations exceeds the number of unknowns, at least one of the equations
is redundant.

We will begin with problems that can be solved by writing one equation in one
unknown. If the equation tells us how much two quantities differ, then one of the
quantities must be increased or decreased as required so that a statement of equality can
be written.

Twice a number is decreased by 7, and this quantity is multiplied by 3. The result is 9 less than
10 times the number. What is the number?

In this kind of problem, we can prevent the most common mistake if we begin by writing
an equation that we know is untrue.
(2N - 7)3 = ION untrue

We were told that the left side is 9 less than the right side. We can make the sides equal by
adding 9 to the left side or by adding — 9 to the right side. We choose the second option and get

(2N - 7)3 = 10N - 9 added -9 to the right side

Now we solve to find that the number is —3.

6N — 21 = 10N - 9 multiplied
-12 = 4N added - 6N + 9 to both sides
-3 =N divided by 4

The number of ducks on the pond was doubled when the new flock landed. Then, 7 more
ducks came. The resulting number of ducks was 13 less than 3 times the original number. How
many ducks were there to begin with?

)

Again we begin with an equation that is untrue.
2N, + 7 = 3N, untrue

We can make this a true equation by adding +13 to the left side or by adding —13 to the right
side. We decide to add +13 to the left side. Then we solve

2N, + 7 + 13 = 3N, added 13 to the left side
2N, + 20 = 3N, simplified
20 = N, added 2N, to both sides

The sum of —7 and 6 times a number is multiplied by 5. The result is 332 less than 3 times the
number. What is the number?
Again we begin by writing an equation that is untrue.

(6N —7)5 = 3N untrue

We were told that the left side is 332 less than the right side. Thus we add 332 to the left side
to make the sides equal.
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Twice a number is decreased by 9, and this sum is multiplied by 4. The result is 8 less
than 10 times the number. What is the number?

The number of ducks on the pond tripled when the new flock landed. Next 11 more
ducks came. The resulting number of ducks was 13 less than 4 times the original
number. How many ducks were there to begin with?

The sum of —8 and 5 times a number is multiplied by 4. The result is 116 less than 6
times the number. What is the number?

One-eighth of the clowns had red noses. If 12 clowns had red noses, how many clowns
were there in all?

Five-sevenths of the Tartar horde rode horses. If 140,000 were in the horde, how many
did not ride horses?

The area of the big triangle, PQR, is 7. OP and OQ are radii of circle O. Find
27 in.2. First find H. Then find AQ. y. Then find x.
Then find the area of the small triangle,
QAB. /
L Q
N
A 5 B
H
6
P~_ _—Q
== ¢ R
6
In the figure shown, the arrowheads / K

tell us that the pairs of opposite sides 110°
are parallel. Find K. Then find P, Q,
and C. Then find D and x.

/

The circumference of a circle is 167 inches. Find the radius of the circle and the area of
the circle. Then find the volume of a circular cylinder 5 inches tall that has this circle as
its base. L

Solve:
10. —3x9%2x — 3) — (=29 — 2 = 5(x — 392
1. -23(=2 — x) — x°3 - 2) = —2(x + 3)
1 [
12. 3'5.\ aF 22 = 8
13, 2 ) + 38 = 4x + 6
5 3(6 - 8x) + Z(S,x — 12) = 4x +
14, -3 — 30— 32Q2xr - 5) — (-2x — 3) = 0y - 3)
15 -2 - —lo(x +2) - 3r = 2020 - 4)
16. -3[x — 2 - 32)] + 2[x — 3(x = 2)] = 1(x = 5)
Expand:
2ab(c?a”! 3ac ax? ( bax3 )
pledolliccai T Jad 1, L dEDEC o
17 - [ b b ) b ( .2 ax
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The students found that 0.015 of the teachers were either brave or completely fearless. If 300
teachers fell into one of these categories, how many teachers were there in all?
We use the equation for a fractional part of a number and replace F with WD for “what decimal.”

WD x of = is
We replace WD with 0.015, of with T, and is with 300.

0.015T = 300
We finish by dividing both sides by 0.015.

T = 20,000
An analysis of the old woman’s utterances showed that 0.932 were vaticinal. If she spoke
2000 times during the period in question, how many utterances were not vaticinal?
If 0.932 were vaticinal, the decimal fraction that was not vaticinal was
1 — 0.932 = 0.068

So we can write

WD X of = is
(0.068)(2000) = NV
136 = NV

So 136 utterances were not vaticinal.

In algebra, we study problems whose mastery will provide the skills necessary to solve
problems that will be encountered in higher mathematics and in mathematically based disciplines
such as chemistry or physics. Problems about consecutive integers are of this type. They help
us remember which numbers are integers and allow us to practice our word problem skills.

We remember that we designate an unspecified integer with the letter N and greater
consecutive integers with N + 1, N + 2, etc.

Consecutive integers N,N + I,N + 2, etc.

Consecutive odd integers are 2 units apart, and consecutive even integers are also 2 units
apart. Thus, we can designate both of them with the same notation.

Consecutive odd integers N,N+2,N+4,N+6,etc.
Consecutive even integers N,N+2,N+4 N +6, etc.
Find three consecutive even integers such that 5 times the sum of the first and the third is 16
greater than 9 times the second.
We designate the consecutive even integers as
N N + 2 N+ 4
and write the necessary equation and solve.

SN + N +4) — 16 = 9N + 2) equation

ION + 20 — 16 = 9N + 18  multiplied
ION + 4 = 9N + 18  simplified
N =14 added-9N - 4

So the desired integers are 14, 16, and 18.
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example 6.5 Find four consecutive integers such that 5 times the sum of the first and the fourth is 1 greater
than 8 times the third.
solution  We designate the consecutive integers as
N N+ 1 N + 2 N + 3
Now we write the equation and solve

S(N + N + 3) - 1

8N + 2) equation

10N + 15 -1 = 8N + 16 multiplied
10N + 14 = 8N + 16 simplified
2N =2 added -8V — 14
N =1 divided by 2

Thus, the desired integers are 1, 2, 3, and 4.

practice  a. The astronomers found that 0.017 of the stars examined were red dwarfs. If 29,000 stars
were examined, how many were not red dwarfs?

b. Find three consecutive even integers such that 3 times the sum of the first and the third
is 84 less than 12 times the second.

problem set 1. The students found that 0.016 of the teachers were either brave or completely fearless.
6 If 480 teachers fell into one of these categories, how many teachers were there in all?

2. An analysis of the old man’s statements showed that 0.653 were prophetic. If he spoke
3000 times during the period in question, how many statements were not prophetic?

3. A number is multiplied by —3 and then this product is decreased by 7. The result is 4 less
than twice the opposite of the number. What is the number?

4. When Cleopatra called for barge workers, 2% times the number needed showed up. If
175 showed up, how many barge workers did she need?

5. Find three consecutive odd integers such that 6 times the sum of the first and the third
is 28 greater than 8 times the second.

6. Find four consecutive integers such that 4 times the sum of the first and the fourth is 24
greater than 6 times the third.

7. The surface area of a sphere is 46 cm?. What is the radius of the sphere?

8. In the figure shown, sides of equal 9. Find x, A, and B.
lengths are indicated by equal tick "
marks. First find A and B. Then find \ 130/
. Then find M. u
K. Then fin \3 3/ (2A)°

15 X
2

\ /@38y

10. If Ais a measure of an angle, 180 — A is the measure of the supplement of the angle.
If the measure of an angle equals twice the measure of its supplement, what is the
measure of the angle?

Solve:

1. 0.005¢ + 0.6 = 2.05 12. 3%.\‘ S

1l
~J
29 | —
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13. -3x -2+ 1) - (-2 - 3(x - 2) = 5x%2 - x) — 2
14. -3 - 22 — 2(x — 3) = 2[(x — 5)2 — 9)]
15, 4(x + 3) = 2%(—x — 3) = 2x — 4(x0 — x) - 32

Expand:

(=3 0
16. 3[ L ) 7. -2k (——k s ZpJ

P\ xy  xly p X
Simplify:

D=2 y0) =2y -2 0pe0(g-1p-1)2
18.(’( )))\7 19, 20bcl@'bh

xxxy2(y=2)2 ab(ab®)abc
2y-3(y0y-2

20. (2x°) 2 (xy”®)

20x O x L axy?
Simplify by adding like terms:

5_ 04 -1 ) 2 e dd )
21, -2y + D Swx 2, DT 2o 3
yo (x=H! y* sl -l

Evaluate:
23, xy — X2y — y if x=-2and y = -4
M. a-a@-b ifa=-3amdb=1
25. m’*p(mp - p?) if m = _21: and p = %
Simplify:
26. -39-3% - 2(-2 - }][-29 27. -3 - (=3)? + (-3)-6)
28, 32+ (32— 42— |-2 - 2| 29, -3-2 - 22_3 ~ 20

30. —(-2)3-32-3

-

LESSON 7
7.A

percent

Percent « Equations from geometry

The Latin word for “by™ is per and the Latin word for “hundred” is centum. Thus, the word
percent literally means “by the hundred.” The percent equation (b) is exactly the same
equation as the fractional-part-of-a-number equation (a) except that the denominator of the
fraction is 100.

P

(a) WF X of = is (b) 100 X of = is

There are two other forms of the percent equation that are often used.

P _is
100 ~ of
We call (c) the ratio form of the percent equation. In form (d) the rate is the percent divided
by 100. If the percent was 20 percent, then the rate would be 0.2, which is 20 divided by 100.
Any of the three percent equations can be used. They are not different equations but are
three different forms of the same equation.

(c) and (d) Rate X of = is
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There are two types of percent problems. In one type, the original quantity is divided
into two parts and the final percent is less than 100. In the second type, the original quantity
increases and the final percent is greater than 100. It is helpful to be able to draw diagrams that
give us a picture of the problem.

Eighteen is 20 percent of what number? Work the problem and then draw the completed
diagram.

We will use the fractional form of the percent equation.

P 20

m X ()f= Iy = m x WN = 18
Now we multiply both sides by —'2%’- to solve.
100 20 0 100 o g o
20 lOOWN = 20 18 WN = 90

If one part of 90 is 18 for 20 percent, the other part must be 72 for 80 percent. The diagram

is as shown here.
18 is 20%
72 is 80%

Before, 100% After

Learning to draw the diagram is very important. The diagram lets us “‘see” the problem.
We note that the “of " number is always the number in the first oval and always represents 100
percent. Then, in the second oval, the “of ” number is separated into two parts, each with its
own percent. We are using very simple problems to help us learn to draw the diagrams. The
diagrams will be helpful when the problems get more involved.

Fifteen hundred is what percent of 2507 Work the problem and then draw the completed
diagram.

Again we choose to use the fractional form of the equation.

WP -
100 x 250 = 1500
To solve, we multiply both sides by lszo)
100 WP _ 100 ~
250 " 100 250 = 1500 50 WP = 600 percent

The diagram shows 250 increased to 1500, which is 600 percent.

1500 is 600%

Before, 100% After

Whenever the final number is greater than the “of " number, the final percent is greater than
100 percent. The final shape has only one part and is greater than the initial shape.

We can devise problems that let us practice working with geometric concepts and that also let
us practice solving equations. Please note that when we write the equations. we do not have
to use the degree symbol.
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12. Whenever we see the word equilateral,
we should think equal sides and 60°
angles. In this figure we show three
equilateral triangles with a common
vertex. Find the sum of the measures
of angles x, y, and z. A suggested first
step is to copy the figure and write
60° where the angles are 60° angles.

Solve:
13. -3p-2-3)+p-22=-2p+4) -p°
14. 0.005x — 0.07 = 0.02x + 0.0032

L,ol o1, 3
15. 25+ 3¢+ 25x = 45

16. 3x — 2 — 2% - 3) — 20 4+ 22 = 5(-x — 2) + 30

Expand:
2} 9 =1 o
17. 22E_ 3",] 18.
y y°p »p-
2v2y3)-3y
S 12 Y. 20.
(A== (=% y)°y
Simplify by adding like terms:
2y Towp-l  2xop-)
2, 20 TOPT - 22.
p wr y-
Evaluate:

23. —a(a - b) ifa=—% andb=%

. 1 1
(=2 — v = —= b=
24, —xy(=x* — y) if x 3 and y 7

25. X —x(xy — y) if x=-2and y = -4

26. x — a(a — xa) if x =2 and a = —%
Simplify: /
27. =2{[-2° - 3(=2)] - [-2(-3 - 2)(-2)1}

28, 20— 2 - 22 (L2 - 2-2-2) -2

k

xx—Zy(x—3)2xyO

4X‘2y(2kx2

.)Y

3xy
k

2)2x2(7)?

—4xp? +

29. 39=2 — 3)(=2 + 5)=2) — (-3 + 7)(-4° — 30)

30. 2[(-2° - 1)(=2°- 159 — (=2 - 3] - 2

3xapt

p2x2

2xp

pl
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LESSON 8

8.A

polynomials

Polynomials  Graphing linear equations °

Intercept-slope method

It is convenient to have a word to describe the simplest kind of algebraic expressions. These
expressions have coefficients that are real numbers and variables that have whole numbers as
exponents. No fractional exponents or negative exponents are allowed. The following are
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examples of these very simple expressions.

4 % 20 32 -5 4 6x + 2
Unfortunately, we use an intimidating word to designate these simple expressions, and the
word is polynomial. It would have been helpful had we called them “simplenomials”
instead, but we can think “‘simplenomial” whenever we hear the word polynomial.

A polynomial in one variable has a real number for a coefficient and has one of the
numbers 0, 1, 2, 3, .. ., etc., as the exponent of the variable. Thus, all of the following are
polynomials. They are also called monomials because they have only one term.

(@ -4 (b)) 22  (©) 3xM  (d) 0.004x5  (e) V2x

The first one, (a), can be thought of as —4x?, and since x° equals 1, this expression fits the
definition of a polynomial. The rest of the expressions have real number coefficients and
whole number exponents, so they are all polynomials.

Polynomials of two terms are called binomials, and polynomials of three terms are
called trinomials.

)y x+2 (g) x* + 2x (h) 2x2 + 3x + 2
Thus, (f) and (g) are binomials, and (h) is a trinomial.

The degree of a polynomial is the same as the degree of the highest-degree term of the
polynomial. Thus, (f) is a first-degree polynomial because the exponent of x is 1. The polynomial
(g) is a fourth-degree polynomial because the exponent of x* is 4. Using the same reasoning,
the polynomial (h) is a second-degree polynomial because the greatest exponent is 2.

An equation that contains only polynomial terms is called a polynomial equation. The
degree of a polynomial equation is the same as the degree of the highest-degree term in the
equation. Thus, the equations

2¢ + 3y = 6 3x-2y=0 -3x =2y + 4

are all first-degree polynomial equations. If we use two number lines to form a coordinate
plane, we can graph the set of ordered pairs of x and y that satisfy one of these equations. The
graph of a first-degree polynomial equation in two unknowns is a straight line.

To find two or more ordered pairs of x and y that satisfy the equation of a line, we often use
five steps.

Solve the equation for y.

Make a table and select convenient values of x.

Use these values of x in the equation to find the matching values of y.
Complete the table.

Graph the ordered pairs and draw the line.

Ay P R

Graph the equation 2x + 3y = 6.

solution We will use the five steps listed above.

1. First we solve the equation for y.

)
2t +3y=6 — 3y=-2x+6 — y-= —%.\' + 2
2. Next we make the table and select O,
6, and — 6 as values for x. X 0 6 | -6

13
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3. Now we find the matching values of y.

WHEN x = O: WHEN x = 6: WHEN x = -6

_2 =2 -
y 3(0)+2 y = 3(6)+2 y = 3(6)+2

y 2 y=—2 y=6

4. Next we complete the table.

5. Finally, we graph the points and draw the line.

y
6
\\ 5
4
\\ 3
1N
55 I (U 2 3N\ 5 6 X
_1 S
-—c
=3
-4
-5
—6

The method of graphing a line shown in example 8.1 is exact and will always work.
However, the method is time-consuming and there is a quicker way to graph a line that is just
as accurate.

Recall that two points are all that is needed to graph a line. We can use the y intercept
as one of the points and use the slope to find another point. Since we use the intercept first, we
call this method the intercept-slope method. To demonstrate, we will graph the same equation
again.

Use the intercept-slope method to graph the equation 2v + 3y = 6.

The first step is the same. We solve the equation for y.

"
20+ 3y =6 — 3y=-2x+6 — y=—§.\‘+

N~

The equation has two numbers. The first number is —% and is the slope. The second number
is 2 and is the y intercept. This is the value of y when x equals zero. We graph the intercept,
which is (0, 2).




55 8.C intercept-slope method

b &L

Next we write the slope, —% as either (a) :—i or (b) t_i We remember that the slope is the rise
over the run. Thus, from the point we have graphed, to find a second point we can (a) take a
rise of —2 and a run of +3, or (b) take arise of +2 and a run of —3. Both ways are shown below:
(a) on the left and (b) on the right.

)4 y

6 6

5 5

3
4 o<
3 zfz
N,
14 3 » 1
44444—?‘33456 -6-5-4-3-2-10 2 3456

LD —2
-3 -3
—4 —4
-5 -5
-6 -6

y y
6 6
4 \\ 4
\\3\ \\3\
NS N
; \\ X x X
-6-5-4-3-2-10 2 3\ 5 6 —6-54-3-2_10 1 2 3N_5 6

1 N =1 N

=) =z

-3 -3

—4 —4

-5 =5

-6 =
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practice Use the intercept-slope method to graph the equation 3x + 4y = 12.

problem set 1. When the tournament began, only 0.36 of the knights wore new armor. If 828 knights
8 wore new armor, how many knights participated in the tournament?

2. Sir Lancelot found four consecutive even integers such that 10 times the sum of the first
and the fourth was 24 greater than 9 times the sum of the second and fourth. What were
his integers?

3.  When the Danes multiplied their secret number by 3 and then added -7, the result was
72 less than twice the opposite of the number. What was the secret number of the
Danes?

4. Only seven-sixteenths of the warriors necessary to defend the castle answered the call to
arms. If 420 answered the call, how many were required to defend the castle?

5. The defenders thought of consecutive odd integers while waiting for the fusillade from
the trebuchet. Their integers were three in number and were such that 5 times the sum
of the first and third was 108 greater than twice the opposite of the second. What were
the integers?

6. Eighty-six is 20 percent of what number? Draw a diagram of the problem.
7. What number is 340 percent of 56? Draw a diagram of the problem.

8. If the sum of the measures of two angles is 90°, the angles are complementary. Thus, if
the measure of an angle is A°, the measure of the complement is (90 — A)°. Find an angle
whose measure is 3 greater than twice the measure of its complement.

9. Graph 3x + 4y = 8 on a rectangular coordinate system.
10. Find x.
(2x + 2)°

(4x + 4)° (3x + 3)°

11. The diagonals of a rectangle have
equal lengths. The area of the-circle A D
shown is 257 m?. Find the approximate
radius of the circle. For the rectangle

shown, what is the length of diagonal B C
BD? What is the length of diagonal
AC?
12. Find x. 13. Find x and y.
/ (5x — 19)°
(y+10)°
155° 40°
(x +5)°)
/wx—1y
Solve:
14. 0.003x + 0.02x — 0.03 = 0.177 15. 2=y + l% = 7%

16, —4° — 22 — (=2 = 3 - 2 - 20) - 4 = -3(-2 + )
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Percent word problems fall into several different categories, and it is very helpful if a
diagram of the problem is drawn as the first step. A diagram allows the visualization of the
problem and will help prevent mistakes. Some students believe that drawing diagrams is
childish, for they can work the problems without drawing diagrams. The author believes that
making preventable mistakes is childish and that drawing pictures which will prevent these
mistakes is an indication of maturity. Check this opinion with an engineer or a graduate
physicist or graduate mathematician before making up your mind. There is no excuse for
making errors that can be prevented by drawing a picture of the problem!

The wood nymphs and the maids gamboled and frolicked before the banquet began. If 70
percent of those present were wood nymphs and 120 maids were present, how many wood
nymphs came to the banquet?

We use the following diagrams to visualize the problem

120 is 30%
of AB w

Before, 100% After

The diagram shows AB for all at the banquet and WN for Wood Nymphs. Since 70 percent were
wood nymphs, 30 percent were maids. We see that 120 is 30 percent of all at the banquet.

30 _
100 X AB = 120
To solve, we multiply both sides by %
100 30 100

Since the guests totaled 400 and 120 were maids, there must have been 280 wood nymphs.

The harvest was cornucopian, as it was 120 percent greater than last year. If the yield was
140,800 bushels, how many bushels were harvested last year?

Again we find that a diagram is helpful.

140,800 is 220%

Before, 100% After -

We see that we begin with 100 percent last year and that a 120 percent increase means
220 percent this year.
220

100 x LY = 140,800

100
220 °

We complete the solution by multiplying both sides by

100 220 _ 1 - 100
320~ 100 LY = 140.800 0

LY = 64,000 bushels

a. Sixty percent of those present at the performance were neophytes. If 200 present were
not neophytes. how many people attended the performance?

b. Production increased by 145 percent. If the number of widgets produced this year was
171.500, how many were produced last year?

11
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The wood nymphs and the maids gamboled and frolicked before the banquet began. If
60 percent of those present were wood nymphs, and 160 maids were present, how many
wood nymphs came to the banquet?

The harvest was cornucopian, as it was 45 percent greater than last year. If the yield was
140,795 bushels, how many bushels were harvested last year?

Twenty percent of the income was used to pay for raw materials. If $78,000 was spent
for other purposes, what was the total income?

Find three consecutive integers such that the product of —5 and the sum of the first two
is 43 less than twice the second.

When the war tocsin sounded, 84 percent of the soldiers staggered to their feet. If
40,000 did not get up, how many soldiers were present?

Diomedes peered into the darkness and saw 1400 Trojans. If he could not see seven-
eighths of the Trojans, how many Trojans were there?

Geometry problems sometimes contain a geometric figure and additional information
about the figure. A good first step in these problems is to sketch the figure and insert the
additional information.

Given: x = 60
y =40
le= 5]

Find m and p.

To solve this problem, sketch the figure and replace x° with 60°, replace y° with 40°,
and replace k° with 50°. Then find m and p.

Find x and y.

First find x. Then find 5x + 10. Then
find y. Then find -.

The area of a circle is 97 square meters. What is the radius of the circle? What is the
circumference of the circle?

Graph on a rectangular coordinate system:

1. y-2xr+3 =20 12. 3v + 6 = —x

Solve:

13. 0.02 — 0.003x + x = 5.005 14. -3%.1- + 7'116 = 4%

15. —2[2 = 34 + 72° = )] = =3(x - 2)

16. —202x — 3) — 4 = 2x — 30

Expand:

17, X003(p? -"-:] 18. %2 (31‘-4— - 3k)
p-2 L'\.: p-2 a at
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Simplify:
(2x2ya)~3 ya? s, 2097
x2y(ay) 2y T2z
Simplify by adding like terms:
2 L2 ) 3 =l
2. 3x - 22T, A 22, 20 Sox W
y (x2)- p )yt oyt
Evaluate:
. v | | __y
23. -a*bh — a if a = 2andb 7
i o JPEN plg
24. a(a - ab) if Y= > and b 3
25. a(a - b)ab - b) ifa=-2and b =3
26. a(x — ax?) ifa =-2and x = -4
Simplify:
27. -2(-3 - 20) — 2022 - 2) 28. -3[5 + 2)(-2) - (3° - 2) - 2]
1 1
29, 202 — 3% — (=2)3 - |-3 30. - + - 32

LESSON 10 Pythagorean theorem

Thus far, we have discussed properties and definitions. Properties are the way things are
because they are. Definitions are things we have agreed on. For instance,

PROPERTIES DEFINITIONS
(@ 3+2=2+3 (©) ,r—zsz
X3

() Ifa=bthena+c=b+c d 4+3-2=10

Both properties and definitions can be called rules. Another kind of rule is a theorem. A theorem
is just like a property because theorems tell us the way things are. The difference is that
theorems can be proved by using properties and definitions. The Pythagorean theorem states
that the area of the square drawn on the hypotenuse of a right triangle equals the sum
of the areas of the squares drawn on the other two sides. On the left, we show a right
triangle whose sides are 3, 4, and 5. The area of the square on the hypotenuse is 25 square
units, which equals the sum of the areas of the squares drawn on the other two sides, because
9 plus 16 equals 25. In the center, we show a right triangle with sides a, b, and ¢, and on the
right, we have drawn the squares on the sides of this triangle.

1
54 I6‘T c/ |b b?

52=32+42 a2 C2=a2+b2




example 10.1

solution

example 10.2

solution

practice

problem set
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We see that the resulting algebraic equation is
c? = a? + b?
where c is the length of the hypotenuse. This theorem is proved in geometry. For now, we will

use it as if it were a property.

Use the Pythagorean theorem to find side a.

Since 2 = a® + b2 we write
7> = a*> + 42 Pythagorean theorem

49 = 4> + 16  squared 7 and 4

3 = @t added -16
\/33 = @ solved

Use the Pythagorean theorem to find the distance between the points (4, 2) and (-3, 4).

We could use the distance formula, which is Y
an algebraic statement of the Pythagorean
theorem. However, the problem can be S
worked with fewer mistakes and more °
understanding by graphing the points, drawing ‘b
the triangle, and using the theorem. 2 =3 ~
17
D? =22 + 77 Pythagorean theorem X
6-5-4-3-2-10[ 1 2 3 4 5 ¢
D? =4 +49  squared 2 and 7 _l
D? = 33 added -3
) = '\'5 solved _‘:
a. Use the Pythagorean theorem to find
side a. 9 l
5 |
|
I
a

b. Use the Pythagorean theorem to find the distance between (5, 3) and (-2, -3).

o
.

Twenty percent of the people at the fair were in a festive mood. If 1400 were not in a
festive mood. how many attended the fair?

2. When Julius crossed the Rubicon, he had with him 3% times as many soldiers as he
needed to conquer Rome. If he had 26,000 soldiers with him, how many were needed to
conquer Rome?

3. When the Theban legion refused to obey the orders, it was decreed that the legion |
should be decimated—every tenth man killed. If 590 men were killed, how many men ‘
did the Theban legion have after it was decimated?
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24. If two tangents are drawn to a circle from a point outside the circle, the lengths of
the tangent segments are equal. In the figure on the left, x must equal 4 because the
length of the other tangent segment is 4.

X+3 X+2

@ X+ 1

Perimeter = 30 cm

In the figure on the right, the length of segment A must be x + 3, the length of segment
B must be x + 2, and the length of segment C must be x + 1. The perimeter of the t‘
triangle is 30 cm. Equate the sum of the lengths of the segments to 30 and solve for x. ‘

Evaluate: \
- P | et
25. b(ab - b) if a = 3andb-- > L
26. ab — a®b? — b ﬁa=—_-mdb=_% 1
27. a®b-ab)h ifa=-1 andp=-1 h
2 2
Simplify:
1 1
28, —— - —— — (=3 -29) -2
e ( )

295 —|-2] — =29} - 2 - (3)3

o - (4 -

IQI.—-
l\.)l»—

LESSON 11
11.A

addition
of fractions

Addition of fractions < Inscribed angles

To add fractions whose denominators are equal, we add the numerators algebraically and
record their sum over a common denominator.

L
IT

+i_i_l+5—4_i
11 [ 11 11
In this example, each of the denominators is 11, and the sum of the numerators is 2. The same

procedure is used when the fractions contain letters.

a 2 a+3 _2a+5
IR )

In this example, each of the denominators is b, and the sum of the numerators is 2a + 5.

When the denominators are not equal, the form of one or more of the fractions must be
changed so that the denominators will be equal. One-half and three-fourths cannot be added
because the denominators are not the same.

3
tT

I\)l —
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solution
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To make the denominators the same, we will change % to % by multiplying % by %

SNl R
7(?)*7‘4*4‘4

If we wish to add the algebraic fractions

we need to change the forms of the fractions so that the denominators are equal.

afdx) c(4b) d+efbx _ 4ax + 4cb + bx(d + e)
b\ 4x x \ 4b 4 \bx)~ 4bx

We used a different multiplier for each fraction but this did not change the value of any of the
fractions because each of the multipliers had a value of 1. The multipliers that we used were
bx

1 =1

4x 4 b
bx ~

2 -

A I T EC

The fact that the denominator and the numerator can be multiplied by the same nonzero

quantity without altering the value of the fraction is often called the fundamental principle of

fractions or the fundamental theorem of rational expressions. We will call it the denominator-
numerator same-quantity rule because this name helps us remember what the rule is.

DENOMINATOR-NUMERATOR SAME-QUANTITY RULE

a _ ac

a _ c _ :
b be because c 1 (b,c # 0)

The denominator and the numerator of a fraction may be
multiplied by the same nonzero quantity without changing

the value of the fraction.

A three-step procedure can be used to add fractions whose denominators are different,
as we will show in the next two examples.
k bc m

Add: 2—0' ar a,r-’- = ﬁ

The least common multiple of the denominators of these fractions is 2ax3. Thus, each new
denominator will be 2ax>.

3 + 3

2ax- 2033 2ax3

We see that the original denominator of the first fraction has been multiplied by x3. Thus, the
numerator & must also be multiplied by x3.

kx?3
2ax?

2ax3 2ax3

The second denominator has been multiplied by 2x, so the numerator hc must also be multiplied
by 2x.

k3 N PAV /N
2ax3 2ax? 2ax3

The multiplier in the last denominator is 2, so we must also multiply m by 2.

kx? i 2xbc _ 2m

2ax3 2ax3 2ax3




example 11.2

solution
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Now the denominators are the same, so the numerators are added and their sum is recorded
over a single denominator.

kx3 + 2xbc — 2m

2ax? 1
.om cx
Aad S - PEEEE
The new denominators will be ak2.
ak?  ak? N ak?

Next we multiply each original numerator by the same quantity used as a multiplier for its
denominator.

akm _ bak? _ _cx
ak* ak? ak?

As the last step. we record the sum of the numerators over a single denominator.

akm — bak? + cx
ak?

We remember that the measure of an arc of a circle is the same as the measure of the central
angle whose radii intercept the arc, as we have shown in the figure on the left.

<

An angle whose sides are inside the circle and whose vertex is on the circle is called an
inscribed angle. The measure of an inscribed angle equals half the measure of the intercepted
arc. In the center figure, we use the same 44° arc, but we have moved the vertex to a point on
the circle to form an inscribed angle. We note that the measure of the inscribed angle is half
the measure of the intercepted arc. Any inscribed angle that intercepts an arc of 44° will have
a measure of 22°. In the figure on the right we have drawn three angles so that each intercepts
a 44° arc. Each of these angles has a measure of 22°. ]

The endpoints of a diameter of a circle intercept an arc whose measure is 180°. Thus, ﬁ
any inscribed angle that intercepts a diameter is a 90° angle, as we see in the following =
figures.
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Find x and y. (4 + 20)°
<+

Vi

(5x + 80)°

Thirteen percent of the people believed in lycanthropes. If 5220 did not believe in
lycanthropes, how many believed?

Find four consecutive even integers such that the product of —2 and the sum of the first
and the fourth is 20 less than the opposite of the third.

The recomputed price was $5599. If this was 120 percent greater than the original price,
by how much had the original price been increased?

Thirty percent of the people refused to work and just sat around. If 1400 people worked,
how many just sat around? :

If Peter picked 240 percent more plums than Roger picked and if Peter picked 6800
plums, how many did both boys pick altogether?

Gilbreda listed four consecutive odd integers as she watched steam spew out. Her
integers were such that the product of —4 and the sum of the first and the fourth was 10
greater than 10 times the opposite of the third. What were the first four integers on her
list?

The inscribed angle is 32°, as shown. 8. The sides of the square are 4 units
Find :=. Then find y. Then find x. long. The area of the shaded region
Then find p. equals the area of the square minus

the areas of the three triangles. What

’ is the area of the shaded region?
pO

The radius of the circle is 7 cm. The 10. The perimeter of this figure is 36

base of the triangle is 7 cm. The area meters. Find the length of the segment

of the circle equals the area of the tri- 3 + 2.

angle. What is the height of the triangle?
—_ 4x -2 |
H 3x +2

3x-2 |I

o /s

k be m 5 P _ . 3a

ol e =l 12. oF St

m> _3p 5

p cx 402y
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If we write the equation 2x + 3y — 6 = 0 in the form
y=mx + b

called the slope-intercept form, we get
y = '—%x + 2

The letter b in the general equation has been replaced with the number 2 in this equation. This
number is the y value of the equation when x equals zero, and on the graph is the y coordinate
of the point where the line crosses the y axis.

The letter m in the general equation has been replaced with the number ——% in this equation.
This number is the ratio of the change in the y coordinate to the change in the x coordinate as
we move along the line from one point to another. If we move from (=3, 4) to (3, 0), y changes
from 4 to 0, a change of —4, and .x changes from -3 to 3, a change of +6, so the slope is —4
over +6.

-4 2
1 = —_— = —-—
Slope = T = -3
The sign of the slope can be determined visually by using the little man and his car as a

mnemonic device. He always comes from the left side, as we show here.

y y
6 — 6 S
= Positive A Negative
7 ° ,| slopes N Z slopes
A/ 4/ \\3\
/ n // 1 n \Q =N
{ < / \ <
4 1 ,/ \\ \\ 1
/] 1/ / X \ X
LE "4 0 5 _10 Py
-6 -5 -4 /o0 2 34586 —65—4\'3?_1143‘}56
,1/ -2 C -2
/ 3 “f / \ _n
4 = 3
P 4 N
P TN
+ ~

We can find the magnitude of the slope of a line by connecting two points on the line
with a horizontal segment and a vertical segment to form a right triangle, as shown below. The
magnitude (absolute value) of the slope is the absolute value of the rise over the absolute
value of the run, or 4 over 6, which equals 2 over 3.

i 4 _ 2
Slope| = |m| = |22 =2 = £
[Stope| = |m| = 25| -~ 2 - %
y
6
N =
N o
\ 4
N3
D
@
o N
Run6 | y
—6-5-4-3-2-10 2 3 5 6
= N
-2
-3
—4
-5
6
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Forty percent of the vases were monochromatic and the rest were variegated. If 2400
vases were variegated, how many were monochromatic?

Find four consecutive integers such that twice the sum of the first, second, and fourth is
40 less than 3 times the opposite of the third.

For a given performance, 4% times as many tickets were sold as there were seats. If
5100 tickets were sold, how many could be seated in the auditorium?

Wilbur thought of a number. He calculated that 2% of his number was equal to 1. What
was his number?

Five times the opposite of a number was increased by 25. This was exactly 90 greater
than 8 times the number. What was the number?

The little train had completed 30 percent of the journey. If 6300 miles still remained,
what was the total length of the journey?

AB is a segment drawn along one 8. Find xandy.
side of a triangle. If x = 140 and =
y = 70, find =. (4x + 25)°
40°
yO
B
(7x —20)°

The area of a 60° sector of a circle is 367 cm?. What is the diameter of the circle?

The measures of angles A, B, and C
are in the ratio 3:2:1. What are the
measures of the angles?

X C a 3 _ 2
m + o + =75 12 b Py ahe
a
1 + ?
Find side k. 15. Find the distance between (-2, 7) and
(-8,-2).
13
5
k
Graph (a) 3y + x — 9 = 0 and (b) x = 2 on a rectangular coordinate system.
Find the equations of lines (a) and (b). y
!
— ’(a) R
= X







example 13.1

solution

example 13.2

solution
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SUBSTITUTION AXIOM

If two expressions a and b are of equal value, a = b, then
a may replace b, or b may replace a in another expression
without changing the value of the expression. Also, a
may replace b, or b may replace a in any statement without
changing the truth or falsity of the statement. Also, a
may replace b, or b may replace @ in any equation or
inequality without changing the solution set of the equation
or inequality.

Thus, the substitution axiom applies to expressions, equations, and inequalities. We
have been using this axiom in evaluation problems when we have replaced the variables with
numbers. Now we will use the axiom to solve a system of first-degree linear equations in two
unknowns.

L x=y+5
Use substitution to solve:
3x +2y =5
We will replace x in the lower equation with y + 5 and then solve for y.
3y +5) +2y=5 substituted

3y + 15 + 2y

5 multiplied
Sy = -10 simplified
y=-=2 divided

Now we replace y with —2 in the top equation and find that x equals 3.

K= WS top equation

x=(=2)+5 substituted
i = 3 simplified
Thus, the solution is the ordered pair (3, -2).
Use substitution to solve: {3'\' w L
1 2x + 3y = —-11
We solve the top equation for y and get
y =3x — 11
Then we substitute 3x — 11 for y in the bottom equation and solve.
2x + 3y = -11 bottom equation
2x + 3(3x - 1) = —11 substituted
2x + 9x - 33 = -11 multiplied
Hx = 22 simplified
x=2 divided
Now we replace x with 2 in the bottom equation and solve for y.
2(2) + 3y
© 4 + 3y

—11 replaced x with 2

-11 multiplied
3y = -15 simplified
-5 divided

y
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15. Find the distance between (-2, —2)

16. Graph(a)y = -3and(b)2x — 3y = 9

and (4, —6). on a rectangular coordinate system.
17.  Find the equations of lines (a) and (b). i
i
Solve: |
la) J
1 1 _ 42 N
18. 32x+43-79 5
X
19. 0.03 + 0.03x = 0.003 1O
20 —30 - 32 - (2v- ]2)) = Tx :
Expand:
51, X*a(9a"! _ 2xa? 2 ~2a°p( mp  24-%a
’ 3 x2 Xd ‘ m a"2 pzm
Simplify:
2(,0,-2V4 2 4 (232
23, St (e Va2 2. mepxx=*(x7%)
(2x=2)-2 Gp=2)~2apx
Simplify by adding like terms:
2.3 . =1 2,2 5
25. xa - = ‘27 3 —2"\] 26. ampl L Lza
xa a- m- pa m
Evaluate:
W =8 = 3 2 5@ = 59) el Bl = 2

2
28. a? — ax(x — ax) if x =-3and a = 4

Simplify:

30. 30 - 2(-2) - |-2 - 49 - 3]

LESSON 14 Equation of a line through two points + Equation of

a line with a given slope

The easiest equations to solve are first-degree equations and second-degree equations, and it
is fortunate that these are the equations most commonly encountered in everyday life and in
science courses. Cubic equations (third-degree) and quartic equations (fourth-degree), such as

A3 + 22 -5« +6=0 and x4+ 2x + 6 =0

are much more difficult to solve. Happily, they seldom occur in real-life problems.

Linear equations in two unknowns are also easy equations to understand, and they are
useful equations that occur often. We will concentrate on mastering these equations to prepare
for chemistry, physics, and advanced courses in mathematics. To make our task easier, we will
use y to represent the dependent variable and x to represent the independent variable. Also, we
will always try to use the slope-intercept form of the equation.

y=mx + b

Other forms of this equation are often used. but we will avoid them until we master the slope-
intercept form.

=



example 14.1

solution  We will graph the line to find the slope.

example 14.2
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We use the letter m to represent the slope and the letter b to represent the intercept. When
we are given the exact coordinates of two points on a line, we can find the exact value of
the slope and the exact value of the intercept.

Find the equation of the line that passes through (-3, 2) and (3, =3).

y
6
5
N\
N 4
N3, 213
2
'
TN 2 X
654 |-2-1 123455
5 LN
6
10 (3, -3
-:1 ( ) N(
= <

We see that the line has a negative slope whose magnitude is %. Since the slope is —% , We can write

S

= ==i 3

y o
This slope is exact because we were given the exact coordinates of both points. Now we
can use this exact slope and the coordinates of one of the points to find the exact value of
the intercept. We can use (-3, 2) or (3, -3) for x and y and solve algebraically for b. To
demonstrate that both sets of coordinates will yield the same value for b, we will do the problem
twice.

Using (=3, 2): UsinG (3, =3):
= —%(—3) +-b 3= —%(3) +b
%=%+b trick _Tlgz_TlSHy trick |
—% =b —% =b |
—% =b -3 =b

Note that either way we get a value of —< for h. Also. note the trick of writing 2 as '—62- and

writing —3 as —1—:- to make finding the solution easier.

Now since m = —% and b = —1 we can write the equation of the line as
S 1
y = —_—— - —
- 6 2

The slope is exact and the intercept is exact; thus, this equation is an exact equation, not
an estimate.

Find the equation of the line that passes through (=4, 7) and has a slope of —-3-
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solution  This time we don’t have to graph the points since we are told that the slope is —%. Thus, we
can write

y = —%x + b

Now we can find the exact intercept algebraically by using — 4 for x and 7 for y in the equation.
Note in the third line how we write 7 as % to make the equation easier to solve for b.

y=——g—x+b

3
=—-=(-4) + b
7 5( )

12

35 _ 12
5 =% + b
23
o
5
Thus, our equation is
3 23
= —-— + —
YETE TS

practicg a. Find the equation of the line that passes through (-2, 4) and (3, -1).

b. Find the equation of the line that passes through (-3, 6) and has a slope of —%.

problem set 1. When the piper increased his volume, the number of the rats increased 160 percent. If
14 he ended up with 6578 rats, how many rats did he have before the volume was
increased?

2. To pass the time at Loch Leven, Mary counted sheep. One day she counted 250 percent
more than ever before. If the highest previous total had been 4900, how many sheep did
she count this time?

3. The number was doubled and then the product was increased by 7. This sum was
multiplied by —3, and the result was 9 greater than 3 times the opposite of the number.
What was the number?

4. Find three consecutive odd integers such that 4 times the sum of the last two is 2 greater
than 10 times the first.

Solve by using substitution:
{3.\-—3,\:21 ¢ {4.\‘—)‘:22
2x — y = 12 2x + 3y = 4
x+y=28 X+ y=22
{5.\- + 10y = 230 ' { 100x + 25y = 2050

Add:
i 3x m :
9. v+ T - = 10. 2 +4 1. 4+ < - cxy
y  cy? x x :
. _p . B
12. Find the area of this isosceles triangle. 9
Dimensions are in centimeters.
& c
13. Find the distance between (=3, 2) and (5, 2). 9
A
14. Graph (a) x = —4 and (b) 3y + 2v = 6 on a rectangular coordinate system.
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we know that the solution is 5. We can use the addition rule to get this solution if we add -2
to both sides.

x+2= 17
== =2
By =S

We can use a similar process to help us solve systems of equations. If we have the system of
equations

11

2x + y
6

3x — 2y

we can eliminate the variable y if we multiply the top equation by 2 and add the equations.
Since we eliminate one variable by adding, this method is called the elimination method. It
is also called the addition method or the linear combination method.

2¢+ y =11 — 2 — 4x + 2y = 22
Sieeaa =y == (D) —= 207 = 2=
7x =128

x =4

To use the addition method, we had to assume that 3x — 2y equaled 6. Since we made this
assumption, we can say that we were adding equal quantities to both sides of the top equation.

Now we will use 4 for x in the bottom equation and solve for y.
34) -2y =6 — 12-2y=6 — 6=2y — y=3

Since we made an assumption, we must check the values x = 4 and y = 3 in both of the
original equations.

Top EQUATION Botrom EquaTion
2x +y =11 3x -2y =6
24) + 3) = 11 3(4) - 23) = 6
8 +3 =11 12-6=26
11 = 11 Check 6 =26 Check
Use elimination to solve: { T e 23
-2x + 3y = 2

We decide to eliminate the x terms so we will multiply the top equation by 2 and the bottom
equation by 3. Then we add the equations.

3x +2y =23 — (2) — 6x + 4y = 46
-2¢x+3y= 2—>3)— -6x+ 9= 6
13y = 52

v=4

Now we replace y with 4 in the top equation and solve for x.
3x+24) =23 — 3x+8=23 — 3x=15 — x=35

Thus, our solution is the ordered pair (5, 4). Now to check:

Top EQuaTiON BotTtom EqQuATioN
3x + 2y = 23 v+ 3y =2
3(5) + 2(4) = 23 ~2(5) + 3(4) = 2

"The notation — (2) — has no mathematical meaning. In this book we use this notation to help us
remember the number by which we have multiplied.
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LESSON 17
17.A

subscripted
variables

example 17.1

solution

Subscripted variables + Angle relationships

In first-degree equations in two unknowns, we often use the letter x to represent the independent
variable and the letter y to represent the dependent variable. Thus, if we are given the linear
equation

2x + 3y =6

and are asked to graph the equation, we would first solve the equation for y and get
y = —%—x + 2

This is the familiar slope-intercept form of the equation, and we can now graph the equation
by choosing values for x (the independent variable) and seeing which values of y (the dependent
variable) that this equation pairs with the chosen values of x. When we graph an equation, we
always use the horizontal number line for x and the vertical number line for y. Thus, the graph
of the equation is as follows:

Yy
X 0 -6 6
y | 2|6 |= N 5
4
\ n
\0\
1
X
-6 -5 —4 -3 -2 -1 2 3N\ 5 6

w ll.) —I‘O
Ao

b &h b

We now note that the intercept is +2 and that the sign of the slope is negative. If we visualize

. . ys
a triangle, we see that the slope is —.

When we work word problems, the use of x and y as variables is often not helpful because
it is difficult to remember what these letters represent. If we use subscripted variables,
however, there is no difficulty in recognizing the variable. The large letter gives the general
description, and the smaller letier supplies more specific information. To use subscripted
variables to say that the sum of the number of nickels and the number of dimes was 40, we
could write

Ny + N, =40

Here N,, means number of nickels and NV, means number of dimes.

Ny + Ny =40

Solve the system:
’ {SN_\, + 10N, = 250

We decide to use elimination, and we multiply the top equation by —5 and then add.

Ny + Ny =40 — (=5 — -5Ny, - 5N, = -200
SNy + 10N, = 250
51\7[) = 50

Np, = 10



example 17.2

solution

17.B

angle
relationships

example 17.3

solution
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Now since Ny + N, = 40, N, must equal 30.

Solve the following system of equations.

RyT, + RyTy, = 260 R, = 40 R, = 60 T, +T,=5
These equations come from a word problem in which a person walked part of a distance and
rode a motorcycle the rest of the distance. Thus, R, and T, stand for the rate of the motorcycle

and the time of the motorcycle, and R, and T, stand for the rate walking and the time walking.
To solve, we substitute 40 for R,, and 60 for Ry, and get

407,, + 60T, = 260 substituted
Now we rearrange the last equation.
T,+Ty=5 — T,,=5-T, rearranged last equation

Next we substitute 5 — Ty, for T,, and then solve.
40(5 - Ty) + 60T, = 260 substituted
200 - 40 Ty, + 60T, = 260 multiplied
20Ty, = 60 simplified

Ty =3 divided

Now since T,, + Ty, = 5, we conclude that T, = 2.

We can devise problems about angle relationships that let us practice the solutions of two
equations in two unknowns.

Find x and y. (7x = 2y)°/'50°

(5x — 10y)°

/

We see that one small angle is a 50° angle. Thus, all small angles are 50° angles, and all large
angles are 130° angles. We see that 7x — 2y is a large angle and that 5x — 10y is a small
angle. This gives us two equations.

(@ 7x -2y =130
(b) S5x — 10y = 50
To solve, we will multiply equation (a) by —5 and add the equations.

(@ 7x - 2y =130 — (-5) — -35x + 10y = -650
(b) 5x - 10y =50 — () == Sx — 10y = 50
-30x = —-600

x =20

Now we use equation (a) to solve for y.
Tx — 2y = 130 equation (a)
7(20) — 2y = 130 used 20 for x
140 — 2y = 130 multiplied
-2y = -10 simplified

y=35 solved










example 18.1

solution

example 18.2

solution
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4 %15

\§_\_<ﬁ/ 4 x 15

A7 20 60
3 x 20

3 x 20
60 True

1]

We can solve proportions that contain an unknown by setting the cross products
equal and then dividing to complete the solution. To solve

4_3
3k
we first set the cross products equal and get
4k = 15
We finish by dividing by 4.

When we set the cross products equal, we say that we have cross multiplied.

In some ratio word problems the word “ratio” is used, but in other ratio word problems
the word “ratio” is not used and it is necessary to realize that a constant ratio is implied.

The ratio of Arabians to mixed breeds in the herd was 2 to 17. If there were 380 horses in the
herd, how many were Arabians?

We are given 2 Arabians and 17 mixed breeds for a total of 19. Thus, we can write

2 Arabians
17 mixed breeds
19 total

Now by looking at what we have written, we see that three proportions are indicated.

2 _A 2 _A 7 _M
@ 7=M ® f5=7 © 9=7
We are given a total of 380 and asked for the number of Arabians, so we will use proportion
(b) and replace T with 380 and solve.
2 _ A

19 = 330 — 2-380=19A — 760=194 — A =40

It took 600 kilograms (kg) of sulfur to make 3000 kg of the new compound. How many
kilograms of other materials would be required to make 4000 kg of the new compound?

This wording is typical of real-world ratio problems. The word “ratio” is not used in the
statement of the problem, but the statement implies that the ratio of kilograms of sulfur to
kilograms of the compound is constant. We will call the other component NS for “not sulfur.”
If 600 kg was sulfur, then 2400 kg must have been “not sulfur.”

600 = S
2400 = NS
3000 = T
Thus, the three implied equations are:
. 000 _ S 600 _ S 2400 _ NS
@200~ n P30T 93007

T
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Since we are given 4000 kg of the compound and are asked for the amount of “not sulfur,” we
will use equation (c).
2400 _ NS

o000 = Goog - (2400)(4000) = 3000NS — 3200 kg = NS

If two triangles have the same angles, the triangles have the same shape, and they look alike.
We say that triangles that have the same angles are similar triangles.

25
7 14 35
3
(a) (b) (c)

Triangles (a), (b), and (c¢) look alike but they are not the same size. They look alike because
the angles in each triangle are equal angles, as indicated by the tick marks. The sides opposite
equal angles in similar triangles are called corresponding sides. The ratios of the lengths of
corresponding sides in similar triangles are equal. This implies that corresponding sides in
similar triangles are related by a number called the scale factor. The scale factor going from
triangle (a) to triangle (b) is 2 because each side in triangle (b) is twice as long as the
corresponding side in triangle (a). Going from triangle (b) to triangle (a), we find that the scale
factor is - because each side in triangle (a) is half as long as the corresponding side in triangle
(b). The scale factor between triangles (a) and (c) is % because each side in triangle (c) is %
times the length of the corresponding side in triangle (a). Of course, if we go from triangle (c)
to triangle (a), the scale factor is %

The tick marks tell us that these two triangles
are similar. Find the scale factor and then

7
find x and y. 4 Yy
3
3 X
(a) (b)

The side whose length is 4 in"(a) and the side whose length is 3 in (b) are corresponding sides
because they are opposite equal angles. We use these two sides to find the scale factor. Four
times the scale factor equals 3. The arrow above SF shows this is the scale factor from left to
right.

—

4SF = 3 equation
SF =3 divided
4
Now we find x by using the left-to-right scale factor.
5 :{ = X equation
4 - J q

13

R multiplied

We can use the same procedure to solve for y.

7(—:—) =y equation

21
4

= multiplied
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The ratio of malefactors to good guys was 3 to 11. If there were 350 individuals
investigated, how many were malefactors?

It took 800 kilograms of sulfur to make 4000 kilograms of the new compound. How
many kilograms of other materials would be required to make 5000 kilograms of the
new compound?

Find @ and b.
il |

6 b

The ratio of Arabians to mixed breeds in the herd was 2 to 19. If there were 420 horses
in the herd, how many were Arabians?

It took 500 kg of sulfur to make 3000 kg of new compound. How many kilograms of
other materials would be required to make 6000 kg of the new compound?

The law of the land displeased 27 percent of the natives. If 54,000 natives were
displeased, how many natives were there?

The percentage for nonagenarians in the population was only 0.004 percent. If there
were 40 nonagenarians in the village, what was the total population?

Ny + N, = 200

Use elimination to solve:
10N, + 25NQ = 2750

Np + Np =30

Use substitution to solve:
Np + 10N, = 291

Multiply: (2x + 4)(3x* - 2x — 10) 8. Divide 5 — 1 by x — 2 and check.

Solve for all unknown variables:

9.
10.
il

Add:

19"

14.

16.
17.

18.

R.T, = RTo T = 6.T, = 5.R, — 16 = R,
RyTy = Relpo Ry = 8, R = 2,Tp =5 - Ty
R.T; + RyT, = 100,R; = 4, Ry = 10,T, = T, + 3

Txyz + . 13, 33X ..,

Xyz ¥ Xy
Use the Pythagorean theorem as
required to find the area of this isosceles

triangle. Dimensions are in centimeters. 6 6
10
Find the distance between (-3, 5) and y
(4, -2).
Graph: (a) y =2 (b) y = 2x \
Find the equations of lines (a) and (b). (b) \
X

Find the equation of the line through \
(=3.5) and (4, -2).

“(a) \

[




94 Lesson 19

19. Find the equation of the line that has a slope of % and passes through (4, —2).

20. Find ¢ and b.

9 a
YA
5 b
21. Find x and P. Remember that the mea- 22. Two fences in a field meet at 120°. A
sure of the arc is twice the measure cow is tethered at their intersection
of the inscribed angle. with a 15-foot rope, as shown in the \

figure. Over how many square feet

may the cow graze?
(B8x+2)°

(5x + 10)°

\A—‘I

lo_ L __35
23, 4ox - 255 = -

24, -2[(x — 2) — 4x — 3] = —(-4 — 20

3x0y=2 (2yyz-1 y2
25. E d: - - - —
xpan — ( p e ]

Solve: ’
i

a®xy2(a2)2(xy2)?

26. Simplify: 0(y2)?
ax®’(y=—=)>

2 5-—2 0 Txxy
27. Simplify by adding like terms: -2 — 2 P, X0

y?2 -2 y3
28. Evaluate: ax — a(a — x) if a = —% and x = %
Simplify:
29. -2|-2 - 5| + (-3)]-2(-2) - 3| + 7
1 3
30. - +
2= =332

LESSON 19 Value word problems « AA means AAA
19.A

value word  Value word problems are a genre of problems in which one or more statements in the problem
problems are about the value of items. The total value of one kind is the value of one item times the
number of items of that kind. For example, every nickel has a value of 5 cents; thus, Ny

nickels would have a value of 5N, cents. In a like manner, the total value of N, dimes would

I ee— Se— e
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1TH
95 19.B AA means AAA

be 10N/, cents. We will begin value problems with problems that contain two statements of
equality that lead to two equations in two unknowns. Either substitution or elimination can be
used to solve these equations.

Karamagu had 50 nickels and dimes whose value was $4. How many of each kind of coin did
he have?
If we use dollars as the basic value in the problem, we get the two equations
Ny + N, = 50
0.05Ny + 0.IN,, = 4

We can avoid the decimal fractions at the outset if we use pennies as our basic value in the
second equation. If we do this, our equations are

Ny + N = 50
5Ny + 10N, = 400

We will solve the top equation for N and substitute (50 — N)) for Ny in the second equation.
5(50 — Np) + 10N, = 400 substituted (50 — N/)) for N,
250 — 5N, + 10N, = 400 multiplied
250 + 5N, = 400 simplified
SN, = 150 added —250 to both sides
N, = 30 divided
Since Ny + N, = 50, it follows that Ny = 20.

The fishmonger sold codfish for 6 pence each and mussels for 1 pence each. If Harriet bought
a total of 26 items and spent 86 pence, how many codfish did she buy?

The two equations are

Ne + Ny, =26
6N + IN,, = 86
We will use elimination. We will multiply the top equation by —1 and then add the equations.

~N. - N, = =26

6N. + N,, = 86
5N, = 60
Ne = 12

Thus, N,, = 26 — 12 = 14.

When two angles in one triangle have the same measures as two angles in another triangle,
the third angles are equal. This is easy to prove. To do the proof, we will use substitution and
the fact that if two things equal the same thing, they are equal to each other. This is the sixth
postulate of Euclid and will be discussed in Lesson 30. Consider these triangles.

B E

A/@\C D/Q\

The tick marks show us that two angles in the left-hand triangle are equal to two angles in the
right-hand triangle. Some authors say that this equality gives the third angles no choice but to

F
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be equal. They call this the no-choice theorem. We will do a simple three-step proof. The sum
of the measures of the angles in both triangles is 180°.

LA + 4B + £C = 180° and 4D + LE + ZF = 180°
Now we solve the equation on the left for angle C and the equation on the right for angle F.
ZC = 180° - LA - 4B and ZF = 180° - 4D - ZLE

In the left-hand equation, we will replace ZA with its equivalent, which is £D, and replace ZB
with its equivalent, which is angle E.

ZC = 180° - 4D - ZE and ZF = 180° - 4D — ZLE

Since angle C and angle F both equal the same sum, these two angles must be equal.

LC = LF

Find x and y.

Two angles in the triangle on the left equal two angles in the triangle on the right, so the third
angles are equal and the triangles are similar. To find the scale factor from left to right, we will
use the sides opposite the angles with one tick mark.

4SF = 6 equation

S = % Givided

The sides marked 7 and v are corresponding sides because they are opposite angles with two
tick marks. To find y, we multiply 7 by the left-to-right scale factor.

B
5=
21 _

2_y

The sides marked x and 5 are corresponding sides because they are opposite the angles with
no tick marks. To find .x, we multiply 5 by the scale factor.

a. Florence had 80 nickels and dimes whose value was $6.50. How many of each kind of
coin did she have?

b. Roses sold for 12 pence each and daffodils for 4 pence each. If Jim bought 35 flowers
and spent 300 pence, how many daffodils did he buy?

¢. Find x and y.

—
.

Karamuga had 60 nickels and dimes whose value was $5. How many of each kind of
coin did he have?
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2. The fishmonger sold codfish for 7 pence each and mussels for 1 pence each. If Harriet
bought a total of 26 items and spent 86 pence, how many codfish did she buy?

3. Sulfur is mixed with other chemicals to make sulfuric acid. If it takes 16 tons of sulfur
to make 49 tons of sulfuric acid, how many tons of other constituents are needed to
make 294 tons of acid? (Hint: Sulfuric acid is the total.)

4. Nineteen percent of the nitric acid was used in the experiment. If 1134 liters remained,
how much nitric acid had been available in the beginning? How much had been used?

5. A number was multiplied by —7 and this product was increased by —7. This sum was
doubled, and the result was 4 greater than 5 times the opposite of the number. What was
the number?

Sx + 25y = -160
“3x + 2y = 23
7. Multiply: (2 — 2)(x3 — 2x2 — 2x + 4)

8. Divide —3x* — 2 by -2 + x and then check.

6. Use elimination to solve: {

Solve for all unknown variables:

9. R,T, + RT; = 180,R,, = 70,R; = 20, T,, = T
10. R Ty =RT,T¢ =6,T, =5, R, — 10 = R

1. R,T, = RgTp. Ry, = 8, R, =2, T, =5-T,,
Add:

3x2 a b

12. 4 +
Ty?z 2x2 x2y

14. Use the Pythagorean theorem to find
z. Then use the scale factor to find x
and y.

15. Find the distance between (=3, —5)

and (2, 4).
|
16. Graph: (a) x = -3 |
(b) 5x —3y =9 —(a)

17. Find the equations of lines (a) and (b). X
18. Find the equation of the line through

(-3, -5) and (2, 4). T (th)
19. Find the equation of the line that has a A

slope of% and passes through (-3, -5).
20. Find x, y, and k. 21. The arc measures 50°, as shown. Find

A, B, C, and D. If the radius of the

\(5x + 15)° 4 circle is 3 cm, find the area of the 50°
3 11 sector.
g 50°
kc \//—\
5 y
6x-5)°\ 7
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Solve:

2. 3-p-L=-2

23. 007x - 0.7 = -7.7

24, (<2 - 6)(=2) - 2] = -20(x — 22 = Q2x — 3)3]
o 30y 3xy

25. Expand: - = (pzxyz = XZPJ

X2 SN =2y

x(y0y2)-2

26. Simplify:

22 _ 3ya 40y

27. Simplify by adding like terms:

ylx-l © yxe2g-1
28. Evaluate: m — m*y(m — y) if m = —% and y = %
Simplify:

29, —49((=5 + 2) ~ |-3 + 7| = 3(-1 — (=2)9]

30. = 3

- +
-2 T =2

LESSON 20

20.A

simplification
of radicals

Simplification of radicals + Line parallel to a given
line

Hand-held calculators can often be used to demonstrate properties that would otherwise be
difficult to demonstrate. The square root of 10 equals the square root of 2 times the square root

of 5.
V10 = V2V§5
If we use our calculator to find decimal approximations of these numbers, we get
V10 = 3.1622776 and V245 = (1.4142136)(2.236068)
Then if we use the calculator to multiply the two numbers on the right, we get a product of
3.1622777

This number differs from our approximation of V10 on the left above by only 1 unit in the
seventh decimal place. This exercise helps some to believe that V10 really does equal V2v3.

The rule that explains this can be proved and is really a theorem that we call the
product-of-square-roots theorem. The proof of this theorem is so straightforward, however,
that some people often use the word “property” for this rule and call it the product property of
radicals. This rule is also applicable to higher-order roots such as cube roots, fourth roots, etc.
For now, we restrict its use to square roots and state the rule formally here.

ProbpucT-0F-SQUARE-R00OTS THEOREM 1

If m and » are nonnegative real numbers, then

\r'm\"n = \mn and \Ymn = \fm\'n
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If we are asked to find the equation of a line that is parallel to one of these lines, its slope must
also be +% . The only thing we need to find is the intercept.

Find the equation of the line that is parallel to the line 2y — x = 2 and passes through the
point (3, —1).

If we write the equation of the given line in slope-intercept form, we get

y=%x+l

The slope of the new line must also be —;— if it is to be parallel to this line, so we have

y=%x+b

Now we use the coordinates 3 and —1 for x and y and solve algebraically for b.

|
=
It

%(3) +b  substituted

2 _3 ML
> =3 25 (2) simplified
)
2

= 1) solved

Thus, the intercept of the new line is ——;—, and the equation of the new line is

Y55 0 s
Simplify:
a. 440 — 3V140 b. 3V2(3\2 - V8)
c. Find the equation of the line that is parallel to the line 3y — x = 5 and passes through
3, 3).

1. The formula required that 20 kilograms (kg) of carbon be used to get 160 kg of the
compound. How many kilograms of other components were needed to make 640 kg of
the compound?

2. Fewer than half of the performers were virtuosos. In fact, only % were in this category. If 28
were not virtuosos, how many performers were there? How many virtuosos were there?

3. The expensive ones cost $7 each, whereas the worthless ones sold for only $2 each.
Monongahela spent $111 and bought three more expensive ones than worthless ones.
How many of each kind did she buy?

4. Only 40 percent of the combustibles burned. If 240 tons burned, how many tons did not burn?

5. Find four consecutive even integers such that —4 times the sum of the first and fourth is
6 greater than the opposite of the sum of the second and third.

6. Use substitution to solve: {)‘ a2 =8
[2y + 2¢x = 40
7. Divide —2x3 — x + 2 by -1 + x and check.
8. Solve forthe unknown variables: R.T, + RpT; = 100,R; = 4,R; = 10T, =T, + 3
Simplify:
9. 3V3 . 412 — 5300 10. 43(2V3 - V6)

11. 5V5(2V5 - 3v10)
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LESSON 21
21.A

scientific
notation

example 21.1

solution

21.B

two statements
of equality

example 21.2

solution

Scientific notation « Two statements of equality

We like to use the decimal system because base 10 numerals have a special advantage. When
we multiply a number by a power of 10, the sole effect is to move the decimal point the
number of places left or right that equals the power of 10. Multiplying by a positive integral
power of 10 moves the decimal point to the right. To demonstrate, we will multiply 412.036
by 102 and by 10*.

412.036 x 10°> = 41,203.6
412.036 x 10* = 4,120,360

Multiplying by 10 to a negative integral power moves the decimal point to the left. If we
multiply the same number by 10-2 and 10, we move the decimal point two places to the left
and four places to the left, as we show here.

412.036 x 102
412.036 x 104

4.12036
0.0412036

We find this property of decimal numerals very useful when we deal with very large or
very small numbers. We can put the decimal point anywhere we please as long as we
follow the numeral with

SIO=2
and use this notation to tell where the decimal point really should be. Thus,
304.162 0.304162 x 103 304,162 x 1073

all represent the same number. In the last two notations, the decimal point is not between the
4 and the 1, but that is all right because the notations

x 10> and x 1073
tell us where it should be placed. When we use this notation and place the decimal point just

to the right of the first nonzero digit, we say that we have written the number in scientific notation.

(0.0003 x 10-%)(4000)
(0.006 x 1013)(2000 x 10%)

Simplify:

We begin by writing all four numbers in scientific notation. Then we multiply and divide as
indicated.
(3 x 10719)(4 x 10%)
(6 x 10'2)(2 x 107)

107

_ -26
or - 1 x 10

3.4
-

Thus far. our study of problems that require two equations for their solution has been
restricted to coin problems about nickels and dimes and to similar problems about the values
of items that are not coins. Now we will begin our investigation of other types of problems
that contain two statements of equality. The experience gained with value problems should
make these new problems easy to understand.

The ratio of two numbers is 3 to 4 and their sum is 84. What are the numbers?

We decide to use N for the numerator and D for the denominator.

(a) % = % and (b) N+ D =284

We will cross multiply in (a). and then solve (b) for D and substitute into (a).
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(a)%:%—>4N=3D ) N+D=8 — D=8 —N
4N = 3(84 — N) substituted
4N = 252 — 3N multiplied
IN = 252 simplified
N = 36 divided

Since N + D = 84,then D = 84 — 36 = 48.
The sum of two numbers is 128 and their difference is 44. What are the numbers?

A little thought in choosing the variables is often helpful. Here we have two numbers. One is
greater than the other, so we will use S to represent the small number and L to represent the
large number. The equations are

(@ L+ S=128 and (by L -S =44
We will solve the equations by using elimination.

(@ L+S=128

b) L-S= 44
2L = 172
L = 86

Thus,
S=128 -8 — S =42

The ratio of two numbers is 4 to 5 and their sum is 108. What are the numbers?

5

b. The sum of two numbers is 136 and their difference is 50. What are the numbers?

Y
.

The ratio of two numbers is 3 to 5 and their sum is 96. What are the numbers?

&

The sum of two numbers is 200 and their difference is 66. What are the numbers?

3. It took 900 kg of acetylene to make 2400 kg of the compound. How many kilograms of
other components was required to make 3600 kg of the compound?

4. Twenty percent of the nitrogen combined with the other elements. If 740 kg of nitrogen
did not combine, how much did combine?

5. The nickels and dimes had a value of $5.75. If there were 70 coins in all, how many
were nickels?

6. Find three consecutive integers such that —5 times the sum of the first and the third is 24
greater than 4 times the opposite of the second.

8y — 3x = 22

7. Use elimination to solve: {2)‘ + 4y = 34

8. Multiply: (42 — 2x + 2)(-3 + 2x)
9. Solve for the unknown variables: R, Ty = R\T\. Ry = 6, R, = 3. Ty, — T, = 8

Simplify:

10. 3V200 - 5V18 + 750 1. 2V3 - 2V2(6V6 - 3V2)
Add:

12 4av+ L 38 Samm—— %

P a
(0.0003 x 10%)(6000)

14. Simplify: - —
: (0.006 x 1015)2000 x 103)
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15. Find the distance between (-3, -3)

and (4, -5). Y
16. Graph: (a) x = 4 X
(b) 4x - 3y = 12 1
{
17. Find the equations of lines (a) and (b). (b)
18. Find the equation of the line through I8
(-3,-5) and (4, -5).
: . : (@)
19. Find the equation of the line that passes 1
through the point (2, 2) and is parallel L
oy = —-';—.\‘ + 4.
20. The triangle and the circle are tangent 21. In this figure, x = 130. Find A. Then
at three points, as shown. Find x and y. find B and C. Then find D and y.
6 X+4
|
X \
X X+y
x°\A° B
10
Solve:
= 3T . .
2202 S3¥ - T3 23. 0.03(x — 4) = 0.02(x + 6)

24, (-4 - D-3) - 69 = =2[(y - 4)3 - Qy - )]

25. Expand: 5‘—?’—_—[—2\”—2 - p \J 26.  Simplify: %%’3)@_#
27. Simplify by adding like terms: 3'\:_20 — Sxa + \—7_\7;2_—1

28. Evaluate: x(x - ax)x = —% and a = %

Simplify: /

29. 792 + 3) - |-4 + 3[] 30. —_21_2 i _(_12)0

LESSON 22

22.A

uniform
motion
problems—
equal distances

Uniform motion problems—equal distances ¢
Similar triangles and proportions

In this lesson we begin our study of the solution of uniform motion word problems. It is very
probable that we will never encounter one of these problems in a science course or in
everyday life. We study these problems because solving them helps us develop useful
problem-solving skills.
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Uniform motion problems involve statements about people or things that move at a
constant velocity (speed)” or at an average velocity. The uniform motion problems on which
we will concentrate will contain four statements about things that are equal or that differ by a
specified amount. Each of these statements can be turned into an equation. We find that these
equations are easy to write if we use four variables. In this book, we will use subscripted
variables. It is often entertaining to use inventiveness and originality when choosing variables.
For example, we could use either

Ry  or Rpw  OF R,
to stand for the rate that Ruby walked.

To solve uniform motion problems, we will write equations about rate or velocity,
equations about time, and equations about distances traveled. Since the distance equations are
the most difficult to write, we will consider these equations to be the key equations and we
will write the distance equation first. We will always draw a diagram to help us write the
distance equation. If both people or both things travel the same distance, the diagrams will
have one of the two forms shown here.

D, D

D, =D, SO R\T, = R,T,

D, D,
The distance equation is shown on the right. We always replace D, with R, T, and D, with R,T,
since rate times time equals distance.
RT, =D, and R,T, = D,
Roger made the trip on Sunday, and Judy made the same trip on Monday. Roger traveled at 12

miles per hour. Judy traveled at 20 miles per hour, so her time was 2 hours less than Roger’s
time. How far did they travel?

We begin by drawing the distance diagram and writing the distance equation.

Dg

Dy =D, so R, =R[T,

D,
Next we write the rate equations and the time equation.
Ry = 12 R, =20 T, +2=T,

To solve, we replace Ry in the distance equation with 12, replace R, with 20, and replace T,
with T, + 2.

12(T, + 2) = 20T, substituted

12T, + 24 = 20T, multiplied
24 = 8T, simplified
3=1T, divided

Now since Judy’s time was 3 hours, Roger’s was 3 hours + 2 hours = 5 hours. To find the
distances traveled, we multiply R, by T, and R, by T.

D, = RjT, Dp
D, = (20)(3) = 60 miles D,

RpTy
(12)(5) = 60 miles

"In science courses a distinction is made between the words “speed™ and “velocity.” In this book the
words are synonymous.
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Br’er Rabbit hopped off toward the briar patch at 10 kilometers per hour (kph) at 10 a.m. At
noon Br’er Wolf began the chase from the same starting point. If he caught Br’er Rabbit at 2
p-m., how fast did he run?

They traveled the same distances. The distance diagram and distance equation are as follows:

Dr

Dy =Dy so ReTg = RyTy

Dy
One rate was given and both times were given.
R, =10 T, = 4 Ty, =2
To solve, we substitute the last three equations into the distance equation.
(10)(4) = R(2) substituted
40 = 2R, multiplied
20 kph = Ry, divided

We know that the ratios of corresponding sides in similar triangles are proportional. We have
been using the constant of proportionality (the scale factor) to find the lengths of the
missing sides. We can also solve for the missing sides by using the ratios themselves.
Consider this pair of similar triangles.

8 y

If we write the ratios of the sides opposite corresponding angles and put the sides from the
right-hand triangle on top. we get

and =

9 y
7 8

U||>,

Since the triangles are similar, all of the ratios are equal. When we connect two equal ratios
with an equals sign, we say that we have written a proportion. We can solve for x by equating
the first and second ratios.

x _9 :

5 =7 proportion

45 = Tx cross multiplied
175— =x  divided by 7

We can solve for y by equating the second and third ratios.

9

= = % proportion
Ty = 72 cross multiplied
2

y =% divided by 7

We could have used the scale factor to find x and y. To find the left-to-right scale factor, we use
the sides whose lengths are 7 and 9.
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-

78

<€eo e

SF

We note that the scale factor is one of the equal ratios. To use the scale factor to find x and
y we multiply 5 by the left-to-right scale factor, and we multiply 8 by the left-to-right scale
factor.

o)
—
=)o}
NI
1
>
)
e
~|o)
—_
|
o)

45 = 7x 72 = 7y
45 _ 72 _
7 = °* o R

a. Elvira made a trip on Tuesday, and David made the same trip on Wednesday. Elvira
traveled at 14 mph. David traveled at 21 mph, so his time was 3 hours less than Elvira’s
time. How far did they travel?

b. Use proportions to solve for x and y.

1. Eloise made the trip on Sunday, and Christian made the same trip on Monday. Eloise
traveled at 15 miles per hour. Christian traveled at 30 miles per hour, so his time was 3
hours less than Eloise’s time. How far did they travel?

2. Alonzo ran off toward Milano at 9 kilometers per hour at 8§ a.m. At 10 a.m. Wilhelm
began the chase from the same starting point. If he caught Alonzo at 12 p.m., how fast
did he run?

3. The ratio of two numbers is 7 to 5. The sum of the numbers is 960, what are the
numbers?

4. The federal tax was $500 more than the state tax. If the sum of the taxes was $6900,
what was the amount of the federal tax?

5. Huckleberries cost $5 a peck, whereas whortleberries cost $13 a peck. Hortense spent
$109 for a total of 9 pecks. How many pecks of whortleberries did she buy?

6. The chemist found that 30 grams of iodine was required to make 600 grams of the
solution. How many grams of other things was required to make 5000 grams of the
solution?

Sx +y =24
Tx - 2y = 20
8. Divide x3 — 4v + 2 by -1 + x and check.

7. Use substitution to solve: {

9. Use proportions to solve for x and y. y
12
15
10

R 11 X
Simplify:

10. 2V27 - 375

1. 3V2(2V2 - V6) - 43 + 2 12. 2V3(5V3 - 2V6)
Add:

13, 2+4 14, 2 4 pl - ELY

i v Py
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(0.0035 x 107#)(200 x 10°)

15. Simplify:
e (700 x 103)(0.00005)

16. Graph: (a) x = -5 y
b) Zx—-y=4

17. Find the equations of lines (a) and (b). \
18. Find the equation of the line that passes

through (6, 0) and (=3, —3). O,
19. Find the distance between (6, 0) and :

(=3.-3). (@)

| N

20. Find the equation of the line that has |

a slope of % and passes through (3,-35).
21. Inthis figure. x = 140. Find A. Then

find B and C. Then find k. Then find M. k°

\ c o
Solve: x°*\A° B
2y _4tl,-01
22 35,1 410.1 = 24
23. 0.02(p - 2) = 0.032p - 6) Me
24, —[(=3 - 6)(=19 — 6°] = —4[(x — 3)2] .
o) " ,—4
25. Expand: = (22 _ 39
z pL x py

x~2yp) =3 (xOyp)?

26. Simplify: ==
(2x2)=2

27. Simplify by adding like terms: — > + -

XX P2 Xy
28. Evalvate: ya(y — a)y if y = —% and a = %
Simplify:
WS = N2 7 2072
=3 2
30. - - —
—3-2 _2-3
LESSON 23 Graphical solutions

‘We have been solving two equations in two unknowns by using either substitution or elimination.
These equations can also be solved by graphing. To do this, we graph both of the equations
and visually determine the coordinates of the point where the lines cross. The answer we get
is an approximation because we must estimate the coordinates of the crossing point. The
advantage of the graphical method is that we can see what we are doing. If a more exact
answer is required, it can be obtained by using either substitution or elimination.

example 23.1  Solve this system by graphing. Check the solution by using either substitution or elimination.

3y —2x =6 (a)
y+x=-1 (b)
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This time the graphical solution appears to be (2.5, —3). We will use substitution to check.
We use —3 for y in equation (a). '

(-3) =2x + 2 substitution
-5 = 2x added -2 to both sides
-2 =x divided 1
Thus, the exact solution is (—% —3), which is the same as (-2.5, —3).

practice Solve this system by graphing. Check the solution by using either substitution or elimination.

y =2x +1
x = -1

problem set 1. At the sound of the explosion, Mary began to run north at 600 feet per minute. Jim
23 regained consciousness 4 minutes later and began to run after Mary at 800 feet per
minute. How long did Jim run to catch Mary?

2. The fast freight made the trip in 10 hours while the slow freight took 12 hours for the
same trip. How long was the trip if the fast freight was 10 kph faster than the slow
freight?

3. The fraction had a value of % The sum of the numerator and the denominator was 230.
What was the fraction?

4. The vivandiére sold viands and sandwiches. If she sold 300 total and 50 more viands
than sandwiches. how many of each did she sell?

N

The value of the quarters and nickels was $5. If there were 40 more nickels than
quarters, how many coins of each type were there?

6. Twenty percent of the compound was copper sulfate. If there were 400 tons of the
compound in the warehouse, how much was not copper sulfate? '

7. Use elimination to solve: 8. Multiply: (3x3 — 2x)(2x% — x — 4)
5 + 2y = 70
3x - 2y = 10
Simplify:
9. 4V3 - 312 - 2V3 10. 3V75 — 448
1. 2V5(5V5 - 3V15)
Add:
12. 3x2m + 4 13. 2= _ 4+ £
X pn pim

(0.00003)(0.006 x 10-°)

14. Simplify: - :
(1800 x 10'°)(100,000)

Solve by graphing. Then get an exact solution by using either substitution or elimination.

2y - 2x = 8 y-2x=1
15. . 16.
y+x=-=-2 y =2

17. Find the equation of the line that passes through (0, 0) and (4, 2).
18. Find the distance between (0, 0) and (4, 2).

19. Find the equation of the line that has a slope of —% and passes through (4, 4).

D E e e |
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Now we will solve the problem again by using the scale factor. To find the scale factor from
left to right, we use the sides whose lengths are 4 and 10.

4SF = 10
F - 3
SF = 3

This is the same as the first of the three ratios listed above. To find y, we multiply 9 by the left-
to-right scale factor.
5
o3

'y
el

Il
=

To find x, we multiply 7 by the scale factor and solve the resulting equation.

7(%) =x+7

35 =2v + 14 multiplied both sides by 2
21 = 2x added —14 to both sides
2, divided
2
practice Solve:
2x+3 4 1 4 T - 2x _
a. 1 33 b 3 + 5 = 2

c¢. Find xand y.

ot

problem set Scott noted that the fast freight left at noon and arrived there at 6 p.m. The next day he
24 realized that the slow freight had made the same trip in 8 hours. What was the speed of
the slow freight if the speed of the fast freight was 60 miles per hour?

2. Henry can ride his horse at 4 miles per hour and get to the battlefield on time. If he stops
for 1 hour to make a speech to his troops, he must ride at 5 miles per hour for the whole
trip to get to the battlefield on time. How far is it to the battlefield?

3. The fraction had a value of ; Amy and Zollie found that the sum of the numerator and
the denominator was 120. What was the fraction?

4. Charles and Nelle picked 173 quarts of berries. How many did each pick if Charles
picked 11 more quarts than Nelle picked?

5. Raisins were $700 for a measure, whereas plums cost $900 a measure. David and Bruce
bought 50 measures and spent $41.000. How many measures of raisins did they buy?

6. It took 700 kilograms of potassium to make 49,000 kilograms of the new fertilizer. How
many kilograms of other components did Gerd have to use to make 4200 kilograms of
the new fertilizer?

7x + 9y = 119

2y + y= 23

8. Divide 3% — 3 by -2 — x and check.

7. Use substitution to solve: {
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LESSON 25 Monomial factoring « Cancellation + Parallel lines
25.A

monomial The Latin word for maker or doer is the word factor. From this came the Old French word ,
factoring facteur, which led to the Middle English word factour. In modern English we use the same

i
spelling as did the ancient Romans, and in mathematics the meaning is very close to the Latin I
meaning of maker or doer. If we multiply 3 and 2, we get 6.
3:-2=6

We say that 3 and 2 are factors of 6 because we can make 6 by multiplying these two numbers.
If we can make an expression by multiplying two or more other expressions, we say that each |
of the expressions that is multiplied is a factor of the final expression.

A factor is one of two or more expressions that are multiplied
to form a product.

Thus, since we multiply 4x and ax + y to get 4ax* + 4xy,

dx(ax + y) = dax? + 4xy
we say that 4xand ax + y are factors of 4ax? + 4xy. When we write a sum as the product
of factors, we say that we are factoring.

example 25.1  Factor:  4ax® + 4xy

solution We have been given a sum and asked to write this expression as a product. We begin by
recording an empty set of parentheses.

( )
Now, in front of the parentheses, we write the greatest common factor of the original terms.
4x( )

Now we decide what must be recorded inside the parentheses so that when we multiply by 4x
the result will be 4ax? + 4xy, our original expression. The correct entry is ax + y.

dx(ax + y)

We say that we have factoréd the expression by factoring out 4x. We can check our work by
multiplying.

dx(ax + y) = 4ax® + dxy
example 25.2 Factor: 4x%p% — 6k%pix

solution We begin by writing a set of parentheses preceded by the greatest common factor of both
terms.
2xp2k( )

Next we find the proper entry for the parentheses so that the product will be our original
expression.

2xpk(2x — 3kp?)
We can check our work by multiplying.

2xp*k(2x - 3kp?) = 4x?pk — 6k%pix

example 25.3 Factor: 4x%y — 2xy + 10xy°

. E— |
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25.C

parallel lines We are familiar with the similar triangles in the figures shown here.

A C
/B/Q\'\
c A
B

The large triangle and the small triangle in the figure on the left are similar because the angles
are equal. Both triangles contain angle A, and angles B and C are also equal. The two triangles
in the figure on the right are similar because angles B and C are equal, and the vertical angles
are equal.

Parallel lines also tell us that angles are equal.

A A

A0
7 ~_ |

p

In the figure on the left, we see two parallel lines. On the right, we extend the segments and
note that transversal p creates two equal small angles and that transversal m creates two more
equal small angles.

In the figure on the left below, we see two parallel lines.

Cc
E
A
B D P o

In the figure on the right, we extend the sides and find that the transversals P and Q give us
two pairs of equal small angles. Whenever a figure has parallel line segments, mentally
extend the line segments and look for equal small angles and equal large angles.

4m3S + m?
m?

practice  a. Factor: 8m*nS + 6yx?m? — 2xym? b. Simplify:

c. Find x and y. d. Find M and N.

4 5

4 : 3

problem set 1. The Mary Sue stayed on the Grand Banks for 38 days and salted down 14,440 pounds *
25 of codfish. How long would she have had to stay to salt down 36.100 pounds? i

2. Brown Bear made the trip in 40 hours. Flying Fish took only 30 hours to make the trip
because his speed exceeded that of Brown Bear by 6 kilometers per hour. How long was 8
the trip?

o o
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3. There were 5 times as many boys as girls at the party. Also, the number of boys was 100
less than 15 times the number of girls. How many boys and girls came to the party?

4. The day was a concatenation of disasters. If the ratio of minor disasters to major
disasters was 5 to 2 and there were 980 disasters in all, how many were minor?

n

The machine broke open, and the quarters and half-dollars fell to the floor. The mysophobe
grimaced but still retrieved them because there were 200 coins whose value was $75.
How many of each kind were there?

6. Seventy percent of the compound was sodium chloride. If 660 grams of other chemicals
were used, what was the total weight of the compound?

7. Divide x> = 2 by x — 5 and then check.

Factor:
8. 5x2y2 — 2xy + 10xy? 9. 23’ + 123ym* — 3x%y2m?
10. 16m2p3y — 8y*mp3 + 4m?p?y? 11. x3y223 + x2yz2 — 3x3yz

12. px3 + p*x2 — p3x

Simplify:

13. 2V3 - 376 - 5V12 14. 6V18 + 5V8 — 3v50
15. 2V5(3V15 - 25)

Add:

16. a + 17 @ 2

SN
SN.
=

3

(38,000 x 103)(300 x 10~%)
0.00019 x 1073

18. Simplify:

19. Solve by graphing and then get an exact solution by using either substitution or
elimination.

3x — 2y = 10
1

y = —=

2

20. Find the equation of the line that passes through the point (3, 5) and is parallel to
the line y = %x — 2.

21. Find x, y, and P. 22. The radius of the circle is 12 cm. Find
the length of arc ABC.
| 80" /

e N
A
B
P
9/(3x + 2y)° /

[ )V
C
Solve:
pap 3 =0 4y — 8 2x — 4 _
23. 1 > = 1o 24 3 + 3 =9
s n+3 _1_2n-2 Sx+3 3 _5
3. 5 3 5 2. = )

8v5 + 1243

27. Cancel if possible: PE
A
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x2y-2 22 4x2y0
28. Expand: 2 ()’2(2\“2)“' )
29. Simplify: -3°[(-2 - 4 — 22 - 29) — |-3 = 2]

30. Evaluate: km(m% — k)  if k = % S = —%

LESSON 26 Trinomial factoring * Overlapping right triangles
26.A

trinomial When we factor, we undo multiplication. Thus, to get rules for factoring trinomials, we look
factoring at the pattern that develops when we multiply binomials.

(a) v +2 (b) b+ 4 (c) -3
X -5 b -1 x—4
X2+ 2x b2 + 4b x2 - 3x
— S5y — 10 - b-4 - 4x + 12
X2 = 3x - 10 b + 3b — 4 X2 = 7x + 12

In each of the multiplication problems shown here, we note that in the trinomial products,

(a) the first term is the product of the first terms of the binomials.
(b) the last term is the product of the last terms of the binomials.
(c) the coefficient of the middle term is the sum of the last terms of the binomials.

Thus, to factor a trinomial whose lead coefficient is 1, we need to find two numbers whose
sum and product meet the requirements of (b) and (c).

example 26.1  Factor: x* + 6 — 5x

solution It is helpful if we begin by writing the trinomial in descending powers of the variable.
- X -5x+6
Now we write two sets of parentheses with . as the first entry in each set.
(x )X ) J

The second entries are the two numbers whose sum is —5 and whose product is +6. The numbers
are —3 and —2. Thus, our answer is

x - 3)x - 2)
example 26.2 Factor: —? + 5x + 14
solution  When the x2 term has a negative coefficient, it is helpful to first factor out a negative quantity.
Here we will factor out —1.
(=1)(x? = 5x — 14)
Next we factor the trinomial and get
D = THx + 2)

We could leave the answer in this form. but many people like to multiply the (~1) by one of {
the other factors. If we do this, we can get

T ——
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We will use the bottom lengths to find the scale factor from the small triangle to the large
triangle.

6SF = 10

—_ 10 _5
F=—=2
: 6 3

Next we multiply 4 by the scale factor to find C.

20 _

Now we use the Pythagorean theorem to find A.
A2 =62 + &
A% = 52

A = \E
Now we have the following figure.

If we try to use the Pythagorean theorem to find B, we get a second-degree equation because
we have to square the expression V52 + B. So we will not use the Pythagorean theorem but
will use the small-to-large scale factor of % and the hypotenuses of both triangles.

V52 (%j =52 + B used small-to-large scale factor
5V52 = 3V52 + 3B multiplied both sides by 3
2V52 = 3B added —3V52 to both sides

4413
T\/_ =B simplified

P

We remember that if we wish we can always use the proportion method instead of the scale
factor when working with similar triangles.

practice Factor:

problem set
26

a. x> -7 - 6x b. -2 + 6x + 16
C. 2437 + 213 — 3t
d. Find A, B, and C. >
A Cc
4
5 3

1. The Silver Arrow made the trip in 20 hours. The Orange Blossom Special made the
same trip in only 8 hours because its speed was 60 mph greater than that of the Silver
Arrow. How far was the trip? h

[

The number of blues was 50 greater than 5 times the number of reds. Also. the number
of reds was 210 less than the number of blues. How many were red and how many were |
blue?










example 27.2

solution

example 27.3

solution

practice

problem set
27
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L+_2+6+L

Add: 4 32

The least common multiple is x>(x + 4). We will use the same steps we used in the preceding
example. First we write the new denominators.

new denominators

+ +
x2x+4) x2x+4) xI(x+4)
Now we determine the new numerators.
x2(x +2) 6x2%(x + 4) 2x + 4)
x2(x + 4) x2(x + 4) x2(x + 4)

Next we expand the numerators,

new numerators

X3+ 22 + 6x3 + 24x% + 2x + 8
xZ(x + 4)
and then simplify as the last step.

expanded

Tx3 + 26x% + 2x + 8

PETS simplified

X + 2 1

Add: -
x2 +4x +3 x(x+1)

Algebra books often have contrived problems which must be recognized or the solution is
difficult. This is one of those problems. The denominator of the first term can be factored. If
we do the factoring, the rest of the problem is straightforward.

X +2 _ 1
@+ + 1D xx+ 1)

factored

new denominators

Y+ + D x(+ 3+ 1)

x(x + 2) - (x + 3)
x(x + ) + 1) x(x + 3)x + 1

new numerators

— x2 +2x—x-3
T Tx@ A3+ 1) added

x2 +x-3

T xx + )+ 1) simplified
Add:
m+ 3 2 s+ 3 :
St a R b. _
a m+ 4 m? -2 4 52 4+ 4 2z + 4)

1. The hiking club hiked to Robbers Cave State Park at 4 mph. They got a ride back to
town in a truck that went 20 mph. If the round trip took 18 hours, how far was it from
town to the park?

2. Jojo set out on a hike. After walking for some time at 5 kph, he caught a ride back home
in a truck that traveled at 20 kph. If the round trip took 10 hours, how far did he walk?

3. There were 6 more girls than twice the number of boys. There were 36 boys and girls in
all. How many boys and how many girls were there?

4. The general expression for consecutive multiples of 7 is 7N, 7(N + 1). 7(N + 2). etc.,
where N is some unspecified integer. Find three consecutive multiples of 7 such that the
product of —3 and the sum of the first and third is 21 less than 5 times the opposite of
the second.

1
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LESSON 28
28.A

complex
fractions

example 28.1

solution

Complex fractions + Rationalizing the denominator

Possibly the most useful rule in algebra is the denominator-numerator same-quantity rule.
Because this rule is so important, we will write it again here.

DENOMINATOR-NUMERATOR SAME-QUANTITY RULE

The denominator and the numerator of a fraction may be
multiplied by the same nonzero quantity without changing
the value of the fraction.

This rule allows us to change the form of any fraction to a form that is more convenient. We
have used this rule to help us add abstract fractions. To review the use of this procedure, we
will add two fractions.

a C
e
b d

We will multiply the first fraction by d over  and multiply the second fraction by b over b. Then
we can add the fractions.

g[i +L-g')= ad + cb

b\d d\b bd

We also use the denominator-numerator same-quantity rule to help us simplify fractions of
fractions.

If we multiply the denominator of this fraction by its reciprocal, which is Z—l the resulting
denominator will be 1. If we do this, we must also multiply the numerator by the same
quantity, :—1 so that the value of the expression will not be changed.

a  d ad

b ¢ _ bc _ad
. d 1 ke
@l

The denominator-numerator same-quantity rule can be used anywhere—and at any time—on
a temm in an equation or on a term that is not in an equation. In everyday language we can say,

Anytime, anywhere, the denominator and the numerator of an expression can be multiplied
by the same quantity (not zero) without changing the value of expression. Only the form
of the expression is changed.

a

Simplify:

We will multiply both the denominator and the numerator by b over x + y.

a b

[2) ) a
X+ ¥ b %

b Loy




example 28.2

solution

28.B

rationalizing the
denominator

example 28.3

solution

example 28.4

solution

practice
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Simplify:

We will multiply both the top and the bottom by a + b over c.

a a+b
@l Sp ) c _a
c a+b ¢
a+b c

Often we encounter expressions such as

4

7

that have a radical in the denominator. Many people like to change the form of these
expressions so that the radical does not appear in the denominator. We remember that we can
always change the form of an expression by multiplying both the denominator and the
numerator by the same quantity. For this example, we choose to multiply by V7 over V7.

4 N1 _ 41

N1 A7 7
This new expression has the same value as the original expression, but the denominator is a
rational number. This procedure is called rationalizing the denominator. The instructions for
one of these problems will use the one word “simplify.”

An expression that contains square root radicals is in
simplified form when no radicand has a perfect-square
factor and no radicals are in the denominator.

Simplify: —3—_
2 v

We can eliminate the radical in the denominator by multiplying by V5 over V5. Of course, we
still cannot get rid of \5 completely, for it will now appear in the numerator.

3 A5 _345

25 5 10

N 2
Simplify: ==
341

We will multiply by V12 over V12 and then simplify the result.

\

2 122y 2(243) 43
32 3 36 3% 9
Simplify:
m m
a. i b, — L .
£ + X _Z 342
p X+ y
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problem set 1. Bronson roared off on his motorcycle at 60 mph. Then, much to his chagrin, he ran out
28 of petrol. He pushed the motorcycle all the way back at 3 mph. If the entire trip took 21
hours, how far did he push the motorcycle?

2. The general expressions for consecutive multiples of 3 are 3N, 3(N + 1),3(N + 2),etc.,
where N is some unspecified integer. Find four consecutive multiples of 3 such that 5
times the sum of the first and fourth is 6 less than 13 times the third.

3. The number of girls in the class was 1 less than 3 times the number of boys. There were
15 students in all. How many were boys, and how many were girls?

4. The class treasury contained $30 in nickels and dimes. If there were 500 coins, how
many coins of each type were there?

5. Arthur found that for every 200 peasants only 10 had seen a Dane. If there were 150,000
peasants in the kingdom, how many had never seen a Dane?

6. Sixteen percent of the mixture was arsenic and the rest was silicon. Mendeleev knew
7350 kilograms of the mixture was silicon. How much arsenic was in this mixture?
What did the entire mixture weigh?

7. Divide x> — 7 by x — 5 and then check.

Factor the greatest common factor:

8. 242y — 8xdyt 9. 4x3y’p3 - 16x2y°p — x4y3pt
Factor completely. Always factor the GCF as the first step.
10. -35xy + 2¢% + ¥y 11. -8a - 7ax + ax?
12. 2m? + 3xm? + m%\? 13. -a? - a’¢? — 2xa?
Simplify:
~9) .
14, Ht 1. 427 - 338 + 275
_ -3 6
16. 3W5(T5 - 2V5) 7. (0.00077 x 1073)(40 x 10°%)
(0.00011 x 105)(140,000)
X
m+ p 3
18, ———— 19.
y 4415
m+ p
Add:
Dol 21. e Ly
a+x a X2 +2x+1 x+1
22. Solve by graphing and then get an Sx+2y=6
exact solution by using either 1 '
substitution or elimination. I BERUS

23. Find the equation of lines (a) and (b). 24. In this figure, X equals 150. Find A,
B, C, D, E, and then find F.

y
T 1T D’
=1
s ]
— % = X
L—T*j+'§* J—+ ITiF 4
@
EEEEEEEEEE F°
A
40°
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25. Inthis figure, AB is a diameter and is a straight angle. Find x and 2x. If the radius of the
circle is 2 meters, find the area of the shaded sector. Find the length of arc BC.

Solve:

2t  x -3 1.1 3
26, = + =3 e L NS DR
3 5 27. 43 - 255 =5

28. Find the distance between (-2, 5) and (-6, —3).

-2

3x~2y? - A2y
29. Expand: = (;\2' = 2_3']

30. Evaluate: 0 — 0l — y) if x= 1 and y = -

LESSON 29 Upniform motion problems: D, + D, = k

We remember that the key equation in a uniform motion problem is the equation that describes
the distances that have been traveled. In all the problems thus far, the persons or objects have
traveled equal distances, so the distance diagrams for these problems have been similar to one
of the two diagrams shown here.

D, D,

D =D, SO R\T, = R,T,

D, D,

In the left-hand diagram both objects began at the same point and traveled in the same
direction. In the right-hana diagram the objects began at different points and traveled in
opposite directions, but again the distances traveled were equal. Thus. the same equation is
applicable to both diagrams.

In some problems. the sum of one distance and another distance equals a certain
number. If the number is 460, the distance diagram would look like one of the following.

D, o, , , O D
460 - 460

b, D,
460

| |
1 |

In each diagram we know that the sum of distance 1 and distance 2 equals 460, so the same
distance equation is applicable to all three diagrams.

D, + D, =460 so  RT, + R,T, = 460
example 29.1  Napoleon walked part of the 60 miles to the site of the battle and rode the rest of the way on
a caisson. He walked at 3 mph and rode at 9 mph. If the total time of the trip was 8 hours, for

how long did he walk?

solution His distance walking plus his distance riding equaled 60 miles. This leads to the following
distance diagram and distance equation.

T e e




example 29.2

solution

example 29.3

solution
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Dw Dr
60

We have four unknowns and only one equation. Thus, we need three more equations. We
reread the problem and find that two are rate equations and one is a time equation.

Ry =3 Ry =9 Ty + Tp = 8

|
[

| Dy +Dyg=60 so  RyT, + RglT = 60

We finish by substituting into the distance equation.
3(8 - T,) + 9T,
24 - 3T, + 9T, = 60 multiplied
24 + 6T, = 60 added
6T, = 36 simplified
T, =6 divided

60 substituted

Since he rode for 6 hours, and his total time was 8 hours, he must have walked for 2 hours.

T\, = 2 hours

Edward Longshanks and Queen Eleanor were 54 miles apart at dawn. Edward began the
journey to the meeting place at 8 a.m. at 3 mph; 2 hours later, the queen set out to meet him.
If they met at 4 p.m., how fast did the queen travel?

Between them they covered 54 miles, so the following distance diagram and distance equation
apply.
Dy Do

54

|
|

| D, +D,=54 so RT, +R,T,=>54
We have one equation and four unknowns. Thus, we need three more equations. Two are time
equations, and one is a rate equation.
T, =8 Tp =6 e, = 3
We substitute these into the distance equation and solve.
(3)(8) + R,(6)
24 + 6R, = 54 multiplied
6R, = 30 added —-24
R 5 divided

54 substituted

Q =
Thus, Queen Eleanor traveled at 5 mph, which was a fast speed for the roads of thirteenth-
century England.

At noon, Rocketman whizzed off toward Rocketland; 1 hour later, Moonfa whizzed off in the
opposite direction at a speed 200 kph less than that of Rocketman. If they were 11,800
kilometers (km) apart at 5 p.m., how fast did each travel?

Rocketman and Moonfa began at the same point and traveled in opposite directions. Together
they covered 11,800 km. Thus, the distance diagram and distance equation are as follows.

Dg Dy

| -
11,800

| Dy + D, = 11800 so R, + R,T, = 11.800

We need three more equations. Two are time equations and one is a rate equation.
o I P _ -
T, =135 T, =4 Ry = Ry — 200

Now we substitute these equations into the distance equation and solve.
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(R, + 200)(5) + R,(4) = 11,800 substituted
S5R,, + 1000 + 4R,, = 11,800 multiplied
9R,, = 10,800 simplified
R, = 1200 kph  divided

Since the rate of Rocketman was 200 kilometers per hour greater than that of Moonfa,
Rocketman’s rate was

R, = 1400 kph

At | p.m. Chester left the roundup and began the 66-mile trip to Dodge City. At 2 p.m.
Marshal Dillon left Dodge City to meet Chester. Marshal Dillon’s speed was twice that of
Chester, and they met at 9 p.m. How fast did each man ride?

1. Patton walked part of the 76 miles to the site of the battle and rode the rest of the way
on a caisson. He walked at 4 mph and rode at 15 mph. If the total time of the trip was
8 hours. for how long did he walk?

2. Prince Charles and Princess Diana were 63 miles apart at dawn. Prince Charles began
the journey to the meeting place at 7 a.m. at 3 mph. Three hours later, Princess Diana set
out to meet him. If they met at 4 p.m., how fast did the princess travel?

3. At 5 p.m., Roger whizzed off from Asteroid. One hour later, Maryanne whizzed off
from Asteroid in the opposite direction at a speed 400 kph less than that of Roger. If they
were 7900 km apart at 11 p.m., how fast did each travel?

4. The number of roses was 15 greater than twice the number of prunes. If the roses and
prunes totaled 255, how many roses were there?

5. For every 130 squirrels in the forest, there were 156,000 good places to hide. If there
was a total of 3250 squirrels in the forest, how many good places to hide were there?

6. In a contiguous forest, 17 percent of the places to hide contained xenophobes. If
116,200 places to hide did not contain xenophobes, how many hiding places were there
in the contiguous forest?

7. Divide x* + 32?2 + 7x + 5 by x + 1 and then check.
Factor the greatest common factor:
8. 16x3y23 — 8y2y2:2 9. 2x%ypt — 63ypd — %yp?
Factor completely. Always factor the GCF as the first step.
10. 12a%x + @ + 35a?

11. —2m2x — m? — m2x2 12. x2% + 3kx — 40k
Simplify:
R 14. 2075 - 5V48 + 212
x?2
= (0.00052 x 104)(5000 x 107)
15. 2V3(3v6 — 4v3 16. - =
> ! ( ! \—) (0.0026 x 1021)(10,000 x 10-4)
m a
17 X 18, M *x
Com+ x ’ b
X m + x
19. — 20, 1
5+/12 3V75
Add:
21. 4, _6 2. 3m _ _Sm

m2 +3m+2 m+1

e S
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23. Solve by graphing. Then get an éxact solution by using either substitution or elimination.

y-x=3
y+2x=6
24. Find the equation of the line that passes through (2, —3) and is parallelto y = —%x + 2.
25. The area of the circle was 25007 m?2. 26. Find A, B, and C.
What was the radius of the circle? B
Jason walked along the circle through
an arc of 36°. How far did Jason walk? A c
6
9 4
Solve:
SIS 2 11 . _3
27. S TT=73 28. 25 0" = 13

(xz).—z :)—3_)(()

29. Simplify: —(\_()\,_372)3

LI | —

30. Evaluate: x?2 — yX(x - y) = % and y

LESSON 30

30.A

deductive
reasoning

Deductive reasoning « Euclid « Vertical angles
are equal + Corresponding interior and exterior
angles » 180° in a triangle

Deductive reasoning is a term that we apply to a process of reasoning from a nonreversible
statement, called the major premise, to a result called the conclusion. The major premise is
always an if-then statement. We identify nonreversible statements by using an arrow that
points in just one direction.

A — B
This tells us that if A is true then B is true. It does not say that if B is true then A is true.
If a quadrilateral is a square, then the quadrilateral is also a rectangle.
If square — then rectangle
We say that this premise is not reversible because we cannot say
If rectangle — then square FALSE

since all rectangles are not squares. A three-step deductive reasoning process consisting of a
major premise, a minor premise, and a conclusion is called a syllogism. Note that the major
premise can be stated without using the words if and rhen. The premise, “If a polygon is a
square, then the polygon is also a rectangle,” is stated without using if and then in the following
syllogism.

(1) Major premise All squares are rectangles.
(2) Minor premise Quadrilateral ABCD is a square.
(3) Conclusion Quadrilateral ABCD is a rectangle.
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Syllogistic reasoning is tricky, and we must be careful. Consider the following syllogism.
(1) All poets are poor.
(2) Roger is poor.
(3) Roger is a poet. (Not valid)

This is not a valid conclusion because we have reversed the major premise. The premise we
were given was

Poet — Poor
The major premise did not tell us
Poor — Poet FALSE

An argument is a valid argument if we reason correctly. A valid argument does not lead to a
true conclusion if one of the premises is false. Consider the following syllogism.

(1) Major premise All chickens have three legs.
(2) Minor premise Henny is a chicken.
(3) Conclusion Henny has three legs. (Valid)

This is a valid argument because the reasoning process from (1) to (3) is correct. The
conclusion is false because one of the premises is false. Now consider the following syllogism.

(1) Major premise If it rains, 1 will go to town.
(2) Minor premise It did not rain.
(3) Conclusion I did not go to town. (Invalid)

This conclusion is false because the reasoning process is invalid. The major premise says that
I go to town on the days that it rains. It makes no statements about what I will do on the days
it does not rain. Therefore, the reasoning process is flawed and the conclusion is invalid. From
this we see that we have to be careful when we try to use deductive reasoning.

The first mathematics in the western world was that of the Egyptians and the Babylonians.
Compared with the mathematics of their successors, the Greeks, the mathematics of the
Egyptians and Babylonians was primitive at best.

The classical period of ancient Greece was from about 600 B.c. to 300 B.c., and the chief
cultural center was Athens. The Greeks were the originators of philosophy and of the pure and
the applied sciences. They were the first in political thought and institutions and were the first
historians. Many new ideals. such as the freedom of the individual, are Greek contributions to
western culture. Among the ‘more important contributions of the Greeks were their emphasis
on a human being’s ability to reason and their belief in cause and effect as opposed to
superstition and the supernatural. Their belief in reason allowed them to develop geometry as
a deductive reasoning process.

We know the names of quite a few Greek mathematicians. The Pythagorean theorem is
named after Pythagoras, a Greek believed to have been born on the isle of Samos and who
later lived in Kroton in southern Italy circa 525 B.c. The first recorded work on geometric
proofs is that of Hippocrates of Chios, circa 425 B.c. Other Greeks. including Eudoxos of
Knidos. made major contributions to geometry.

Eukleides (whom we now call Euclid) was a Greek scholar who probably lived in
Alexandria, Egypt. during the reign of Ptolemy I, the first Greek king of Egypt (323-285
B.C.). He compiled the work of his predecessors and expanded on it in his treatise on geometry
called the Elements. In this treatise, Euclid stated that some facts about mathematics were true
because they were true and that their truth could be accepted without proof. He called these
self-evident truths axioms or postulates. Then he proved 467 other assertions by using deductive
reasoning based on his self-evident truths. Because the reasoning was logical and was based
on self-evident truths, the assertions that he proved were believed to be true even though their
truth may not have been self-evident. These provable assertions are called theorems.
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Definitions are the names that we give to ideas. Definitions are not proved. For example,
Euclid defined parallel lines to be any two lines in the same plane that do not intersect. This
definition does not imply the existence or the nonexistence of parallel lines. It just says that if
two lines are in the same plane and if they do not intersect, we call the lines parallel lines. It
is important to remember that all definitions are reversible. Thus, if we have a pair of
parallel lines, they must be in the same plane and they must not intersect. Theorems, axioms,
and postulates are not necessarily reversible. For instance, if two angles are right angles, their
measures are equal. But, two angles whose measures are equal are not necessarily right angles.

Euclid was able to reduce his list of postulates or axioms to 10. The essence of Euclid’s
postulates is contained in the following statements. The wording of Postulate 5 shown here is
attributed to John Playfair (1748-1819) and is the wording usually used in high school
geometry texts in the early 1900s.

POSTULATE 1. Two points determine a unique straight line.

POSTULATE 2. A straight line extends indefinitely far in either direction.

POSTULATE 3. A circle may be drawn with any given center and any given
radius.

POSTULATE All right angles are equal.

POSTULATE 5. Given aline n and a point P not on that line, there exists in the
plane of P and n and through P one and only one line m, which
does not meet the given line n.

£

P P m
[ ] .
n n

POSTULATE 6. Things equal to the same thing are equal to each other.
POSTULATE 7. If equals be added to equals, the sums are equal.
POSTULATE 8. Ifequals be subtracted from equals, the remainders are equal.
POSTULATE 9. Figures which can be made to coincide are equal (congruent).
POSTULATE 10. The whole is greater than any part.

The modern wording of some of these postulates is different, and mathematicians have found
it necessary to add other postulates to the 10 postulates of Euclid. One of the postulates
concerns betweenness and another concerns continuity. We will not discuss these additional
postulates in this book, nor will we try to build a geometric structure based on postulates and
proofs.

We will do a few simple proofs to familiarize the reader with the process of
deductive reasoning. The major emphasis in this book, however, will be on learning and
using the fundamental properties of geometric figures. Long-term practice with these
fundamental properties will make the properties familiar, and then the proofs of the properties
will be meaningful and easy. as you will see toward the end of the book.

We can use the sixth and eighth postulates of Euclid to prove that vertical angles are equal.

Consider the following figure with angles v, y, =, and p whose measures are 1°, y°, z°, and p°.

We see that x° plus y° equals 180°. Also, we see that A° plus z° equals 180°. So
X+ y =180 and X+ z =180

Both v + v and x + = equal 180, so they are equal to each other by Euclid’s sixth postulate.
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X+y=x+z

Postulate 8 tells us that if equals are subtracted from equals the results are equal. So we
subtract x from both sides of this equality and find that y is equal to z.

SRR R

The same procedure can be used to prove that x equals p. Thus, we have used two postulates
of Euclid and reasoned deductively from these postulates to prove a theorem.

30.D

corresponding InLesson 1, we postulated that when parallel lines are cut by a transversal that is perpendicular
interior and to one of the lines, all the angles formed are right angles, as we see in the left-hand figure.

exterior angles
9 - L/s
Z
ul L/S
7
al L/S
L

S

If the angles are not right angles, we have postulated that half the angles are small angles
whose measures are equal and half the angles are large angles whose measures are equal, as
we see in the right-hand figure. To discuss this topic, it is customary to use only two parallel
lines and to give the angles special names. The angles between the parallel lines are called
interior angles and the angles outside the parallel lines are called exterior angles. Angles on
opposite sides of the transversal are called alternate angles. In the figure on the left, we note
that alternate interior angles are equal.

Exterior, Angles

A L/s A/B

S/L c/D
Corresponding

Interior /Angles Angles

L/S A/B

/ ) S /L C /D

Exterior Angles

In the center figure, we note that alternate exterior angles are equal. In the figure on the right,
we show four pairs of corresponding angles. Corresponding angles occupy corresponding
positions in the figure, as indicated by the letters A, B, C, and D. Corresponding angles are
equal.

Euclid used his postulates and deductive reasoning to develop a lengthy four-part
argument that proves that if two parallel lines are cut by a transversal, the alternate interior
angles are equal. The proof is above the level of this book. But, because the assertion can be
proved, we call it a theorem.

THEOREM

When parallel lines are cut by a transversal, the pairs
of alternate interior angles are equal.

This theorem permits us to label alternate interior large angles and small angles as having |
equal measures, as we do in the following figure.

;4
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Now, because vertical angles are equal, we can label the other four angles.

L‘/s"

s /L°

LO SO
s/L°
We can extend this procedure to any number of parallel lines cut by a transversal to prove that
all the small angles are equal and all the large angles are equal.

The proof that the sum of the angles in a triangle is 180° is a simple proof that uses the
knowledge we have about the angles formed when transversals intersect parallel lines. We can
call this proof the ABC proof because we use these letters in the proof. On the left we show
triangle ABC. On the right we draw a line through vertex B that is parallel to side AC, and we
also extend the sides of the triangle as shown to form lines m and n.

The angles marked A are equal because they are equal small angles (alternate interior) formed
by the parallel lines and transversal m. The angles marked C are equal because they are equal
small angles (alternate interior) formed by the parallel lines and transversal n. At the vertex we
see that angles A, B, and C form a straight angle whose measure is 180°. Thus the three angles
of the triangle A, B, and C also have a sum of 180°.

Are the following arguments valid? Why?

a.  All dogs have three legs. b.  All scholars are poor.
Henry is a dog. Rita is poor.
Henry has three legs. Rita is a scholar.

1. When 240 grams of barium was mixed with 40 grams of sulfite, the desired reaction
occurred. If a total of 3360 grams of barium and sulfite was to be used, how much
should be sulfite?

2. Fourteen percent of the mass was consumed in the reaction. If 430 grams remained, how
much was the initial mass?

3. At 10 am., Little Flower trotted off in one direction at 6 mph. At noon. Laughing Boy
loped off in the opposite direction. If they were 68 miles apart at 4 p.m., how fast did
Laughing Boy lope?
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4. The daisies proliferated until 5 times the number of daisies equaled twice the number of
prunes. If the daisies and prunes totaled 35, how many of each were there?

5. Yellow Basket found that she had 15 dimes and quarters and that their total value was
$2.25. How many of each kind of coin did she have?

6. Find (a) the area and (b) the perimeter of a rectangular plot of land whose length is 40
feet and whose width is 120 inches. (Hinr: Begin by converting inches to feet.)

7. Divide x* + 2 by x + 1 and then check.

Factor completely. Always factor the GCF as the first step.

8. 35a2 + 2a%x — a*x? 9. 30 + 3x% - 2lx
10. —x2ab — 25ab + 10axb 11. 14a?h® + 9a%xb? + x2a?h?
Simplify:
— 4px
12. E_Fﬁ 13. 5VI8 — 10730 + 3\72
, (0.00035)(5000 x 1042)
14. 3v12(4v2 — 2V3 15.
R 0.00025 x 10~
2 a
16. —2 17y S
X+ y p
y a+b
2 2
18. — 19. —
346 5418
Add:
4a a+ 2 dx 2
. — 21. +
20 2 T B g x2 +5x+6 x+2
22. Solve by graphing and then get an exact equation by using either substitution or
elimination.
3x + 2y = 8
2x + 3y = 6

23. Find the equation of the line that passes through (-2, 4) and (1, 3).

24. The base of a right cylinder 10 m tall
is shown. Find the lateral surface area
of the cylinder. Dimensions are in
meters.

25. In the diagram shown, AB is parallel to CD. Which one of the following statements is
not necessarily true?

(A) Z1 + £2 = 180°

A 1 /2 B
B) Z4 =217 A AN =
© Z£2 + £3 = 180°
D) L2 = L6
C 5/6 7\ 8 D
Solve:
2x 2 xX—-95 2 1 1 2x — 3 2
2L _ 2 S 4 iy = — 28. —1
26. 33 2 21. 33 +35% =75 8. = 5
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So the slope of both of these lines is —%, and the lines cross the y axis at +2 and -3, respectively.

The graphs of these lines are shown in the figure on the left.

£3
S

6 6 I
5 = ~
9 2 *
: N4
— /4
>\§\\7 27§
TTIN? ]
SN 321 RIS O G T T ? 123456
2 T B
S o Stts
b N I N Nl
-5 S . .
-0 )

The slopes of lines that are perpendicular are negative reciprocals of each other. On
the right we show the graphs of the equations

= —%x -3 and = ap i

and note that the lines appear to be perpendicular, and that the slopes are —% and +2, numbers
that are negative reciprocals. We can use this negative reciprocal relationship to help us write

the equation of a line that is perpendicular to a given line and passes through a designated
point.

Write the equation of the line that is perpendicular to ¥ = Zx — 3 and passes through the

'JIII\)

point (3, 2).

The new line is to be perpendicular to a line whose slope is % Thus, the slope of the new line
must be —=. This gives us

» = —%x +b

To finish the equation. we must find the value of the intercept, b. To do this, we will use 3 for
x and 2 for v and solve algebraically for b.

o

_%(3) + b substituted

—
N

= - + b simplified

wl

= b solved

4
2
19
B

Thus. the intercept is g and the full equation of the perpendicular line is
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A polygon has one interior angle at each vertex. A polygon has two exterior angles at each
vertex. An exterior angle is formed by extending one side of the polygon. The triangle shown
on the left has three interior angles named A, B, and C.

In the figure on the right, we extend the sides and form two equal exterior angles at C. The
exterior angles are equal angles (have equal measures) because they are vertical angles. We
can prove that the measure of each of these exterior angles equals A + B. Because A and B
are on the other side of the triangle from the angle labeled £, these interior angles are called
remote interior angles.

Prove that the measure of an external angle of a triangle equals the sum of the measures of the
remote interior angles.

We begin by drawing a triangle whose interior angles measure A°, B°, and C°. We draw an
external angle at C and label it E.

We remember that we must justify every step in a proof. We know that the sum of the
measures of the angles in a triangle is 180. So

A+B+C =180 180° in a triangle
We observe that angles C and E form a straight angle. So
C + E =180 straight angle
Euclid’s sixth postulate tells us that things that are equal to the same thing are equal to each
other. This lets us write

A+B+C=C+E equated equals

Euclid's subtraction postulate tells us that if equals are subtracted from equals the results are
equal. Thus, we subtract C from both sides.

ALSENE IS (CR— R
-C=-C subtract equals
A+ B = & QED

The letters QED are the first letters of the Latin words quod erat demonstrandum, which means
that which was to have been demonstrated.

Write the equation of a line that is perpendicularto y = %.\' — 2 and passes through (1, 2).
1. The general expression for consecutive multiples of 5 is SN, S(N + 1), 5(N + 2). etc.,

where N is some unspecified integer. Find four consecutive multiples of 5 such that 6
times the first is 40 greater than 2 times the sum of the second and the fourth.
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Thus, we see that congruent is a word that means geometrically equal. If we can mentally
cut out one geometric figure, rotate it or flip it as necessary, and place it on another geometric
figure so that it fits exactly, the two figures are congruent.

To place one geometric figure on top of a second figure, we can use translation, rotation,
or “flipping.” When we translate a figure, we slide it sideways as necessary, being careful not
to rotate it.

If we translate (slide) triangle (a) to the right and up, it will fit on top of triangle (b). Thus, the
triangles are congruent. When we write the statement of congruency, we are careful to list
vertices whose angles are equal in the same order.

AABC = ADEF
D
B
E
/‘—L
A
Cc

If we rotate triangle ABC about C, it will fit exactly on top of triangle DEC. So the triangles
are congruent.

AABC = ADEC

Sometimes it is necessary to flip a triangle to make it fit. We call a flip a reflection
about a line. L

A B X Y

Point X is the same perpendicular distance from line 7 as point B. Point Z is the same perpendicular
distance from line m as is point C. Point Y is the same perpendicular distance from line m as
is point A. We say that AXYZ is the reflection of ABAC in line m. This means that AXYZ was
“flipped” across line m. Thus,

AABC = AYXZ

Note that corresponding vertices are listed in the same order. Sometimes a geometric figure
must be translated, rotated, and flipped to place it on another geometric figure. If we do what
is necessary and if the figure fits exactly, the two figures are congruent.
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Congruent triangles are similar triangles whose scale factor is 1. Congruent means geometrically
equal, so the angles in a pair of congruent triangles have equal measures and the sides
opposite these equal angles have equal lengths. We can make this statement in one sentence
by saying that corresponding parts of congruent triangles are congruent. We can abbreviate
this statement by using the first letter of each word.

CPCTC means corresponding parts of congruent triangles are congruent.

Find x and p.
4x + 1 6 p 6

6x + 2 12x - 4

We remember that if two angles are equal the third angles are equal, so the triangles are
similar by AAA. The sides opposite the single-tick-marked angles are both 6 units long, so the
scale factor is | and these triangles are congruent. Because a pair of corresponding sides have
equal lengths, we add the letter S to AAA and say that the triangles are congruent by AAAS.
Thus, the sides opposite the double-tick-marked angles also have equal lengths.

6x + 2 =12x - 4 equal lengths
6 = 6x simplified
IS=Fy divided
If we replace x with 1, we can find that the side 4x + 1 is 5 units long.
4+ 1 =4+1=5

Since side p and the side labeled 4x + 1 are corresponding sides, side p is also 5 units long.
If we use 1 for x, we find that the sides labeled 12x — 4 and 6x + 2 are 8 units long.

12x - 4 6x + 2
12(1) - 4 = 8 6(1) +2 =28
o) PR=05
[3 [5 (2 [7
= + .= b. 2./= - 3,=
Vs o \3 V7 V2
c. The two triangles shown here are similar by AAA. Two corresponding sides have a

length of 4, so the scale factor is 1 and the triangles are congruent by AAAS. Find x. Then
find p.

sox =1

ax +

—
.

Selby walked for a while at 4 mph and then jogged the rest of the way at 8 mph. If she
covered 56 miles in 10 hours, how far did she walk and how far did she jog?

2. Johnny found that the large ones totaled 30 more than 3 times the number of small ones.
The ratio of the number of small ones to the number of large ones was 1 to 6. How many
were large, and how many were small?

3. Bruce discovered that the wishing well contained $9 in nickels and dimes. and that there
were 30 more dimes than nickels. How many coins of each type were there?

4. Sarah knew that forty percent of the mixture was calcium. If 300 Kilograms of other
elements was used. what was the total weight of the mixture?
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5. Zollie noted that 4 grams of magnesium combined with 20 grams of the other elements
to form the compound. If 1440 grams of the compound were required, how many grams
of the other elements were required?

6. Hedonism was pandemic as 0.87 of the students were hedonists. If 1914 students were
hedonists, how many students were there in all?

Simplify:

7 \E + \g 8. 2\; - 3\}% 9, 2@ - 5(%

10. Each of the four circles is equal in
area. The area of the square is 64 m?.
What is the length of one side? What
is the radius of a circle? What is the
area of one circle?

11. If Ais the measure of an angle, 90 — A is the measure of the complement of the angle,
and 180 — A is the measure of the supplement of the angle. Find an angle such that the
supplement of the angle is 30 less than 3 times the complement of the angle.

12. Find the equation of the line that passes through the point (2, 2) and is perpendicular to
the line y = 3x — 5.

Simplify:
X + 4y
15 P 17 )
13, (0.0035 x 10!°)(0.002 x 10'7) 14, ¥
7000 x 1033 X+ y
y
Xy + 4x2y?
15, 22 16. 3125 - 245 + 3\20
17. 4V5(2V10 - 3V5)
Add:
2y - 2 m 2
18— - == 19. -
x+3 x2 +5x+6 m-=35 m? - 5m
Factor completely. Always factor the GCF as the first step.
20, -2 + 82 — 6v 21, —14x3 + 5xt + 25
22. TJax + ax® — 8ax? 23. —12py + px?y + 4dxpy
Solve:
seap A o i = SRl X _3x+2_
24, = e 4 25. > T 7

26. Solve by graphing and then get an exact solution by using either substitution or
elimination.
-+ 2y =4
X+ oyp= -2
27. Multiply: (4x + 2)(x® — 2xv + 4)
L x+2y=95
28. Use substitution to solve:
x-y=17
29. Find the distance between (-3, —2) and (4, 5).

30. Simplify: —3[(=20 — 30 — 2)(=3%) — 22] — |3 — 2°|

R RRRRBRBRBRRRRRRRRRRSSRERDD SRS
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LESSON 33
33.A

major rules
of algebra

Major rules of algebra « Complex fractions

There are three major rules for algebraic manipulations. Two of these rules require the
presence of an equals sign for their use because these are the two rules we use for solving
equations.

1. The same quantity can be added to both sides of an equation without changing
the solution to the equation.

2. Every term on both sides of an equation can be multiplied or divided by the
same quantity (except zero) without changing the solution to the equation.

_ X
x+2=4 T =5

We can use the first rule to solve the equation on the left and use the second rule to solve the
equation on the right.

x+2= 4 (3>§=<3)<5)
-2=22
X = x =15

These two rules cannot always be used, for if we have either of the expressions

Q

Xy IS
4 .9
X +y X

= || +

we cannot use the rules for solving equations since neither of these expressions contains an
equals sign, and thus neither one is an equation.

When there is no equals sign in the expression, there is only one major rule that we can
use, which is

DENOMINATOR-NUMERATOR SAME-QUANTITY RULE

3. The denominator and the numerator of an expression can be multiplied or
divided by the same quantity (except zero) without changing the value of the
expression. Only the form of the expression is changed.

This is possibly the most important rule in all algebra and can be used even when there is no
equals sign present. When there is no equals sign present, as in the expression

A \'
4. p
x+y X

we cannot eliminate the denominators! All we can do is make the denominators the same
so that the two terms can be added.

)y 3 v (X +y : (o + y
4 Py __4 (L) A SR D S o\ )
X+ y X € ap ASE AT g xX(x + y) NESE)
Now the terms can be added because the denominators are equal.
4y . py(v +y)  4x + py(x + y)
xX(x + y) X o+ y) - x(x + y)

Of course, cither or both of the expressions in the numerator or denominator that contain
parentheses can be multiplied out if we wish. If we do this, we get
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4x + pxy + py?

x2 + xy

The denominator-numerator same-quantity rule can also be used to simplify the expression

We cannot eliminate the denominators because there is no equals sign in the expression.
Therefore, the expression is not an equation, and the rules for equations cannot be used.
But we can always (even in equations) use the denominator-numerator same-quantity rule.

Thus we can simplify this expression by multiplying both the numerator and the
denominator by %, which is the reciprocal of %.

a X

x+y b ax
b x " bx+y)
x b

We did not eliminate the denominator, but now we have a simpler expression because we have
only one fraction instead of one fraction divided by another fraction.

Fractions of fractions, such as the one just simplified, are called complex fractions. We also
use these words to describe expressions such as

This expression has a numerator composed of the sum of two fractions and a denominator that
has only one fraction. We will define complex fractions to be fractions that contain more
than one fraction line.

5
v

+

4
yX

Simplify:

S

There is no equals sign, so we cannot use either of the rules for equations. The only rule
that we can use is the denominator-numerator same-quantity rule. We use it first to add

x, 4 i(i} + 4
¥ ¥ ylx »x

the two terms in the numerator.

a a
) )
TR 4
N + _—
Xy X
a
y\l
2 4+ 4
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LESSON 34

example 34.1

solution

Uniform motion problems: D, + k = D,

The distance diagrams for the uniform motion problems encountered thus far have looked like
one of the following:

D
1 D D,
' 480 ‘
DZ
D, . b Db D D,
! 480 i 480 :
DZ
(@) (b)

In both diagrams in (a), the distance traveled by number | equals the distance traveled by
number 2, so the distance equation for both diagrams is

R\T, = R,T,

In all three diagrams in (b), the distance traveled by number | plus the distance traveled by
number 2 equals 480, so the distance equation for all three diagrams is

R,T, + R,T, = 480

In some uniform motion problems, the distance traveled by one object exceeds by a specified
amount the distance traveled by another object. The diagram for one of these problems usually
looks like one of the following:

D, D,

In the diagram on the left, both A and B began at the same point. For some reason, B traveled
40 more miles (or kilometers or whatever) than A. In the diagram on the right, A started 40
units in front of B, but they ended up at the same place. In both diagrams, the sum of 40 and
the distance traveled by A equals the distance traveled by B.

Distarice A + 40 = distance B

Now since rate times time equals distance, we can write the distance equation for both
diagrams as

R,T, + 40 = R,T,

Millicent began the journey at 6 a.m. at 50 kilometers per hour. Beauregard began to chase her
at 10 a.m. at 60 kilometers per hour. What time was it when Beauregard got within 40
kilometers of Millicent?

Beauregard and Millicent began at the same point, but Millicent traveled 40 kilometers farther
than Beauregard traveled. Thus, the distance diagram and distance equation are as follows:

Dy

40 RpTy + 40 = R, T,

DB
We have one equation in four unknowns. Thus we need three more equations. They are
Ry, = 50

Rg = 60 Ty="%4

Now we substitute these equivalences into the distance equation and solve for T,
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50(T, + 4) substituted }

60T, + 40 =
60T, + 40 = 50T, + 200  multiplied |
10T, = 160 simplified
T, = 16 divided

Thus, in 16 hours, Beauregard got within 40 kilometers of Millicent. Sixteen hours after 10
a.m. would be 2 o’clock the next morning.

example 34.2 When the sheriff began his pursuit, Robin Hood was already 7 miles out of Nottingham. If the
sheriff traveled at 6 miles per hour while Robin Hood’s rate was 2% miles per hour, how long

did it take the sheriff to catch up?

solution  The distance diagram. the distance equation, and the rate equations are

R.T, + 7 = R Ry = 6 Ry =2

When the problem began, Robin was already 7 miles out of town (how he got there or when
is not part of this problem). Thus Robin and the sheriff began traveling at the same time and
stopped at the same time. so the time equation is

Ty =Ty
Next we substitute for Ry, R, and T in the distance equation.

5
5TR+7 :6TR

We substituted % for Ry. 6 for Rg, and Ty, for T. We finish by eliminating the denominator
by multiplying every term on both sides by 2.
ST, + 14 = 12T,  multiplied by 2
14 = 7T, simplified
28 =N divided

Thus, the sheriff caught Robin in 2 hours because his traveling time equaled that of Robin.

practice Zane began the journey at 5 a.m. at 30 kilometers per hour. Tricia began to chase him at 7 a.m.
at 40 kilometers per hour. What time was it when Tricia got within 20 kilometers of Zane?

problem set 1. Elliot began the journey at 8 a.m. at 40 kilometers per hour. Benita began to chase him
34 at 11 a.m. at 50 kilometers per hour. What time was it when Benita got within 60
kilometers of Elliot?

2. Roland had already covered 14 kilometers when Charlemagne headed out to catch
him. Charlemagne’s rate was 11 kph, whereas Roland’s rate was 7% kph. How long
did 1t take Charlemagne to catch Roland?

3. Kay rode the bicycle into the country at 10 mph, and Yancy pushed it back to town at 3
mph. If the round trip took 13 hours. how far did Kay ride the bicycle into the country?

4. Thirty percent of the sulfur desiccated. I[f 42 tons did not desiccate, how much sulfur
was there in all?

n

Fifty grams of sodium bicarbonate was mixed with other compounds to get 150 grams
of mixture. If 300 grams of the other compounds was available. how much sodium
bicarbonate was needed to make the mixture?

6. Find three consecutive integers such that S times the sum of the first and third is 14
greater than 8 times the second.

—
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From this we see that the sum of the measures of the interior angles of a polygon of n sides is
(n — 2) x 180°

We can also find the sum of the measures of the exterior angles. The sum of the measures of
the exterior angles of any polygon is 360°. We can see this clearly if we let our stick man
walk around this polygon.

At A, he turns through an angle of 75°, and at B he turns through an angle of 100°. At C, D,
and E, he turns through angles of 30°, 40°, and 115°. When he gets back to the starting point,
he has completed a full circle, and so the sum of these five angles must be 360°. We can see
that he will turn through 360° when he walks around any polygon, regardless of the number
of sides the polygon has. This shows that the sum of the measures of the exterior angles of any
polygon is 360°.

Find x and y.

| (x +55)°

The sum of the measures of the exterior angles of a polygon is 360°. So

X+ (x + 55 + 80 + 40 + 50 + 65 = 360 exterior angles = 360°

2y + 290 = 360 added
2x = 70 added -290 to both sides
x = 35

Since x + 55 plus y equals a straight angle, or 180°, we can find y.
X+ 55 +y=180 equation
35+ 55 +y = 180 substituted

y =90 solved

If a quadrilateral is inscribed in a circle, the sum of the measures of any pair of opposite
angles is 180°.

To see why this is true, we remember that the measure of an inscribed angle is half the
measure of the intercepted arc. In the figure on the left, the measure of angle A is half the measure
of arc BCD.

B
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In the center figure, the measure of angle C is half the measure of arc BAD. Since the two arcs
go all the way around the circle, the measure of the sum of the two arcs is 360°. Thus, the sum
of the measures of angles A and C is half of 360°, or 180°.

Find x, y, and z.

This problem gives us practice with the fact that an intercepted arc has twice the measure of
the inscribed angle and with the fact that the sum of two opposite angles in an inscribed
quadrilateral is 180°. Also the sum of the measures of the interior angles of any quadrilateral
is 360°. First we note that the arc of the 80° angle equals z° + 50°. Thus,

z+50=2x80 arc® = 2 X (inscribed angle)®
2 + 50 = 160 multiplied
z = 110 solved
Since opposite angles in an inscribed quadrilateral sum to 180°, we can solve for x and y.
x + 80 = 180 y+ 75 =180
105

so x = 100 SOy

There are two ways to write the square root of 2.
V2 and 212

There is nothing to understand, for this is a definition of what we mean when we use the
square root radical sign or the fractional exponent % . We use the fractional exponent % to designate

the cube root, the fractional exponent —i— to designate the fourth root, etc.

212 = 2 B = %/E 214 — %

The rules for exponents are the same for fractional exponents as they are for integral exponents.
Thus, both the product theorem and power theorem also apply to fractional exponents.

BB 8B = 133 i (xSBYB = x40
Simplify: 4-12

Negative exponents are not operational indicators, so our first step is to write the expression
with a positive exponent. Then we simplify.

Simplify: -27-173

If the minus sign is unprotected by a parenthesis, we may cover it up with a finger.
np 2713

Now we simplify 27-173.

D277 = 1D 771”3 = 1D+

3
S ———
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36.B
multiplication We remember that fractions are multiplied by multiplying the numerators to form the new
of rational numerator and by multiplying the denominators to form the new denominator.
expressions 3 7_21 X m xm

5 8 40 ¥ y+k=y2+yk

Another name for a fraction is a ratio, and we remember that this is the reason that we often
call fractional expressions rational expressions.

x2 4+ x—-12 x2 +2x-35

example 36.1 Multiply:
P EERYE ye W g op | P O

solution  This is not a multiplication problem but is a contrived problem designed to provide practice
in factoring and canceling. Thus, we will begin by factoring all four expressions, and then we
will cancel the common factors.

Gt - 3) GA+To—5) _x -3
C—5oA+4) (x + Do+7 x + 2

36.C

division We remember that the denominator of a fraction of fractions can be changed to 1 by
of rational multiplying it by the reciprocal of the denominator. Thus,

expressions

x. P
y k yk _ xp
e, Ly ok
p k
If the problem had been stated as
ES 4
y P

the same result could be obtained by inverting the divisor and then multiplying.

x, k_x P_3x

y p oy ko yk
This procedure will be used in the next example.

x2 —6x+8 x> -2x-15

.2 Simplify: :
example 36.2  Simplify 7 3 ac - 28 x? % 2r =35

solution This is also a contrived problem designed to give practice in factoring and canceling. We
begin by inverting the divisor and changing the division symbol to a dot that indicates
multiplication.
x2 —6x+8 x2 +2x—35
x2 +3x-28 x?2 -2x-15
We finish by factoring all four expressions and canceling, just as we did in the preceding
example. \

(.V—Q)M.M(.\/S’):x—Z
A+Pae—4 E—x+3) x+3

T L T S . dene
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x?

x5 —

Simplify: il bl :
3

- 35x  x2 - 7x

This time we will factor and invert the divisor in the same step. Then we finish by canceling
common factors.

43 - 2) xo—7) _x -2
X+ 50— (+3) x+ 5

Simplify:
X2 —6x+ 9 R x2 =50+ 6
x% + 5x — 24 x2 —x =172

x2 +2x -8 | x -2

X3 — 4x2 — 2lx  x? — Tx

1. The students whose phrasing was pleonastic used 240 percent more words than were
necessary. If 400 words were necessary, how many words did these students use?

2. Fats cost 4 cents each and leans cost 21 cents each. Moxley and Rachel bought a total
of 30 and spent $2.90. How many of each kind did they buy?

3. The fraction had a value of % The sum of the numerator and the denominator was 40.
What was the fraction?

4. Don made the trip in 10 hours. Hazel drove 10 miles per hour faster than Don, so she
made the trip in only 8 hours. How many miles long was the trip?

5. Brett and Julie headed north at 8 a.m. By noon, Brett was 80 miles ahead of Julie. What
was Brett’s speed if Julie’s speed was 30 miles per hour?

6. Find four consecutive multiples of 7 such that 4 times the sum of the first multiple and
2 is 15 greater than 3 times the third.

7. Find x if the perimeter of the B A
quadrilateral is 31 inches. ) x+4
\
p"’
X
D
C
Simplify: X+ 1
g X2 +x-20 x?+10x+16 g X>-3x-18 x? -2x-24
Toxr-x -2 x? +3xr-40 Tox? - 4x =32 x?-x-20
1 _97-3 Ll _97)-23
10. - 11. -27 12. g1 13. (-27)
Tty T3 NE
4. = 15. 2 1K, =EEIEN"_ g e
Xy X
(6000 x 10'#)300 x 10-22) [7 [3
17. 18. 2. /= - 3.,/=
0.00018 x 1073 V3 V7
19. #12(3\2 - 4\3) 20. 228 - 3V63 + 2V175
Add:
71 _ 6 S 3 2. I" L X +a m.\; + b
xX2(x+2) x4+ 3x+2 ax? ax3 aw
Solve
3x =2 i x — 3
23. — = = =
7 4 2 1
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24, 30— 2(x — 3% — |=ll - 2| =42 - 59 - Tx

25. Find the equations of lines (a) and (b). 26. Inthe figure, X equals 140. Find M by
y first finding A, B, C, D, and E.
L E°
I
|
(@)
- X
(0) 7
=

27. Divide x* — 2 by x + 1 and check. 28. Find the distance between (-3, 7)
and (4, -2).
Simplify:

29. '\‘_24-" (1\.6 yolz - ﬂj
X 2l

30. -39%2 - 4% — |-3] - 2- 42 - 22 -2

LESSON 37 Chemical compounds + Parallelograms
37.A

chemical Inchemistry courses, some problems deal with the weight relationships of chemical compounds.
compounds Most of these problems are straightforward ratio and percent problems, and it is necessary to
know only two things about chemistry to be able to work them.

The first thing is that atoms always combine in the same combinations when they unite
to form a specific compound. The chemical formulas for the compounds tell us the number of
each kind of atom in a molecule of the compound. For example,

H,O0 is the formula for water. Each molecule of water has two hydrogen

(H) atoms and one oxygen (O) atom.

Zn;N, is the formula for zinc nitride. Each molecule of zinc nitride has three

zinc {(Zn) atoms and two nitrogen (N) atoms.

NaOH is the formula for sodium hydroxide. Each molecule of sodium hydroxide
has one sodium (Na) atom, one oxygen (O) atom, and one hydrogen
(H) atom.

The second thing we need to know is that every kind of atom has a different weight. We
express the weights of atoms in grams. The gram atomic weight of oxygen is 16 grams, and
the gram atomic weight of hydrogen is 1 gram. We will give the gram atomic weights of the
elements in parentheses. In a problem about oxygen and hydrogen, we would note the gram
atomic weights as (O, 16: H, 1).

When elements combine to form a compound, we say that the molecules of the compound
have a gram molecular weight that can be found from the gram atomic weights. Since the
formula for water is

H,O

S S ||
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We see that the ratio of the weight of the chlorine to the weight of the total solution is 35 to
53.

ClL _ 35

T ~ 53
We replace T with 1060 and then solve:

<a 35, _ 35 . _, 23ClL _ 35 . 1060
0 53Cl = 35 - 1060 e =

Cl = 700 grams

A parallelogram is a quadrilateral that has two pairs of parallel sides.

fir

Parallelograms have four special properties.

1. The pairs of parallel sides have equal lengths (are congruent).

2. Angles opposite each other have equal measures (are congruent).
3. The sum of any two adjacent angles is 180°.

4. The diagonals bisect each other.

We can prove properties | and 2 by drawing a diagonal and noting that the two triangles
formed are congruent.

The angles marked 2 have equal measures because they are alternate interior angles formed by
the long parallel sides and the diagonal. The angles marked | have equal measures because
they are the angles formed by the short parallel sides and the diagonal. Two angles in each
triangle are equal, so angles A and C must also be equal and the triangles are similar by AAA.
The scale factor is 1 because the diagonal is the side opposite angles A and C. Thus the triangles
are congruent by AAAS. When we write the statement of congruency, we are careful to list
corresponding vertices in the same order.

ADAB = ABCD

Thus,
AB =DC CPCTC

DA=CB CPCTC
This proves that the pairs of opposite sides in a parallelogram have equal lengths.

From the congruent triangles we also see that angle A has the same measure as angle C.
We could draw the other diagonal and use the same procedure to prove that the other pair of
angles in the parallelogram have equal measures. This proves that the angles opposite each
other in a parallelogram have equal measures, as we show on the left on the next page. In the
figure on the right, we label the equal measures as having measures of x° and y°.






168

practice a.

problem set 1.

Lesson 37

The chemical formula for Freon-12 (dichlorodifluoromethane) is CCLF,. If we have 1200
grams of Freon-12, how much does the carbon weigh? (C, 12; Cl, 35; F, 19)

ABCD is a parallelogram and mZABC ¢. ABCD is a parallelogram. Find x and y.
is 125°. Find mZBCD and m£DAB.
Find x and y. B c
(x +50)°
C
(8y +20)° (10y + 70)S
A D

The chemical formula for water is HzO. If we have 5400 grams of water, what is the

37 weight of the oxygen? (O, 16; H, 1)

2, The chemical formula for ammonia is NH;. This tells us that each ammonia molecule
contains one nitrogen atom and three hydrogen atoms. If we have 850 grams of
ammonia, how much does the nitrogen weigh? (N, 14; H, 1)

3. The formula for ammonium chloride is NH,Cl. This means that in one molecule of
ammonium chloride there is one atom of nitrogen, four atoms of hydrogen, and one
atom of chlorine. How many grams of chlorine are there in 795 grams of ammonium
chloride? (N, 14; H, 1; CI. 35)

4. The bus and the train left the same town headed south at 8 a.m. At noon, the bus was 100
miles behind the train. How far did each one travel if the speed of the train was twice the
speed of the bus?

5. His imitation turned into a travesty because he used 2—3— times as many gestures as were
required for a reasonable imitation. If he used 550 gestures, how many were required for
a reasonable imitation?

Simplify:
6 X2 +x -6 x4+ 5x% + 4y
Tox3 4 Tx? 4 12 x2 4+ 2v -8
- ax’® — ax? - 12ax . _ax? - dax
i x2 +7x+ 12 o x? +2x -8
8. —818 9. (-27) 3 10. —27-43 11 3
. . . =2 © ToTm
12. MNOP is a parallelogram. The measure 13. Find x, y, and =.
of ZMPO is 85°. Find m£PON. Find
xand y.
M (2
9 11 80
N (0]
Simplify:
v
g = a + T
D= = :
3. X 2 13 ny
X- — —— e
1§ X
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means that 2x> + 3y must be multiplied by itself, and the power theorem cannot be used as
in the last example. We will use the vertical format to multiply.

222 + 3y
232 + 3y
4x* +  6xly
6x%y + 9y2

4x* + 12x% + 9y?
Expand (x + 3)3.

This notation indicates that x + 3 is to be used as a factor three times.
x + 3 + I + 3)
We will use two steps to find the product of the three factors.
X+ +3)=x2+3x+3x+9=x>+6x+9
Now we multiply this product by x + 3.

X+ 6x+9
X+ 3
X3+ 602+ 9x
322 + 18x + 27
X+ 9x2 + 27x + 27

We must try to remember that the power theorem can be used only when a product is
raised to a power. The power theorem cannot be used when a sum is raised to a power.

If a product of two factors equals zero, then one of the factors must be zero. For instance, if
we have the notation

@ H)=0
the only possible correct entry for the second set of parentheses is 0.
#0) =0

In the same way, if we have an indicated multiplication of two factors equal to zero,
» ()X ) =20

then either the first factor must equal zero, or the second factor must equal zero. This fact is
so important that we give it a name, the zero factor theorem. The formal statement of this
theorem is as follows.

ZERO FACTOR THEOREM

If p and ¢ are any real numbers and if p - ¢ = 0, then
either p = 0 or ¢ = 0, or both.

We use this theorem to help us solve equations by factoring.
Solve —x + x% = 6.

First we rewrite the equation so that the three given terms are on the left side and are in
descending powers of the variable.

Eem=0=0

T—
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If we solve the following two equations by factoring,

@ 3 +2x2-35x=0 b) 222 +4x-70=0
the results of the factoring are similar.

@ x(x -5 +7=0 (b) 2x = SHx+7H =0

In both cases, we have the product of three factors equal to zero, and it would appear to some
that each equation has three roots. In equation (a), we can set each of the factors equal to zero
and find that the solutions to the equation are

0, 5, and -7

Equation (b) is different because although it has three factors, only two of the factors can
ever be equal to zero. The factor (x — 5) equals zero if x equals 5 and the factor (x + 7)
equals zero if x equals -7, but there is no way that 2 can equal zero. The number 2 equals
only the number 2.

Some teachers try to help students avoid a mistake by having them record the solution
for (b) as
2 = 5 x = -7 20

a. Expand: (x + 2) b. Solve: -36x = 16x%2 — x3

1. Verruca counted protrusions. She found that 3 times the number of protrusions was 15
less than — 4 times the opposite of the number of protrusions. How many protrusions did
she count?

2. Two kilograms of iron was melted with 7 kilograms of other metals to make the alloy.
If 1440 kilograms of the alloy was required, how many kilograms of iron should be
used?

3. Charles and Matthew knew that the formula for sulfuric acid was H,SO,. If they had
196 grams of sulfuric acid, what was the weight of the sulfur? (H, 1; S, 32; O, 16)

4. The ratio of the two numbers was 7 to 2. When Sir Richard and Marion multiplied the
denominator by 10, they found that the result was 84 greater than twice the numerator.
What were the numbers?

5. Jerry and Milton set out for a ride in the hill country at 30 mph. Their car broke down,
and they caught a ride back home in a truck at 20 mph. If they were gone for 10 hours,
how far from home did the breakdown occur?

Expand:

6. (x + 5)° 7. (x + 4}
Solve:

8 —x+x2=12 8, TdQy = L = 10, 22 + 2v - 112 =0
Simplify:

1 x2 + x4+ 10 x? + 20— 15

T 14y 4 9x2 4 i3 x3 + 1lx2 + 28«

12, -167'4 13. -16-3 14. 83 15. (-8)'

16. Find the area of this triangle. Dimen- 17. The radius of this circle is 20 m. Find

sions are in inches. the length of DEF.
Vi1 V1T D

}
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Solve 4x2 — 9 = 0 by factoring. J‘

We recognize that the left-hand side of the equation is the difference of two squares.
Thus, we factor as follows:
v -3)2x+3) =0

We finish the solution by using the zero factor theorem. |

If 2x — 3 =0 If 2x +3 = 0 ‘
2= D=0 .

-y _ 3 i

¥ il ) ;

Solve 81m? — 25 = 0 by factoring.

We recognize that the left-hand side of the equation is a difference of two squares, which
we factor as
Om + 5O9m — 5 =0

We complete the solution by setting each factor equal to zero.

If 9m + 5 =0 If 9m — 5 =0
9m = -5 9m = 5
-1 -3

m = 9 m—9

We remember that a parallelogram is defined to be a quadrilateral with two pairs of parallel
sides. Also recall that a parallelogram has four other properties, which are listed here.

The sides opposite each other have equal lengths.

The angles opposite each other have equal measures.

The sum of the measures of any two consecutive angles is 180°.
The diagonals bisect each other.

5 &0 00 B

We proved properties 1, 2, and 3 in Lesson 37. Now we will prove property 4. Since the
pairs of opposite sides in a parallelogram have equal lengths, we can use identical tick marks
to indicate that the long sides of parallelogram ABCD below are equal.

A B

M

D Cc

The small, shaded angles at B and D have equal measures because they are alternate interior
angles formed by diagonal BD and the parallel long sides. The vertical angles marked at the
intersection of the diagonals are equal. Thus, the third angles in each triangle are equal, and
the triangles are similar by AAA. The scale factor is | because the corresponding long sides
have equal lengths. so the triangles are congruent by AAAS.

ACMD = AAMB
Also, CM = MA CPCTC
DM = MB CPCTC

n

This proves that the diagonals of a parallelogram bisect each other.
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A rhombus is a parallelogram that has three additional properties. The first is the definition
of a rhombus. The other two properties are theorems and can be proved.

1. A rhombus is a parallelogram whose four sides have equal lengths.
2. The diagonals of a rhombus bisect the angles of the rhombus.
3. The diagonals of a rhombus are perpendicular bisectors of each other.

To prove that the diagonals of a rhombus bisect the angles of the rhombus, we draw
diagonal AC in thombus ABCD. We will prove that diagonal AC bisects ZA and ZC.

C

A

Since ABCD is a thombus then side AB is congruent to side BC. Also, we know that in a triangle,
the angles opposite sides of equal lengths have equal measures. Therefore, Z1 = Z3. Because the
rhombus is a parallelogram then side BC is parallel to side AD, and side AB is parallel to side
DC. Therefore, £2 = Z3, because they are alternate interior angles formed by diagonal AC
and parallel sides BC and AD. Also, £1 = £4, because they are alternate interior angles
formed by diagonal AC and parallel sides AB and DC. Therefore, Z1 = £3, £2 = Z3 and
Ll = £3, Z1 = Z4. By the sixth postulate of Euclid, we know that things equal to the
same thing are equal to each other. Thus, Z1 = £2 and £3 = Z4. Therefore, diagonal AC
bisects ZA and ZC. We can also show that diagonal BD bisects ZB and ZD in the same way.
This proves that the diagonals of a rhombus bisect the angles of the rhombus.

Because the rhombus is a parallelogram, we already know that the diagonals bisect each
other. To prove that the angles formed by the diagonals are right angles, we use the fact that
the diagonals bisect the angles of the rhombus and the fact that the sum of the measures of two
consecutive angles in a parallelogram is 180°, as we remind ourselves in the figure on the left.

C D Cc
A B
A° B°
A+ B=180 ? ?

In the rhombus on the right, we see that the base angles in the shaded triangle measure half of
A and half of B. Since A + B equals 180, half of that sum equals 90, and x + 90 must equal
180. Thus, x must equal 90 so that the sum of the measures of the three angles is 180°.

DEFG is a thombus. The measure of the
reflex angle is 280°. Find A. X, B, K, and C.

The sum of 280, X, and A equals 360. Thus. X plus A must equal 80.
X+ A =80

Angles X and A have equal measures because DF bisects the angle at D. Thus. both X and A
cqual 40.
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X=4 A =40

The sum of two adjacent angles in a parallelogram is 180°, so K plus B equals 100.

K + B =100

But EG bisects the angle at G, so K equals B.

K =350 B =50

Angle C is a 90° angle because the diagonals of a rhombus are perpendicular. Thus,

CR=N90
a. Solve 14452 — 36 = 0 by factoring.
b. Solve 121m* — 64 = 0 by factoring.
¢. MNOP is a rhombus. The measure of
the reflex angle is 306°. Find X. A,
and Z.
1. Some of the sophomores were ingenuous, but % had ulterior motives for their
actions. If 420 did not have ulterior motives, how many did have ulterior motives?
2. Some of the teacher’s proclamations were democratic, but 72 percent were ukases. If
9576 were democratic. how many were ukases?
3. The chemical formula for carbon dioxide is CO,. If the reaction produced 528 grams of
carbon dioxide, what was the weight of the carbon produced? (C, 12; O, 16)
4. The symbol for strontium is Sr. If the mixture was 14 percent strontium and 688 grams
of the mixture was not strontium, what was the weight of the strontium?
5. Jimmy and Gary ran from the disaster at 5 mph. Then they reconsidered and walked
back at 3 mph. If they were gone for 8 hours, how far did they run from the disaster?
6. Find an angle such that 7 times the complement of the angle is 110° greater than twice
the supplement of the angle.
7. The area of the triangle is 52 ft%. Find P
MP. The radius of the circle equals 13
MP. Find the area of the circle.
" X
Solve:
8. »-9=0 9. 36x> - 36=0
10. 24y = 112 - &3 11. Expand: (v - 1)}
Simplify:
1, X2 +6x? 4 5¢  Tx+ 8+ x g, 20 i
x2 4+ 2v - 15 x2 + 5x - 14 4-32
m?
_30 ax? - % ‘_p -6
14, — 15, ———— 16.
=27 XE V) o= 22
=% =gy -
a X
-41 10> ey ey
17, (3000 x 10 ~#1)(0.0008 x 10'?) 18. 2 3 _5 13
2.400.000 x 108 Vi3 V3
9. s/3 -2/2 20. 5745 - 2075 + 2108
© 32 213 V
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&
x

N
Solve for x: + -
a

We will solve in three steps. The first step will be to multiply every numerator by the least
common multiple of the denominators, which is ax. Then we will cancel the denominators.
Step I: % - ax + % - ax ' = 6 -pax multiplied by ax

a’ + mx = cax canceled denominators

Next we move all terms that contain x to the same side of the equation (either side) and factor
out the x.

Step 2: a* = cax — mx added —mux to both sides

a* = x(ca — m) factored out x

We finish by dividing both sides by (ca — m), which is the coefficient of x.

9 o
a? X(ca — m) a? -
Step 3: = == = =5 divided
ca —m ca — m ca — m

: £ )
Solve form: — + ¢ = —
m

Again as the first step, we will eliminate the denominators. We begin by multiplying every
numerator by ma.

Step I: (ma)% + (ma)c (ma)% multiplied

ax + mac = my canceled

Next we move all terms that contain an m to the same side of the equation and factor out
the m.

Step 2: ax = my — mac added —mac to both sides

m(y — ac) factored out m

ax
We finish by dividing both sides by v — «c, and we get

Step 3: —X_ —
y — ac
In step 2, if we had placed all terms that contained m on the left side, our answer would
have been
—ax

m=-—————-
=y 4k @
which is the same answer as the one above except that all signs above and below are
different. We remember that we can always multiply the denominator and the numerator by
the same nonzero quantity. If we use (-1) as the multiplier, we can change this last answer to
the first form of the answer.

—ax (—l) _ ax
-y +ac (~1)  y-ac

Both answers are equally correct, and neither is preferred.

Solve for p: oy ar = 2 4k
p v

Again we begin by canceling the denominators.

(p.\‘)é - (py)ax = (p_\')—’ﬁ + (pv)k  multiplied by py
P ¥
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6y — pyax = pm + pyk canceled
Next we place all terms that contain p on the same side and factor out the p.
6y = pm + pyk + pyax added +pyax
6y = p(m + yk + yax) factored

Again we finish by dividing both sides by the coefficient of the variable for which we are
solving.

6y

m+yk+yax=p

P

practice  a. Solve for m: —ay=-—+s b. Find x: % + =g

§|u|

problem set 1. Many students took a foreign language to increase their vocabularies and improve their
40 grammar. These students earned 64 percent more than the others. How much did they
make if the others earned $1,200,000?

2. The more successful professionals had vocabularies that were 280 percent larger than
those who were less successful. If those who were less successful knew 4800 words,
how many words did those who were more successful know?

3. The formula for iron sulfide is FeS. If the iron (Fe) in a batch of iron sulfide weighed
448 grams, how much did the iron sulfide weigh? (Fe, 56; S, 32)

4. Shoes cost $20 a pair and boots cost $60 a pair. Arlene and Jerry spent $8000 and
bought 3 times as many boots as shoes. How many pairs of each did they buy?

5.  Amy had a 120-mile head start on Kathy. Kathy drove at 15 miles per hour, and Amy
ran at 3 miles per hour. How far did Kathy have to drive to catch Amy?

6. Finda: £+ 2 =¢ 7. Finda: = + ¢ =
X a m a
8 Findy: 2 —ax=2" 4% 9. Findk: L -p="1
p y c k

10. Expand: (x — 3)*
11. ABCD is a rhombus. Find X. ¥, and Z.

Solve:
12. 4x2 -49 =0 13. & + 3x2 = 18x
Simplify:
C = 732 -3 3 - 8y2 . (—49)2
14. l().: Iz + X0 X i 8x? + 15 1. 3
X2 4+ 4y - 12 X% 4+ 3v - 18 4-32
4_\‘:‘91 + l‘
| ye as
16. ——— 17.
l()‘lJ y _ 27
- _\‘JLI:
xy > 4
4000 ) 14(0.007 )23
18. P ] 19. ( 0 x 1( u(.((‘\:< 1( )
aly — 14.000 x 102
} P
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20. 330 - 2072 + 3162 21 3,/% + 2J%
22. FindA,B,and C. 23. The altitude of a circular cylinder is 8

cm. The volume of the cylinder is 327 |
cm?. What is the radius of the cylinder? |

24. Find the equations of lines (a) and (b).

Yy
11 1
i (| 1
Solve: T @) ;/
- - LJJ! { -
2)5, 3_b+i=5 Hr“ \?) 'j|“
4 3 — s b iy
26. 0.004x - 0.02 = 2.02 ,Afj‘i |
L =
g 1) 2 3x 112 17
27. Add: _\_+A+2 = AT

28.  Simplify: %

25 2 Bicleh
29. Expand: \p)(x ‘p_ : "J

30. Evalvate: x> - xy -2 if x = % and y = —

LESSON 41
41.A

units

41.B

unit
multipliers

Units « Unit mulfipliers

When we attach words to numbers as shown here,
4 ft 6 centimeters 42.78 mph 93 liters

we often call the resulting combinations denominate numbers. The Latin prefix for “completely”
is de-, and the Latin word for “to name’ is nominare. Thus, denominate literally means “completely
named.” The words are cdlled the units of the denominate numbers. Thus, the units in the
denominate numbers above are feet, centimeters, miles per hour, and liters.

We find it convenient to use exponential notation to handle units. If we do this, we can
handle units the same way we handle numbers or variables. This is especially useful when we
multiply or divide units. as we see in these examples.

3

2, — 3 cm- _ 2
(a) fr° - ft = ft (b) o cm
vd3 9 5
© - =ya @ 2= =in,
yd in.”

We remember that any nonzero quantity divided by itself has a value of 1.

24123 _,  6f2 _,  4in _
24.123 6 ft2 4in.

()

X
X

=1

[}

Furthermore, we remember that the product of any quantity and 1 is the quantity itself.

xiym(l) = x’ym (4—£[—j(1) = 4L (3in)(1) = 3in.
sec sec



example 41.1

solution

example 41.2

solution

example 41.3

solution

example 41.4

181 41.B unit multipliers

We know that 12 inches equals 1 foot, so if we write either

12 in. | fi
1 fi T2

we have written an expression whose value is 1. We can multiply any expression by either of
these terms without changing the value of the expression. We call these terms unit multipliers
for two reasons: One reason is that the expressions contain units, and the second reason is that
the expressions have a value of unity (1). Unit multipliers are very helpful when we want to
change one set of units to another set of units.

Use a unit multiplier to change 600 inches to feet.

We will use one of the unit multipliers above. We choose the one on the left.

. _
600 in. x 12 1n. o 7200 in.

1 ft ft

This answer is not incorrect, but it is not what we want. Let’s try again and use the other unit
multiplier.

1 ft
12 3n7

This time the inches canceled and we found the desired answer.

600 ia7 X = 50 ft

Use unit multipliers to convert 44 square feet to square inches.

We write what was given and use | for a denominator.

44 f12
1

We note that square feet (ft2) is in the numerator. Thus, we will use the unit multiplier that has
the abbreviation ft in the denominator. We must use two unit multipliers because we are
converting from square feet (ft?) to square inches (in.?).

44 £t 12 in. 12 in.
Y 2T

= (44)(12)(12) in.2

The multiplication in this example is relatively easy, but some unit conversion problems
will result in very complicated multiplications and divisions. We suggest that these answers be
left in the form above or that a pocket calculator be used to get the final numerical answer.
These problems are designed to teach unit conversions and are not designed for practice in
arithmetic.

We have begun our study of unit conversions with problems that can be solved mentally
without the use of unit multipliers. It is recommended that the use of unit multipliers not be
avoided in these simple problems because the unit conversion problems that we encounter
later will be rather involved. The use of unit multipliers will make these involved conversions
straightforward, and the experience that we gain by doing simple problems will prove to be
valuable.

Use unit multipliers to convert 42 square yards to square inches.

We could use the fact that 1 yard equals 36 inches, but instead we will go from square yards
(yd?) to square feet (ft?) to square inches (in.?). a procedure that is recommended because
shortcuts can lead to errors.

RP%¢ 2 RY’¢ . 12 in. 12 in.
Ixd ~ Txd [ $t 1 5

42 yd* x = 42(3)(3)(12)(12) in.?

Use unit multipliers to convert 16 cubic miles (mi?) to cubic inches (in.?).

e
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solution  We will go from cubic miles (mi?) to cubic feet (ft3) to cubic inches (in.?).
- 5280 fr 5280 ¢ 5280 fr 12 in. 12 in. 12 in.
16 - : :
i X o [t 1o TE Tk 1k

practice

problem set
41

= (16)(5280)(5280)(5280)(12)(12)(12) in.?

It seems that there are quite a few cubic inches in 16 cubic miles.

2

Use one unit multiplier to change 840 inches to feet.

b. Use two unit multipliers to change 90 square feet to square inches.

¢. Use six unit multipliers to convert 30 cubic miles to cubic inches.

1. While Dr. Andy operated, he thought of consecutive odd integers. His integers were

such that 4 times the sum of the first and fourth was 12 greater than 3 times the sum of
the second and third. What were the first four integers on Dr. Andy’s list?

2. The formula for chromium chloride is CrCl,. What would be the weight of the chlorine
(C1) in 1256 grams of chromium chloride? (Cr, 52: Cl, 35)

3. The delivery truck unloaded 184 percent more silicon than was required for the experiment.
If 1136 tons were unloaded. how many tons were required for the experiment?

4. Bob and Judy found that their horde of nickels and dimes was worth $7. If they had a
total of 100 coins, how many coins of each kind did they have?

124

Larry and Shadid rode on their motor scooters at 16 mph until Larry ran out of petroi.
Then they walked the rest of the way at 4 mph. If the entire trip was 76 miles and it took
a total of 7 hours. how far did they walk and how far did they ride?

Use unit multipliers to convert:

6. 87 ft* to square inches 7. 61 yd® to square inches 8. 32 mi? to cubic inches

9. Findp: < -L ¢ 10. Findp: 2 - % -y
m p ¢
4 o g
. Finde: £ -2k 2
X c m
12. Find sides m and p. 13. ABDE is an isosceles triangle. ADEF
is an equilateral triangle. Find X, ¥,
and K. 8
m
p
D s
7/ 115
8 12
A F Cc
Solve:
14, 16x = -3 + 10x2 15. 42-9%x =0
16. Divide 2x3 — 1 by x — 2. 17. The area of this figure equals the sum
of the areas of the triangle and the
Simplify: semicircle. Find the area of the figure.
18 X3 + 82 +15v _x2 +2x—8
Coox — a4+ 4 120+ 2 4 T2 4
19. 32-2°h
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2. _ d
20 @t 5y (21000 x 10-)(500,000)
ax - 2 0.00015 x 107
X
5 )
2. 3\[% - 6\% 23, 4\24(2\6 - 3\2)

24. Find the equation of the line that is perpendicular to 3y + x = -2 and passes through
the point (-2, -5).

Solve:
5, 5% x _ 1 L _ 1
25, 3 —2—7 26. 23x—9— 18
27. Add — 2 _ 2 F2

x4(x — 2) x2 -4
Simplify:
g Ax + 8¢7 29 x2x0x-1(x=2)2yx-3
’ 4y ' (x2y) " 3xyx~2x2

if_v(=%andy=l

30. Evaluate: x3 — xy + x2 3

LESSON 42

Estimating with scientific notation

The scientific notation problems we have encountered thus far have been carefully designed
so the numbers multiply and divide easily, and so the first part of the answer is an integer.
(0.0003 x 10-9)(4000)
(0.006 x 10'5)(2000 x 10%)

(3 x 107194 x 103)
T (6 x 1012)2 x 107)

problem

scientific notation

12 x 1077

_ 26
T 12 x 10" = 4 B

simplified

These problems have been used to help us develop the skills required to handle both positive
and negative integral exponents in scientific notation. Unfortunately, real-life problems contain
numbers that are not so easy to handle. For instance, the answer to the last example in Lesson
41 was

16(5280)(5280)(5280)(12)(12)(12) in.3

Multiplying these numbers by hand would be tedious, and we might make a mistake. If we use
a calculator that does not have scientific notation, we get an error notation early because the
answer is a number too large for these calculators to handle. If we use a calculator that has
scientific notation for this multiplication, we will get

4.0697 x 1013

However. we will find to our dismay that we often make mistakes when we use calculators for
complicated operations such as this one. Thus we need to develop a way to see if this answer
is reasonable. and we should be able to estimate the answer when a calculator is not available.
In this problem, we should be able to estimate an answer between

4 x 10 and 4 x 10'¢

R S
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solution

example 42.2

solution

example 42.3

solution
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This would let us know that our calculator answer of
4.0697 x 1015
is a reasonable answer. There would be no excuse for accepting an answer of
4.0697 x 10*
and blaming the error on the calculator. A mistake that generates an answer
1,000,000 times

the correct answer is totally inexcusable.

Estimate the answer to
(16)(5280)(5280)(5280)(12)(12)(12)

Let’s begin by rounding each number to one digit and writing each number in scientific
notation.

(2 x 105 x 1035 x 10%)(5 x 10%)(1 x 10Y)(1 x 10")(1 x 10')

We used 2 X 10! for 16, 5 x 103 for each 5280, and 1 x 10! for each 12. Multiplying,
we get

(2)(5)(5)(5) x 1013 = 250 x 1013 = 3 x 1015

From this estimate we see that our calculator answer of 4.0697 X 10'5 is probably correct.

Use scientific notation to help estimate the answer to this problem.

(3728)(470,165 x 10714)
(278,146)(0.000713 x 1073)

We write each entry in scientific notation, rounding to one digit. Then we simplify.

(4 x 103)(5 x 10~%)

=1 x 10-2
(3 x 105)(7 x 1079)

Use scientific notation to help estimate the answer to this expression.

(0.0418765 x 10714)(41,725 x 10*3)
9764 x 10-2

-

We use an approximation in scientific notation for each entry. Then we simplify.

(4 x 107194 x 1047) 16 o o

=~ 2 x 103!
1 x 10719 1 10-1°
a. Estimate the answer to:  (13)(5280)(5280)(12)(12)
Use scientific notation to estimate:
(4353)(933,216 x 10-!1) - (0.013926 x 10-12)(27,153 x 102!)
(319,214)(0.01603 x 10-31) ] 6354 x 103!

1. Pelagic fish were not usually seen near the reef so the diver was surprised to find that
% of the fish sighted were pelagic. If the diver saw 2244 fish on the morning dive, how
many were pelagic?

2. Only 20 percent of the students were taciturn, as most of them had a penchant for
prolixity. If 4800 had a penchant for prolixity, how many students were there in all?

3. Ittook 600 grams of potassium chlorate to make a batch of 3600 grams of the aggregate.
If 43,200 grams of aggregate was required, how much potassium chlorate was needed?

___—_d
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Simplify:

)8, X2 y2x2 32 59, Ax? - 4yt
_)’2 y-2 4x2

30. Evaluate: -3x — x 2 - x3 ifx= %

LESSON 43
43.A

sine, cosine,
and tangent

Sine, cosine, and tangent + Inverse functions

Here we show three triangles. Each one is a right triangle, and each one contains a 30° angle.

4 120 240
2 60 120
30° 30° 30°
3.464 103.92 207.85

The longest side of a right triangle is always the side opposite the right angle, and this side is
called the hypotenuse. The hypotenuses of these triangles from left to right are 4, 120, and
240 units long.

We remember that right triangles that also have one equal acute angle are similar
triangles, and that the ratios of corresponding sides of similar triangles are equal. If, for each
of the three triangles shown, we write the ratio of the side opposite the 30° angle to the
hypotenuse, we get these expressions,

2 60 120

4 120 240

each of which has a value of 0.5. We would find this to be true for this ratio in any right
triangle with a 30° angle. In a right triangle we call this ratio, which is the ratio of the
side opposite the angle to the hypotenuse, the sine of the angle.

side opposite the 30° angle

sin 30° =
hypotenuse

This ratio always equals 0.5 for a 30° angle. Every angle has a unique value of the ratio of the
side opposite to the hypotenuse.

In a right triangle, the ratio of the side adjacent to the angle to the hypotenuse is
called the cosine of the angle. For these triangles, the ratios are

3.464 103.92 207.85
4 120 240

Each of these ratios has a value of approximately 0.8660, which we round off to 0.87. This
ratio has the same value in any right triangle with a 30° angle regardless of the size of the
triangle. So we say

side adjacent to 30° angle
hypotenuse

cos 30° = = 0.87

We call the ratio of the side opposite the angle to the side adjacent to the angle the
tangent of the angle. Thus,
side opposite the 30° angle

= side adjacent to 30° angle
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This ratio is approximately 0.5774, which we round off to 0.58.

2 60

346 - OB 392 - 0% 207.85

There is nothing sacrosanct about the words sine, cosine, and tangent, and there is no

particular reason for them to be defined as they are. Learning which one has which definition

is simply a matter of memorization, and mnemonics are always helpful for memorizing. On

the left, we will write the abbreviations for sine, cosine, and tangent in that order. On the right,

we will use the first letters of the words opposite, hypotenuse, and adjacent to form the first
letters of a sentence that is easy to remember.

: opposite Oscar
SinA =
ol hypotenuse had
dj t :
ol = adjacen a
hypotenuse hold
_ opposite on
Al = adjacent Arthur

Thus, if we can remember to write down sine, cosine, and tangent in that order and then write
down “Oscar had a hold on Arthur,” we have the definitions memorized.

The sines, cosines, and tangents of angles can be obtained by using the Sin | €os | and
tan keys on a scientific calculatcr. To find the proper values when the angle is measured
in degrees, the calculator must be in the degree mode. Calculators will give an estimate of
the value of a trigonometric function to more than five decimal places. To find the sine of
39.2°, first put the calculator in degree mode (press the key BRG or BEG ). Then

ENTER DispLAY

39.2 39.2

sin. 0.632029302
To find the cosine of 39.2°,

ENTER DispLay

39.2 39.2

cos. 0.774944488
To find the tangent of 39.2°,

ENTER DispLAY

39.2 39.2

tan 0.815580098

Often we must multiply the trigonometric function of an angle by a number. To find the
value of 4 cos 57.2°, we can enter the 4 first or enter the cosine of 57.2° first. To enter the 4
first, we proceed as follows:

ENTER DispLay
4 4
131 4
57.2 T2
cos. 0.54170821
~ 2.166832841
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To enter the cosine of 57.2° first, we proceed as follows:

ENTER DispLay
57.2 57.2
cos, 0.54170821

X 0.54170821
4

4

2.166832841

For convenience, when we transcribe these answers, we will round them to two decimal
places.

4 cos 57.2° = 2.17

example 43.1 Find (a) the sine of A, (b) the cosine of B, (c) the tangent of C. Round answers to two decimal
places.

A B 9
5.74 7 ' 8

solution  We will use our mnemonic to help remember the definitions of sine, cosine, and tangent. We
will use a calculator to do the divisions, and we will round answers to two decimal places.

. _ Oscar g _ _opposite 4
@ sin = had O = hypotenuse 7 L
adjacent 7
b = 2 = — = — = K
(®) cos hold i’ hypotenuse 8.6 081
_on _opposite 6 _
(©) tan = Arthur EL(E S adjacent ~ 8 e

43.B

inverse The inverse sine of a number is the angle whose sine is the number. Several examples will
functions help.

b

(a) The sine of 30° is 0.5 so the inverse sine of 0.5 is 30°.
(b) The cosine of 30° is approximately 0.866 so the inverse cosine of 0.866 is 30°.
(c) The tangent of 30° is approximately 0.577 so the inverse tangent of 0.577 is 30°.

To find the inverse sine, cosine, and tangent of a number, we use the dAV. key followed by the
trigonometric function key.

example 43.2 Find (a) the angle whose sine is 0.643, and (b) the angle whose cosine is 0.216.

solution (a) ENTER DispLAY
0.643 0.643
inv sin 40.0158 =~ 40°
(b) ENTER DispLAY
0.216 0.216
inv. cos. 77.52579 ~ 77.53°
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practice Use a calculator to evaluate:

a. 4 cos 75.8° b. 6 sin 37.42°
For these triangles, find sin C, cos D, and tan E:
C. d. e.
5 3.61 4.28
: 14.
4.76
3.08 8.73
6.60
363 i1i1:80)

f. Find the angle whose tangent is 0.405.
g. Find the angle whose sine is 0.794.

—
.

problem set The oligarchs were in control, although they comprised only 0.0032 of the total population.
43 If there were 1280 oligarchs, what was the total population?

2. The boys believed that temerity was a desirable attribute, so the number of boys who
were temerarious increased 132 percent in only one month. If the temerarious now
numbered 9280, how many boys were temerarious last month?

3. The chemical formula for sodium hydroxide is NaOH. What is the weight of the sodium
(Na) in 320 grams of sodium hydroxide? (Na, 23; O, 16; H, 1)

4. Twenty-three percent of the mixture was cadmium. If the total weight of the mixture
was 3000 grams, what was the weight of the other constituents of the mixture?

5. Connie was 20 miles ahead of Larry when he started after her. If he caught her in 5
hours and traveled twice as fast as she traveled, how far did he have to go to catch her?

6. Use the mnemonic “Oscar had a hold on Arthur” as an aid in writing the definition of
sine A, cosine A, and tangent A.

7. Use a calculator to evaluate: (a) 417 cos 51.5° (b) 32.6 tan 86.3°

8. Use the definitions of sine, cosine, and tangent and the triangles shown to find to two
decimal places: (a) sin A, (b) cos B, and (c) tan C.

5.74 7 6

9. Use unit multipliers to convert 4 ft* to cubic inches.

10. Findb: & - x= = 1. Findp: 2= -k =2
b : p G

. Ay k 14
12. Findm: — - —
m

G £

13. Solve for a, b, and c.
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Find the missing parts of this triangle.
H B°
y

24°
9.5

The sum of the interior angles of any triangle is 180°. This triangle has one 90° angle and one
24° angle. Thus, angle B must be 66° because 90° + 24° + 66° = 180°.

Now we can use either the 24° angle or the 66° angle to find H and y. We decide to use
the 24° angle. Beginners often find it difficult to decide whether to use the sine, cosine, or
tangent in a particular case. Some find it helpful to use all three and see which ones work out.
We will do this. Before we use a calculator, we always estimate the answer. This will prevent
us from making mistakes with the calculator and accepting an answer that is absurd.

We estimate first: Y is a number between 3 and 6.
H is a number between 10 and 14.

Now we use the calculator to find the sine, cosine, and tangent of 24°. For convenience, we
round these values to two decimal places.

sin 24° = 0.41 cos 24° = 091 tan 24° = 0.45

Next we write all three ratios and substitute.

sit )

(a) sin24° = _OPPOSIte 041 = s (two unknowns)
hypotenuse H

dj t

(b) cos24° = DR e 09I = 25 (one unknown)
hypotenuse H
it _

()Y Sian P48 = M — 045 ~ (one unknown)
adjacent 9.5

We see that we can go no further in (a) because we still have the two unknowns, y and H,
but only one equation. However, equations (b) and (¢) can be solved because each of
these equations contains only one unknown.

~ 2 — = -———9'5 = = -
() 091 ~ == H~ 22 H = 10.44
© 045 = -2 > (045095)~y — 428 =~y

95
From (b) we find that H is approximately equal to 10.44, which agrees with our estimate of

between 10 and 14. Also, we see that H equals 9.5 divided by the cosine of 24°. We can use
a calculator to compute this value without copying the value of the cosine and rounding. Thus,

= Cos? '?’.4°
ENTER DispLay
9.5 9.5
e 9.5
24 24
cos 0.913545457

E 10.39904465 = 10.40

This answer of 10.40 differs from the 10.44 we got when we rounded the value of the cosine
before we divided.



example 44.2

solution
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In (c) the y value of 4.28 agrees with our estimate of between 3 and 6. We can get a more
exact answer by not rounding the value of the tangent and computing the value on the
calculator.

y = 9.5 tan 24°
If we do this, we get

y = 422967251 = 4.23

Find the missing parts of the triangle.

35°

m

We begin by looking at the figure and estimating the answers.

We estimate first. Segment m is a little shorter than 14, say between 8 and 12. Segment
x is even shorter, say between 6 and 10.

Angle B must be 55° because 90° + 35° + 55° = 180°. This time we decide to use
the 35° angle. We use the calculator to find the values of the sine, cosine, and tangent of 35°.

sin 35° = 0.57 cos 35° = 0.82 tan 35° = 0.70
Now we write all three ratios and substitute where possible.
" )
(a) sin 35° = _opposite 0.57 = —— (one unknown)
hypotenuse 14
dj t
(b) cos 35° = - 082 ~ 2L (one unknown)
hypotenuse 14
i ;
(c) tan 35° = M 0.70 = X (two unknowns)
adjacent m

This time we see that we can proceed no further with equation (c) because this equation has
two unknowns, x and m. Equations (a) and (b), however, contain only one unknown and can
be solved. :

(a) 0.57= —  (0.57)(14) 798 = x

u

a ==

X
14

m — 11.48 = m

n
U

b) 082 =121

1 (0.82)(14)

From (a) we see that x = 14 sin 35°. If we use the calculator and multiply 14 by the sine of
35°, we get a slightly different value.

(a) x = 14 sin 35° = 8.030070109 =~ 8.03
If we calculate m directly, we get

(b) m = 14 cos 35° = 11.46812862 = 11.47

These answers agree with our estimates, so we accept them as probably being correct.

Find the missing parts of the triangle.
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4. Emelio and Nessie had 550 grams of freon in a container. What was the weight of the
carbon (C) in the container given that the formula for freon is CCL,F,? (C, 12; CI,
355 ENIO)

5. The trip was only 200 miles, so Bob and Rita rode at 25 mph for a while. Then they
doubled their speed for the last part of the trip so that the total time for the journey
would be 5 hours. How far did they drive before they increased their speed?

Use trigonometric functions as necessary to find the missing parts of these triangles:

6. 7. 8.
H-"p|, 14 "5
X
28°
95 31
m

9. Use unit multipliers to convert 4 square miles to square feet.

10. Find m: L. ¢ = P 11. Find m: =2 — da _ ¢
m d m p

12. Finde: £ +d =&
@ m

13. ABCD is a parallelogram. The measure
of ZBAD is K°. Find mZABC. Find x
and y.

Solve by factoring:
14, 24x = =3 + 1042 15. 25p* -81 =0

16. Divide x* — | by x + 4.

Simplify:
17, 14+ 9x2 +x? _ x3 + 12x% + 35x
' x2 —x -6 x2 + 10x + 25
18. ;4/5 19. This figure is the base of a cone that
—32% & is 4 feet high. Find the volume of the
Simplify: cone. Dimensions are in inches.
5x2 + L
20 ——
[
45
= R
| 2 17 2
2, If== = 3=
V17 V2 D) 6
22. 36(2V6 - V12) y
23. Find the equations of lines (a) and (b). T
]
(a4
Solve: E I)
Sx = 2 2x — 4
. =1 X
24 3 > e
||
g o =l (b)
25 3k + 2= b | —[
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Simplify:

1
4xp — —
23. —pg 2. 5,}% + 3}% 25, 2V3(3\15 - 2V10)
-
26. Find the equation of the line that passes through (=2, —5) and has a slope of —%.
Sx =2 = 4

27. Solve: 7 - 5 =

28. Solve the system by graphing and then find an exact solution by using either substitution
or elimination.

2v + 3y =3
x =5y =20
2 3 2x

29. Add: = -
x -2 X+ 2 x2 — 4

30. Evaluate: a? — ab? if a = —% and b = %

LESSON 46

46.A

more
on radical
expressions

example 46.1

solution

More on radical expressions ¢ Radicals to fractional
exponents

We have been simplifying expressions such as

f JW
\ V2
by first using the quotient-of-square-roots theorem, then rationalizing the denominators by
using the denominator-numerator same-quantity rule, and finishing by finding a common

denominator and adding.

+ 3

Wt

_ V2 33 ,

@) === —= . quotient-of-square-roots theorem

V 3 B, 2
AN BN R RN D) 6 3/6

b)) - \ﬁ \ﬁ P = + 3y rationalized denominators

NERRYE V2 42 3 2
-nf6  9J6 T/6
(c) ; 3F \6 = \6 found common denominator
and added

Problems such as this one are good practice problems but will provide even more practice if
we add one more term whose simplification requires that we use the product-of-square-roots

theorem.

+ 3 —\%

\

The last term was contrived so it will contain a V10, as will the first two terms. We begin by
rationalizing the denominators and simplifying the last term.

l\J]'_II
u||:\)1

Simplify: 3\
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t
example 46.5 Simplify: /x3y? %/;
solution We replace the radicals with parentheses and fractional exponents and get
3 yz) ]/2(.\’)‘) 13
Next we use the power theorem.
X2y 13y 13
We finish by multiplying exponential expressions with like bases and we get
XR2xIByyI3 = U6, 26\331/3 = xMi6yA/3
example 46.6  Simplify: 3/x5y3{/xy3
solution  First we replace the radicals with parentheses and fractional exponents.
() A1
Next we use the power theorem.
XSyl tySi
Finally we simplify to get
x2312y94
practice Simplify:
m_ . - _ I
7 3 on /'8 |5 e
. 3= +5/= -84 ol 2= 5yl= e Al :
a 33 VT oY b Vs 5\‘3 VI35 e W7

problem set 1.
46

Many did not consider a 140 percent increase to be excessive, as the total was still only
1440. What was the total before the increase?

2. One thousand grams of beryllium and 3000 grams of other elements made up the =
mixture. If 24,000 kilograms of the mixture was needed, how much beryllium was =
required?

3. The formula for ammonium chloride is NH,CI. If the chlorine (Cl) in a quantity of
ammonium chloride weighed 140 grams, what was the weight of the ammonium
chloride? (N. 14; H./l: Cl, 35)

4. The ratio of fairies to elves was 7 to 2, and the number of fairies was 11 greater than 3
times the number of elves. How many of each were there?

Bruce and Maria headed north at 11 a.m. at full speed. After 4 hours Bruce was 16 miles
ahead. What did Bruce consider to be full speed if Maria’s speed was 16 mph?

wn

Simplify:

%—\600 2 B

"Even roots of even powers can be troublesome when the replacements for the variable are negative
numbers. Thus, for the present, the domain for problems like this one will be assumed to be the set of
positive real numbers.
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LESSON 47

47.A

rate unit
conversions

example 47.1

solution

example 47.2

solution

example 47.3

solution

47.B

more on
fractional
exponents

example 47.4

Rate unit conversions « More on fractional
exponents

Rate units such as miles per hour or feet per second contain both a distance unit and a time
unit. To convert rate units, we use distance unit multipliers to convert the distance units and
time unit multipliers to convert the time units.

Use unit multipliers to convert 42 inches per second to miles per hour.

We begin by writing the unit “inches per second™ in fractional form.

42 in.
sec

We will convert the inches to miles first. We will go from inches to feet and from feet to miles.

42jafx 1 & L mi
sec 12iar ~ 3280 %

Now our rate is miles per second. We continue by converting seconds to minutes and then
minutes to hours.

42 iaC » 1 & « 1 mi « 60.sec ¥ 60 mim _ (42)(60)(60) mi

secC 1237 352808  _gim hr (12)(5280) hr

If we use a calculator to multiply and divide and then round the answer to two decimal places.
we get

5.39mi
2.39 hr

Use unit multipliers to convert 480 miles per hour to feet per second.

Again we begin by writing the given units in fractional form.

480 mi
hr

Now we will use one unit multiplier to convert miles to feet and two unit multipliers to
convert hours to seconds. _

480 mf . 5280 ft o bt o _DHT (480)(5280) ft
bf mf 60 pum 60 sec (60)(60) sec

Now a calculator can be used to get a decimal answer if desired.

Use unit multipliers to convert 15 inches per second to vards per hour.

We will convert inches to feet to vards. and seconds to minutes to hours.

154 1&  1vd  60sec  60pum _ (15)(60)(60) yd
sec 121 & 38 1 hr ~  (12)3) hr

Some problems involving exponents are trick problems and cannot be simplified unless
one realizes that they are trick problems.

LI (|

Simplify: 327+

|
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LESSON 48 Radical equations

We have noted that the difference-of-two-squares theorem permits the solution of some
equations by taking the square roots of both sides of the equation. We can use this theorem to
find the roots of the equation

x+22-5=0
First, we transform the equation by adding +5 to both sides, and we get
x+2?2=5

Next we take the square root of both sides, remembering that we get two signs on the right-
hand side.

x+2=4%\5 square root of both sides
x=-2%\5  added -2 to both sides
If we wish, we can list the two roots separately by writing
x==-2+15 and o= M

We use another process to solve equations that contain a square root radical. First we isolate
the radical, and then we square both sides of the equation. This process is permitted because
it follows directly from the definition of the square root of a positive number.

DEFINITION OF SQUARE Root

If x is a positive real number, then Vx is the unique positive
w2
real number such that (V.\‘)' = X.

But when we do this, we must always check our answers in the original equation because
squaring both sides of an equation sometimes generates an equation that has roots that
are not roots of the original equation. To see how this is possible, let us begin with the

equation
x =2

whose only solution is the number 2. Now if we square both sides of this equation, we get the
equation
2 =4

Now we have an equation that can be satisfied by using either +2 or —2 as the
replacement for x. The number 2 is a solution to both the original equation and the new
equation, but -2 is not a solution to the original equation. By squaring both sides, we
have generated an equation that has more solutions than the original equation.

example 48.1 Solve: \x —4 -2 =6

solution  We begin by isolating the radical by adding +2 to both sides of the equation, and we get
Vx -4 =8
Next we square both sides, remembering that (—\—_4)3 =ux -4
x—4 =64
We finish by adding +4 to both sides.
x = 68

Now we must check this solution in the original equation to see if it satisfies the original
equation.

2
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problem set
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207 problem set 48

Solve:

a. wW—-5-3=7 b. x+5+1=-11
c. vVx2 +3x—-10 +2 =x

1. The lieutenant noted that 0.68 of the frontiersmen at the conclave wore buckskin. If 512
did not wear buckskin, how many frontiersmen were at the conclave?

2. If 140 grams of germanium were required to make 1540 grams of the compound, how
many grams of other elements were required to make 6160 grams of the compound?

3. If a crucible contained 972 grams of FeBr,, what was the weight of the iron (Fe) in the
crucible? (Fe, 56; Br, 80)

4. In a group of children, 5 times the number of boys was 17 greater than 3 times the
number of girls. Also, 6 times the number of girls was 2 greater than the number of
boys. How many were boys and how many were girls?

5. The freight train took 20 hours to make the same trip the express train made in 10 hours.
Find the speed of each if the express train was 30 mph faster than the freight train.

6. x-3-3= 7. Vx +5+3=-4

9. Use unit multipliers to convert 60 miles per hour to feet per second.

Simplify:
10. 232 1. m2yimty 12. 4812
2[5 T (7 11 AnR
< _ (2 / J LS U
13. 35 -5 + 240 14 2\)” -+ 24308
Solve:
15. [.\- - %] =4 16. (x - 37 = 16
17. Find angle C and side b. 18. Find angle A.
63\ 5
a
Co
b
(4,071,623)(51,642 105 . .
19. Btimate; - A X ) 3%, Find p: ﬂ - L yk=2

200,000 x 10-13 X p y

21. If the measure of an angle is A°, the measure of its supplement is (180 — A)° and the
measure of its complement is (90 — A)°. Find an angle such that twice its supplement
is 40° greater than 4 times its complement.

(3]
[}

Divide 3%} — 2 by v + 1.

[
9
.

Find the distance between the points (-4, —3) and (-8, 2).

Simplify:

X =3x+2 vZ + v —6
X3 + 4x2 - 5x 350 + 12x2 4+ a3
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26. The figure is the base of a cone that is |-
4 inches high. The dimensions are in
inches. Find the volume of the cone

in cubic inches. «
-
12
27. Find the distance between the points (-2, 5) and (7, -3).
| S | O
28. Simplify: ﬁ—“‘—

[

X
29. Find the equation of the line that passes through the points (2, 5) and (7, —3).

. 2x-3 x _ 5 '
30. Solve: > 7 =3

LESSON 49 Linearintercepts ¢ Transversals
49.A

linear We remember that a line is completely identified if we know its slope and its intercept. The
intercepts equation of the line in the figure on the left is

y=Zeso

-

The first number in the equation is —=-. This number is the slope and tells us that the slope is
negative and that the ratio of the rise to the run is 2 to 3. The last number in the equation is 2,
and this number is the v intercept of the line, which is the y coordinate of the point where the

line crosses the y axis.

y 4
6 6
N =
~ 5 5
4 4 \\
\\ 3"’J/\ = 3 \
\\\<,> 2 \
14 a*xé,—— ] 1 ;
-6-5-4-3-2-10 2 3N\ 5 6 6-5-4-3-2-10 1 2 3 | 5 6
L] N -1 \
= B
. \
-4 -4
-5 -5 \
-6 -6

Sometimes it is necessary to find the equation of a line whose intercept is not shown on the
graph. The line shown on the right is an example. By drawing a triangle, we can determine
that the slope of this line is approximately — 6. If we replace m with — 6 in the equationy = mx + b,
we get

y=-6x+b

8- e e B
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a. Find the equation of the line shown.

y

)

number. What is the number?

b. Find N.

1

Lesson 49

100 N

114</

/

Five times the sum of a number and —13 is 92 less than 4 times the opposite of the

2. The number of celebrants increased 160 percent as the saturnalia drew to a close. If
there were 1092 celebrants at the end, what was the number before the increase?

3. The formula for beryllium fluoride is BeF,. If the fluorine (F) in a quantity of this
compound weighs 95 grams, what is the total weight of the beryllium fluoride? (Be, 9;

F, 19)

4. In Saudi Arabian currency 1 riyal equals 20 qurush. Sheik Ahab had 15 coins whose
value was 205 qurush. How many coins of each kind were there?

Grant and Bruce went jogging. Grant was 200 yards ahead of Bruce after 10 minutes.

40

16015 M

&
Find Bruce’s speed if Grant’s speed was 240 yards per minute.
6. Find the equation of the line shown. 7. Find side N.
y
\
\
X
\
\
Solve:
8 Ww-4-3=5 9.

Va2 - 2x+5 =x + 1

10. Use unit multipliers to convert 200 inches per minute to feet per second.

Simplify:

1. 3943 12.
13, x2y3 | oy 14.
1s. 3T +i22 - 38 16.
Solve:

17. [.\- . %) =5 18.

(517,832 x 10-14)(80,123)
200,000 x 10-%

19. Estimate:
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Unfortunately, the factoring method cannot always be used because some equations
cannot be factored into binomials whose constants are all integers. For example, the equation

X2 +4r-2=0

cannot be factored. The inability to factor some quadratic equations is offset by the fact
that any quadratic equation can be rearranged into the form

x+a? =k

and then the equation can be solved by taking the square root of both sides, as we have
just demonstrated. The method used to accomplish this rearrangement is called completing the
square. If we rearrange the equation

X +4v-2=0

by completing the square, we can change the equation into this form

x+22=6 ‘
which we can solve by taking the square root of both sides. |
x+2=+V6 square root of both sides |

x=-2%16 added -2 to both sides

To complete the square, it is necessary to remember the form of a trinomial that is the
square of some binomial. On the left. we show several binomials, and on the right we show |
the trinomials that result when the binomials are squared.

(a) x+2 @) x+22=x2+4x + 4
(b) x-35 () (x =572 =x-10x + 25
© =06 ) (x =62 =x2— [2x + 36
(d x+ 8 @) (x+ 8?2 =21 + 16x + 64
() x -3 @) (x=32=x2-6x+9

In each of these examples, we note that the last term of the trinomial is the square of one- =
half of the middle term of the trinomial. Thus.

2
LAsT TERM (% MIDDLE TERM)
In (a’) 4 is (%j
In () 25 is (— lgj
72
In (¢) 36 1s (—IT")
In (&) 64 is (&)

In (e") 9 is [— —,)—)

This pattern occurs every time we square a binomial. There is nothing to understand. It
happens, so we will remember it and use it. This pattern is the key to completing the
square.

Thus, if we have the expression

2+ 10x + ?
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example 50.3 Solve x> = 5x — 5 by completing the square.

solution We begin by placing the constant term on the right and enclosing the other two terms in
parentheses, remembering to leave a space in the parentheses.

&2 — Sx )==5

Next we divide —5 by 2 and square the result. |

Now we add ? to both sides.

2 _se 4 2) - 5. 25
(x 5.\+4)—5+4

Next we write the left-hand side as a perfect square and simplify the right-hand side.

,
T impli
(.x 2) ot | simplified
x-2 =4 E square root of both sides
’ 2 V4

X = 2 o ,2 added 2 to both sides
27 V4 2

= % + simplified

practice Solve by completing the square: x? = 9x — 7

problem set 1. The Two-Steppers were good recruiters as they numbered 10 more than 5 times the
50 number of the Waltzers. Also, there were 10 times as many Two-Steppers as Waltzers.
How many of each were there?

2. The first part of the trip was in a surrey at 8 mph and the last part was in a buckboard
at 12 mph. If the total trip was 104 miles and took 10 hours, how much of the trip was
made in each type of carriage?

3. What is the weight of the sodium (Na) in 348 grams of NaCl? (Na, 23; Cl, 35)

4. Richard and Lynn found three consecutive even integers such that 7 times the sum of the
first and third was 48 less than 10 times the second. What were the integers?

5. Hadrian's soldiers increased their wall-building speed by 140 percent. If their new
speed was 432 inches per day, what was their old wall-building speed?

Solve by completing the square:

6. ¥» +8 -4=0 7. 12x+ x> -5=0 8. x> =7x-3 !
9. Find the equation of this line. 10. Find angle C and side M.
Y
1TTT c
T >
T X
g [
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square root of 4. If we wish to designate -2, which is the negative square root of 4, we can
write

-4 1
|
and if we wish to designate both +2 and -2, we use both the plus sign and the minus sign and

write

4

We remember that if the square root of a number is multiplied by itself, the result is the
number. This is the definition of square root.

’ DEFINITION OF SQUARE RooT

‘ The square root of a number is that number which multiplied
by itself equals the given number. |

Thus. it follows that

[ — /

=3 10.04610.046 = 0.046 S=—045

|
W

4
N

-
v

and i1t also follows that
V—4V-4 = -4

But where on the number line can we locate \—4? Any positive or negative number times |
itself equals a positive number. not a negative number! There is no number on the number line |
that can be used for x in the following expression.

() (x) = -4

Thus. on the number line, we can locate both +14 and —\4 as shown.

-4 +4
} ] P il i 1
H] i bk 1 T "

-5 -4 -3 -2 - 0 1 2 3 4 5

but we cannot locate +\—4 or —\—4 on the number line. For this reason, unfortunately, we
call V-4 an imaginary number. We say unfortunately because all numbers are ideas and
thus all numbers are really imaginary. The number V4 is an idea that we can graph on the
number line. and the number \—4 is an idea that we cannot graph on the number line. We call
the square roots of negative numbers imaginary numbers because we cannot find them
on the number line. The numbers that we can locate on the number line are called real
numbers to distinguish them from numbers that cannot be found there.

When one radicand (the number underneath the radical sign) is a negative number. we cannot
always use the product-of-square-roots theorem as we have in the past. There are two versions
of the product-of-square-roots theorem. One version applies when at least one radicand is
positive.

(AT LEAST ONE POSITIVE RADICAND)

If m and n are real numbers and one is a positive number
or both are positive numbers. then

myn = \ymn

PrRODUCT-OF-SQUARE-R0OOTS THEOREM |
|
1
|
|
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The rule is different when both radicands are negative.

51.C Euler’'s notation

ProbuCT-0F-SQUARE-R0OOTS THEOREM
(Botu RADICANDS NEGATIVE)

If m and n are both negative real numbers, then

Vm\n = —\(mn

example 51.1  Simplify: (a) V3V2 (b) V3V=2 (¢) V=3V=2

solution In (a) and (b) at least one radicand is positive, so we simplify in both by multiplying the

radicands.

@ V3v2 =16 (b) V31-2 =1-6

In (c) both radicands are negative, and we use a different rule.

() V=-3V-2 =6

51.C

Euler's The eighteenth-century Swiss mathematician Euler, pronounced “oiler,” in addition to other
notation major accomplishments, made four significant contributions to the notations used in mathematics.
He introduced the Greek letter £ (sigma) to stand for summation. He invented functional

notation, and he was the first to use the letter e to represent the base of natural logarithms.

In addition, he introduced the use of the letter i to represent V-1.

i=v-1

The first three concepts will be used in later courses. The concept of i will be used in this

course.

It happens that the solutions of many quadratic equations are numbers that are wholly or
in part the square roots of negative numbers. We can use the first part of the theorem on the
. - . =7 .
previous page to write one of these as a real number times V—1. For example, if we have

V=13

we can write this as

and use the product-of-square-roots theorem to write

V13 y

Instead of writing V=1, Euler used the letter /. Thus, he would have written the above as

VI3

We surmise that Euler began to use i instead of V=1 because i can be made with only one
stroke of the pen (if you leave off the dot) while V-1 requires three strokes of the pen.

example 51.2 Use Euler’s notation to write: (a) V-13 (b) V-4 (c)

solution (@) V=13 = V13(-1) = V13 i

(b) V-4 = V4(-1) = 2i

SER

|
()
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problem set 51

1. Times were so hard that three-seventeenths of the knights did not even have a gauntlet
to fling down. If 72 knights were in this category, how many knights were there in all?

2. Five hundred twenty-eight students had limited vocabularies and thus found that lucubration
was almost impossible. If these students comprised 22 percent of the total, how many
students were there in all?

3. The weight of the sodium (Na) in a quantity of Na,SO, was 115 grams. What was the
total weight of the Na,SO,? (Na, 23; S, 32; O, 16)

4. Horatio gleefully fingered his horde of quarters and dimes. If their total value was $6.50
and he had 35 coins, how many coins of each type did he have?

5. Buggs made the trip at 40 miles per hour during the first hiatus. Joan made the same trip
at 50 miles per hour during the second hiatus. How long was the trip if it took Buggs 2
hours longer than it took Joan?

Simplify:
6. 5+ 6i-3i-2 7. Sii — 8iii + 2i — 4 — =5
8. 5P+ 32+ 7ii +4 + 27 9. 32-2+3-3
Solve by completing the square:
10, x2 = —x + 1 1. -4 = =% - 3x
12. Find the equation of this line. 13. Find side m.
y m
p
\
\ 2
\ ~150°

\

\
14. Solve: Vx -3 +5 =2
15. Use unit multipliers to convert 20 inches per hour to miles per minute.
Simplify:
16. 3343 17. 933 18, \[x2y2milym?
19. 32 + 313 4 370 20. (-27)5

V13 V2
4,94 7,041,683
21. Estimate: (4,41,625)(7,041,683)
0.00007142 x 1073
g st indR,: = - £ - 1

22. Find p: p e 23. Find R,: P R = R,
24. If two inscribed angles in a circle

equal. Angles ZAPB and ZARB are
equal because they both intercept arc
AB. Find x, y, m, and z. B

A
intercept equal arcs, the angles are P %
50°
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25.  Find the equation of the line through (—4, —2) that is perpendicular to the line 3x + 2y = 5.
26. Find the distance between the points (-2, —5) and (-2, —8).

. x 2 4n?2 2px2y
27. Multiply: 2 [ L) 28. Divide 2x3 — 2v + 4 by x + 2.
p® (x2y y
Solve:
-x =2 oar 2
29, g =
4 3 3

30. 200 -x-2) - |_2| + 30(=x — 2% = —x

LESSON 52

example 52.1

solution

Chemical mixture problems

In chemical mixture problems two different constituents are mixed to get a desired result.
Often one of the constituents is water, and the other is alcohol, or iodine, or antifreeze, or
whatever else is mixed with the water. The key equation in one of these problems comes from
either constituent. Thus, if the constituents are water and iodine, the statement can be made
about water.

Water poured in + water dumped in = water total

Or the statement can be made about iodine.

iodine total

lIodine poured in + iodine dumped in

We will restrict our investigation of these problems to two basic types. The first type is
discussed in this lesson and the second type will be discussed in Lesson 61.

A druggist has one solution that is 10% iodine and another that is 50% iodine. How much of
each should the druggist use to get 100 milliliters (ml) of a mixture that is 20% iodine?

PN DN
50% | l 10%
N ® A~‘7/

As shown in the figure, we will pour in some of the 50% solution and dump in some of the
10% solution. We can work the problem by considering either iodine or water. First we will
work it by considering only the iodine. Our equation in words is

A picture is helpful.

{

°
o~

Todine poured in + iodine dumped in = iodine total
Next we write three sets of parentheses that we will use as ‘“‘mixture containers.”
()y+CH)=«¢ )

Many people find that using “mixture containers” is helpful, and the use of these
containers is recommended. Now we put the requisite mixture in each container. We use Py,
in the first one, D, in the second one, and 100 in the third one.

(Py) + (Dy) = (100)

Next we multiply each set of parentheses by the proper decimal number so that each
term represents only iodine.

.
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(@ 0.5(Py) + 0.1(Dy) = 0.2(100)
This equation has two unknowns, so we need one more equation. The equation is
(b) Py + Dy = 100

We solve equation (b) and find that Py, = 100 — D,. Then we substitute 100 — D, for P
in equation (a) and solve.

0.5(P,) + 0.1(Dy)
0.5(100 = D,) + 0.1D,,

0.2(100) equation (a)
0.2(100) substituted

50 - 0.5D, + 0.1D, = 20 multiplied
0.4D, = 30 simplified
Dy = 75ml divided by 0.4
And since Py, + Dy = 100,
Py = 25 ml

Thus, the druggist should use 25 ml of the 50% solution and 75 ml of the 10% solution. If we
wish to work the problem by considering only water, the word statement would be

Water poured in + water dumped in = water total
The entries in the mixture containers are exactly the same,
(Py) + (Dy) = (100)
but the decimal multipliers are different because this time each term represents water.
(c) 0.5(Py) + 0.9(D,) = 0.8(100)
The second equation is the same as before.
(b) Py + Dy = 100

Either substitution or elimination can be used to solve equations (c) and (b), and the same
answers will result.

Py ="25ml D, =75 ml
Thus, the druggist should use 25 ml of the 50% solution and 75 ml of the 10% solution.
A chemist has one solution that is 10% salt and 90% water and another solution that is only
2% salt. How many milliliters of each should the chemist use to make 1400 m! of a solution

that is 6% salt?

We can use the same diagram as in the preceding example. Only the percents are different.
Pn Dy

10% 2%

Nwm

This time we decide to work the problem by considering water. Thus, our equation in words is

Water poured in + water dumped in = water total

Next we write the set of parentheses that we call mixture containers. Their use in these
problems is always helpful.
)+ )= )

Mixture containers always contain mixtures. We willuse P, and D, to represent the unknown
mixtures.
(Py) + (Dy) = (1400)
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This time we use decimal multipliers so that the decimal times the mixture equals water,
0.9(Py) + 0.98(D,) = 0.94(1400)
and we get
(a) 09P, + 0.98D, = 1316
We have two unknowns, so we need another equation, which is

(b) Py + Dy = 1400

We solve (b) for Py, and substitute into (a) and solve.

0.9(1400 - D,) + 098D, = 1316 substitution
1260 — 09D, + 098D, = 1316 multiplied
0.08D, = 56 added —1260 to both sides
Dy = 700 ml

Thus, P, = 1400 — 700 = 700 ml. Thus, the chemist should use 700 ml of the 10% solution
and 700 ml of the 2% solution.

practice A chemist has one solution that is 25% salt and 75% water and another solution that is only
5% salt. How many milliliters of each should the chemist use to make 1600 ml of a solution
that is 15% salt?

problem set 1. A druggist has one solution that is 10% iodine and another that is 40% iodine. How
52 much of each should the druggist use to get 100 ml of a mixture that is 25% iodine?

2. A chemist has one solution that is 25% salt and 75% water and another solution that is
only 5% salt. How many milliliters of each should the chemist use to make 1400 ml of
a solution that is 10% salt?

3. Whatis the weight of the sodium (Na) in 1580 grams of Na,S,0,? (Na, 23; S, 32; O, 16)

4. Four times the number of yellows equaled 76 reduced by 6 times the number of reds. If
there were 4 more yellows than reds, how many of each were there?

5. Queen Hatshepsut rode a litter at 2 kilometers per hour for the first part of the journey
to the necropolis. She was going to be late, so she changed to a chariot traveling 8
kilometers per hour for the last part of the trip. If it was 28 kilometers to the necropolis
and the trip took 8 hours, how far did she ride in the litter and how far did she ride in the

chariot? -

Simplify:

6. 42 —3i +2 7. 35 —i+5 -9

8. V=16 — 2i2 — 2i 9. 2 + V-9 - 37
Solve by completing the square:

10. 2v + 5 = &2 1. x2 -5 =2

12. Find the equation of the line. 13. Find P.

Yy ] p IE_l?
A B b

165°
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53.B

English units
to metric units

example 53.3

solution

example 53.4

solution

53.C

weight
combination
by percent
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Use unit multipliers to convert 15,740,000 square centimeters to square kilometers.
We will use two multipliers to go from square centimeters (cm?) to square meters (m?) and
two more to go to square kilometers (km?).

1w
100 cat

|
100 car

15,740,000
1 x 1010
0.001574 km?

1 km
1000 pr

1 km

749 = —
15,740,000 cat® x 1000 ur

km?2

Again we note that all we had to do was to move the decimal point.

We need to know only one equivalence to change from English units of length to metric units
of length.

254cm = 1in.

This equivalence is exact because 1 inch is exactly 2.54 centimeters long. This definition
of the inch is official and has been official for almost 100 years. Thus, to go from English units
to metric units, we first go to inches in the English system. Then we convert to centimeters.

Use unit multipliers to convert 32 yards to meters.

Some tables give a direct conversion from yards to meters. We disdain these conversions
because the tables are not always available. We need only remember that 2.54 centimeters
equals 1 inch to make any English to metric conversion involving length, area, or
volume. Thus. in this problem we will use unit multipliers as required to go from yards to feet
to inches to centimeters to meters.

3f 1230 254car  _1m _ (32)3)(12)2.54)

I yd 1 5% 100 cat 100

32 yd X

Use unit multipliers to convert 0.042 square kilometers to square miles.

We need to use two unit multipliers in each step as we go from square kilometers to square
meters to square centimeters to square inches to square feet to square miles.

1000 _ 10009 _ 100 car . 100 cat 1 inc 1 inc
? 4
g g e Tkt~ 1w i  254car . 2.54catl
ST Lkl 1 mi
i 120w 52804 32804

_(0.042)(1000)(1000)(100)(100) 2
T (2.54)(2.54)(12)(12)(5280)(5280)

Thus far, we have investigated the relative weights of the elements in chemical compounds by
using ratios. For example, in a molecule of the compound

Na,S,0,
there are two atoms of sodium (Na), two atoms of sulfur (S), and three atoms of oxygen (O).

If we use the gram atomic weights of these elements, we can find the gram molecular weight
of the molecule. (Na, 23: S, 32: O. 16)

Two atoms of sodium: 2 x 23 = 46 grams
Two atoms of sulfur: 2 X 32 = 64 grams
Three atoms of oxygen: 3 x 16 = 48 grams
Gram atomic weight of a molecule = 158 grams
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The decimal part of the total made up by each element can be found by dividing the atomic
weight of the element by the molecular weight of the molecule.

46 _ 529 Sl = 109 L G4 Gygen = 22 _ 0.3

Sodisw =~ 358~ 158 158

The percent of each element by weight is found by moving each of these decimal points two
places to the right. If we do this, we get

Sodium = 29% Sulfur = 41% Oxygen = 30%
The sum of these percents is 100 percent. Sometimes, because we have rounded, the sum will
not be exactly 100 percent.
What percent by weight of Na,S,0; is sodium (Na)?

From the above, the compound is 29% sodium.

a. What percent by weight of CCl, (carbon tetrachloride) is carbon (C)? (C, 12; Cl, 35)

b. Use unit multipliers to convert 0.073 square kilometers to square miles.

1. What percent by weight of Na,S,0; is sodium (Na)? (Na, 23; S, 32; O, 16)

2. A chemist has one solution that is 20% alcohol and another that is 60% alcohol. How
much of each should the chemist use to get 100 ml of a solution that is 52% alcohol?

3. The hospital pharmacist wanted 250 ml of a solution that was 72% iodine. How many
milliliters of a 40% solution should be mixed with how many milliliters of an 80%
solution to get the desired result?

4. The results totaled 80, and the number of good results totaled 8 more than 5 times the
number of bad results. How many results were good and how many were bad?

The automobile was traveling at 50 mph and had already gone 200 miles when the
airplane set out in pursuit. If the airplane overtook the automobile in 4 hours, what was
the speed of the airplane?

w

Use unit multipliers to convert:

6. 9350 centimeters to kilometers 7. 32 meters to yards
8. 16.480.000 square miles to square centimeters

9. 0.063 square kilometers to square miles

Simplify:
10. —V—4 + 2 + 2/ 1. 22+ 5i +4 + -9
12, -4 + 2V-16 13 28 - # + 32
Solve by completing the square:
14. 2 -5 = 5x 15. -2 =-6v- 6
16. Find side m.
D
" e
: [

10
A

/120
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Solve:

17. Yvx-11 -1 =6 18. +Vx2 +2x+5 -3 =x

Simplify:

19. 232 20. 8133
21 3/x2y3xy? 22, —4-51
o gl
2 9 el . (2,135,820)(4.913,562)
23. 3.2 _2/2 _ 1[50 24. Estimate: :
V9 ~ V2 TN gl 801,394,026
25, Find pr £ -1 4 K _ 9 2. Find x L +c=4d
) P G x
27. Find B. 28. Find x, y. P, O, and R.
B
12
A
c
5 5

29. Divide ¥ — 2x + 2 by x + L.

30. Find the solution to this system by graphing. Then find the exact solution by using either
substitution or elimination.
2x — 3y
Sx + 3y

=9
3

LESSON 54
54.A

polar
coordinates

Polar coordinates « Similar triangles

We can use two different methods to describe the location of a point on the coordinate plane
with respect to the origin. One method is to use one number to give the location of the point
to the right or the left of the origin and another number to give the location of the point above
or below the origin. When we do this, we say we are using rectangular coordinates. To associate
the numbers with the proper directions, we can use parentheses and ordered pairs (x. y). or we
can omit the parentheses and use letters (often 7, j. and k) to designate directions. In this book
i always represents \—1. so we decide to use the letters R and U to indicate directions. We will
use +R for right, —R for left, +U for up, and —U for down. We will demonstrate this notation
by using rectangular coordinates to locate the four points on the following graph. For point (a)
we write 4R + 3U. for point (b) we write —3R + 5U. for point (¢) we write =3R — 3U.and
for point (d) we write SR — 2U.
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y
5
o [,
. (@
o
1
X
©-5-4-3-2-10 12343556
> (@)
C
e 11,
S
_6

The other way to describe the location of a point is to use a distance at a given angle.
The angle is measured counterclockwise from the line that normally designates the +x
axis. We say that we are using polar coordinates when we designate the location of a point
by using an angle and a distance.

It is interesting to note that seafarers and air navigators have always measured their
angles clockwise from due north, while mathematicians, for some reason, measure their
angles counterclockwise from due east!

We will use notations such as

4/57° and 7/230°

to designate the magnitudes and angles. The first number gives the magnitude and the second
number gives the angle. Thus the above would be read from left to right as 4 at 57° and 7 at
230°. In many books the authors use ordered pairs to designate the magnitudes and the angles.
In these books the magnitudes and angles shown above wotld be written as the ordered pairs

(4,57°) (7,230°)
y y
6 6
5 5
4 4
3 2 3
2 2
LA [23¢°
571 | ) [ \ 1
—6—5—4—3—?—1_(1) 12 3 456 —6—5—4‘—3—2—11 123 456
@ -3
/ 4
/.
—4 -4
-5 ,/ -5
-6 -6

In mathematics and science, a vector is defined as a quantity that has both a magnitude
and a direction. Since each of the line segments shown in the figures has a magnitude and a
direction with respect to the origin, we can call these line segments vectors. In the figure on
the left, we designate the point by using the vector 4/57°, and in the figure on the right, we
designate the point by using the vector 7/230°.
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We can use sines, cosines, and tangents to help us convert from rectangular coordinates
to polar coordinates or from polar coordinates to rectangular coordinates. For the present we
will concentrate on learning how to convert from polar coordinates to rectangular coordinates.

Change 4/57° to rectangular coordinates.

We draw the vector that designates the point '
and then complete the triangle by drawing
a vertical line from the point to the x axis. T4
M
57° ]
L
We can find M and P by using the sine and cosine.
(a) sin 57° = % (b)) cos ST = §

We solve these equation for M and P and get
(@) 4sin57° =M (b) 4cos57° =P
We use a calculator to get the sine and cosine and then multiply.
4(0.84) = M 4(0.54) = P
336 = M 296GR=NE

Thus the point is 2.16 to the right of the origin and 3.36 above the origin, so its location can
be described in rectangular coordinates by writing

2.16R + 3.36U

Change 7/230° to rectangular coordinates.
230°

We draw the vector and then complete the

triangle by drawing a vertical line from

the end of the vector to the x axis. Since 230° C

is 50° more than 180°, the angle in our

triangle is 50°. S0
b 7
We can find D and C by using the sine and cosine.
(a) sin 50° = g (b) cos 50° = %

We solve these equations for D and C and get
7 sin 50° = D 7 cos 50° = C
We get the sine and cosine from a calculator and then multiply.
70.77) = D 7(0.64) = C
539 =D 448 = C

Thus, our point is 4.48 to the left of the origin and 5.39 below the origin. We indicate this in
rectangular coordinates by writing

-4.48R - 5.39U
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Change 28/310° to rectangular coordinates.

The two triangles in this figure are
similar. Use R, S, 7, and V to write a
proportion. Then solve for R in terms
of §, T, and V.

Sarah wants to mix 400 liters of a solution that is 57.5% iodine. She has two solutions
available. One is 20% iodine and the other is 70% iodine. How many liters of each
should Sarah use?

Selby was in the next stall and she needed 150 ml of a solution that was 30% glycerine.
The two solutions available were 10% glycerine and 40% glycerine. How many milliliters
of each should Selby use?

What percent by weight of potassium chlorate is potassium (K)? The chemical formula
for potassium chlorate is KCIO;. (K, 39; Cl, 35; O, 16)

The ratio of ducks to geese was 5 to 4. Four times the number of ducks was 40 greater
than 3 times the number of geese. How many of each kind of fowl were present?

The sports car was twice as fast as the truck and took 3 hours less to make the trip. If the
truck traveled 50 miles per hour, how long was the trip?

Change 5/56° to rectangular coordinates.
Change 8/212° to rectangular coordinates. '

~
Find T in terms of R, S, and V. v

Remember that inscribed angles that
intersect the same arc are equal angles.

Use unit multipliers to convert:

9. 100 square kilometers to square centimeters
10. 100 square feet to square centimeters
11. 60 miles per hour to kilometers per second
Simplify:
12 <=4 - 2% + 4 7 13. 383 +2i — 4% + -9
14, -3+ 2% -2+ i 15. 2 + 2i — 2V-25
Solve by completing the square:
16. x2 =7 + 3x 17. -7x = —x* + 3
18. Find the equation of the line shown. y
Solve:
4x - 2 = 3
5 = =1
19 3 3
20. \—\_-—\—5+1=\ X
‘V
21, Vx-2-1 =1
"
22. Findk: = - cm = E
k c
23. Findm: £ - x+ £ = ¥
p m

I
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Simplify:
24. a2 25. 3933 26. §xy Yxy? 27. -81A
xip - Lz
3. 2/2 —s5/1 4o P i I
7 3 x2 y
- X
p2

30. Multiply:

4x2yp(p~'m?y 2x2y%p
m2y=1 | 16x2y m=2

LESSON 55 Advanced abstract equations « Word problems and
quadratic equations

55.A

advanced We remember that equations that contain many variables and that have no numerical answer
abstract are often called abstract equations. We remember that when an equation has rational terms
equations (fractions), the solution is facilitated if we begin by eliminating the denominators. Thus, to
solve the equation
a 2

+—=c
X m

for x, we begin by multiplying every numerator by xm and then canceling the denominators.

a y o gie
—-xm+-— - xm =C - xm multiplied by xm
X m
am + yx = cxm canceled denominators
am = cxm — yx added —yx
am = x(cm - y) factored out x
am e
—_— =X divided
cm — y

The same procedure is used for more complicated equations. Parentheses sometimes help us
to avoid mistakes.

example 55.1  Solve for m: a_;kh_ X

+ — =
m
solution We can prevent some mistakes when we cancel if we enclose sums in the numerators in
parentheses. Then, after we cancel, it is important to eliminate the parentheses by multiplying.
In this problem, we begin by enclosing @ + b in parentheses. Then we multiply each term
by mx, cancel, and eliminate the parentheses by multiplying.

(a + b) ¥ e
my + —mx = kmx multiplied by mx
m
(a + bym + yx = kmx canceled
am + bm + yx = kmx multiplied
yx = kmx — am — bm added —am — bm
= mkx — a — b) factored out m
Y divided
—— = m ividec
ko —sar b
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29. Find the volume of the prism shown.
Dimensions are in feet.

(o]
e

u
8
0. Simlify: apx? — 10pa + 3xpa %2 — 2] + 4x
; —— x? + 5x —14 —20ap + xpa + ax?p

LESSON 56
56.A

angles in
circles

Angles in circles » Proofs

We remember that the measure of an arc of a circle is the same as the measure of the central
angle formed by the radii connecting the endpoints of the arc to the center of the circle. The
endpoints of one arc are also the endpoints of another arc.

B
A B
70° 290°
Cc
Cc
Minor arc is BC Major arc is BXC

If the two arcs are not equal. we call the longer arc the major arc and the smaller arc the
minor arc. When we name the minor arc, we name the endpoints and use an arc sign. When
we name the major arc, we name the endpoints and one other point on the major arc between
the endpoints. We remember that if two circles have the same radii, we say that the circles are
equal (congruent) circles.

If a line intersects a cifcle in two places, the line is called a secant. The part of the secant
that is inside the circle is called a chord. If a line intersects (touches) a circle at only one point,
the line is called a tangent, and the point where the line and the circle touch is called the point
of tangency. A tangent is always perpendicular to the radius of the circle at the point of
tangency.

T O C

Secant Chord Tangent

If two lines that are not parallel intersect a circle, the angles formed at the intersection
of the lines are related to the arcs the lines intercept on the circle. The relationship is
determined by the location of the vertex of the angles formed by the intersecting lines.

We remember that if the vertex is on the circle, the angle is called an inscribed angle.
We also remember that the measure of an inscribed angle equals half the measure of the
intercepted arc.
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In the center on the preceding page, we see that angle 3 equals %/D@ and, on the right, we see
that angle 2 equals %ZE Angle 1 equals the sum of these angles, so

£l

1l

43 + £2 exterior angle

Z1 = %I/DF g %A/E substituted '

L = %(l/)ﬁ + XC\‘) factored—é-

This proves that the vertical angles formed when chords intersect equal half the sum of the
intercepted arcs.

To prove that the angle formed by two secants that intersect outside a circle equals one-
half the difference of the intercepted arcs, we begin with the figure on the left. Then we draw ‘
chord AD in the figure on the right.

A

We note that angle 3 is an exterior angle and, therefore, equals the sum of angles 1 and 2. |
Thus, we can write ‘
4l + L2 =23

If we solve this equation for Z1, we get

Ll = 43 - 22

The measure of angle 3 is —;_—ZE and the measure of £2 is %ﬁ We substitute and get

£1 = AC - DB
= %(?x? - DB) QED

The same reasoning process can be used if one or both of the intersecting lines is a tangent
rather than a secant.

practice Find the measures of the angles labeled x.

80°
a. 80° b. /
60°
XQ

d 280°

x° h 80°
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Solve by completing the square:

N, o= Tl 22, -8 - 8 =4 '
Solve: 1
[En - /
23. V\x+1+1=1 24, Jx?2 -2 +21 -1 =x
ax P
E 3 3 ma y?2 x
25. Divide 4x* — 1 by x — 3. 26. Simplify;: ———
Jyp 1
xy o y?

27. Find the equation of the line through (-5.—5) that is perpendicular to the line that passes
through (5, -2) and (-3, -3).

Solve:
Sl e a-5_3-a
28. s - = 3 - =
4 8 6 29 2 4 1
30, Add: X __3x+2 4
" oaly  alyx-~1) x% -1

LESSON 57 Ideal gas laws

Ideal gas law problems are simple algebra problems that require the use of ratio equations for
their solution. The equation that can solve any of these problems is called the general ideal
gas law equation. In this equation,

FaWVi 12

T, T,

(38

P stands for pressure, V stands for volume, and T stands for temperature. If we omit one of
these variables, the resulting equation is called Charles’ law, Boyle’s law, or Gay-Lussac’s
law. These names are not important, and we won’t worry about which is which. The equations
for these laws are

/2% 17 1% v,

R -2 _I = 7 = 7
(a) T, T (b) i T (@) /2% PV,

[

In (a) we have omiited the symbol V. In (b) we have omitted the symbol P, and in (c) we have
omitted the symbol 7. The units that we will use in these problems are:

For pressure: newtons per square meter. atmospheres, or millimeters of mercury
For volume: liters. milliliters. or cubic centimeters
For temperature: kelvins®

A pascal (abbreviated Pa) is the SI (metric) unit for pressure and is defined to be 1 newton per
square meter. We will not dwell on the meanings of these units, for this is a topic for chemistry
and physics.

However, we must always be careful to use the same units throughout a particular
problem. The problems will be worded so that the units need not be considered. We will
just use the numbers.

A kelvin (abbreviated K) is a unit of temperature. To designate 400 of these units, we can write either
400 kelvins or 400 K. The word degree is not used with kelvin as it is with degrees Fahrenheit (°F) or
degrees Celsius (°C). Absolute zero is 0 kelvin. which is approximately equal to —273°C.

M
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Four liters of an ideal gas at a temperature of 800 kelvins had a pressure of 100 newtons per
square meter. If the volume were increased to 10 liters and the temperature reduced to 600
kelvins, what would the pressure be?

We begin by writing the general gas law equation.
PV, PV,

T, T,
The symbols P, V|, and T, represent the original pressure, volume, and temperature; and the
symbols P,, V,, and T, represent the final pressure, volume, and temperature. If we replace
these letters with the proper numbers, we get

(100)4) _ P,(10)

800 600

We can solve this equation easily by multiplying both sides by %.
600 (100)4) _ P, (10) 600

10 800 600 10

Since P, was given in newtons per square meter, then P, will be in newtons per
square meter because the same units must be used for the same variable everywhere in
a problem. Thus, our final pressure is

30 = P,

P, = 30 newtons per square meter
The initial pressure of a quantity of an ideal gas was 400 newtons per square meter and the
initial temperature was 1200 kelvins. The volume was held constant. What was the pressure

if the temperature was decreased to 900 kelvins?

First we write the gas law as

If the volume is held constant, V, equals V,. We can mentally divide both sides of the equation
by V and eliminate volume. Now we have

Next we insert the given values for the variables.

400 _ Py
1200 900
We can solve for P, by multiplying both sides of the equation by 900.
400 _ P

900 -

1200~ 900 - 900 — 300 = P,

Since P, was given in newtons per square meter, then P, will be in newtons per square
meter because the same units are always used for a variable everywhere in a problem.
Thus, our answer 1s

P, = 300 newtons per square meter
The temperature of a quantity of ideal gas was held constant in an experiment. The original
pressure was 7 atmospheres and the original volume was 42 liters. If the volume was reduced

to 10 liters, what was the final pressure?

We write the gas law as
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Since the temperature is constant, we can omit the symbol T from both sides of the equation
and write

PV, = PV,
Now we replace the symbols with the given numbers.
(1(42) = (P(10)
We solve by dividing by 10.

7)(42 P,(10)
( >1(0 ) = ‘10 — P, = 29.4 atmospheres

The final pressure is in atmospheres because atmospheres was the unit of pressure for P,.

practice a. Eight liters of an ideal gas at a temperature of 1000 kelvins had a pressure of 200 &
newtons per square meter. If the volume were increased to 10 liters and the temperature =
reduced to 800 kelvins, what would the pressure be?

b. The temperature of a quantity of ideal gas was held constant at 1400 kelvins in an
experiment. The original pressure was 11 atmospheres and the original volume was 44
liters. If the volume were reduced to 4.4 liters, what would the final pressure be?

problem set 1. Four liters of an ideal gas at a temperature of 800 kelvins had a pressure of 100 newtons
57 per square meter. If the volume were increased to 12 liters and the temperature reduced
to 600 kelvins, what would the pressure be?

2. The temperature of a quantity of ideal gas was held constant in an experiment. The
original pressure was 7 atmospheres and the original volume was 42 liters. If the
volume was increased to 49 liters, what was the final pressure?

3. The initial pressure of a quantity of an ideal gas was 400 newtons per square meter and
the temperature was 1200 kelvins. The volume was held constant. What was the
pressure if the temperature was decreased to 300 kelvins?

4. To get 1000 gallons of mixture that was 35.2% alcohol, it was necessary to mix some
20% alcohol solution with some 40% alcohol solution. How much of each solution was
required?

5. Find four consecutive odd integers such that the product of the third and fourth is 49
greater than the product of the first and the number 10.

6. Find the measures of the angles labeled x.

) %
(a) 80° (b) »
XD
15° 210° 48°
Y
Z
7. Find y: a4 _L-nm 8. Find a: d_¢= L2
: X —y p P d
Convert to rectangular form:
9. 4/40° 10. 40/330°
Use unit multipliers to convert:
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