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Preface

Algebra is not difficult. Algebra is just different. Time is required in order for things
that are different to become things that are familiar. In this book we provide the
necessary time by reviewing all the concepts in every problem set. Also, the parts of
a particular concept are introduced in small units so that they may be practiced for a
period of time before the next part of the same concept is introduced. Understand-
ing the first part makes it easier to understand the second part. If you find that a
particular problem is troublesome, get help at once because the problem won’t go
away. It will appear again and again in future problem sets.

The problem sets contain all the review that is necessary. Your task is to work
all the problems in every problem set. The answers to odd-numbered problems are in
the back of the book. You will have to check the answers to even-numbered
problems with a classmate. Don’t be discouraged if you continue to make mistakes.
Everyone makes mistakes often for a long period of time. A large part of learning
algebra is devising defense mechanisms to protect you from yourself. If you work at
it, you can find ways to prevent these mistakes. Your teacher is an expert, because he
or she has made the same mistakes many times and has finally found ways to
prevent them. You must do the same. Each person must devise his or her own
defense mechanisms.

The repetition in the problem sets in this book is necessary to permit all
students to master all the concepts. Then, application of the concepts must be
practiced for a long time to ensure retention. This practice has an element of
drudgery to it, but it has been demonstrated that people who are not willing to
practice fundamentals often find success elusive. Ask any athlete, musician, or artist
about the necessity of practicing fundamental skills.

This book continues the study of the area, volume, and perimeter of geometric
figures begun in Algebra _é The long-term practice of these problems will allow you
to emblazon these fundamental concepts in your memory so that you will be able to
use these concepts without effort for the rest of your life.

The book concentrates on teaching you the fundamental aspects of problem
solving. Problem solving is simply the application of mathematical concepts in new
situations. Problem solving is easier in many cases if a picture of the problem can be
drawn. Thus we use diagrams when we work uniform motion problems, ratio
problems, and percent problems. The percent diagrams are a little difficult at first,
but after a while they are easy to draw.

This book will prove to you that mathematics is reasonable and that
mathematics is not hard. If you do every problem in every problem set, you will be
amazed at how easy it all becomes. We repeat ourselves by saying that algebra is not
difficult. Algebra is just different. Things that are different become familiar things
only after they have been practiced for a long time.


















REVIEW Addition and subtraction of fractions - Lines
LESSON A qnd segments

A.A

addition and To add or subtract fractions that have the same denominators, we add or subtract

subtraction of the numerators as indicated below, and the result is recorded over the same
fractions denominator.

S

11

ca
1

=7 S A
MEVERE T B T L=

—

If the denominators are not the same, it is necessary to rewrite the fractions so that
they have the same denominators.

REWRITTEN WITH

PROBLEM EQUAL DENOMINATORS ANSWER
w2 5 6 11
@ 3+3 5715 15
2 1 16 3 13
) = i 24”22 2
A mixed number is the sum of a whole number and a fraction. Thus the notation
3
135
does not mean 13 multiplied by 2 but instead 13 plus 2.
3
13 + 3

When we add and subtract mixed numbers, we handle the fractions and the whole
numbers separately. In some subtraction problems it is necessary to borrow, as
shown in (e).

REWRITTEN WITH

PROBLEM EQUAL DENOMINATORS ANSWER
(© 133+23 [y 152
@ 133-23 132 - 2.2 i
BORROWING
(e) 13%—2% 13%—2%: 12%_2% 10%



A.B
lines and
segments

example A.1

solution

problem set A

4 Review Lesson A

It is impossible to draw a mathematical line because a mathematical line is a
straight line that has no width and has no ends. To show the location of a
mathematical line, we draw a pencil line and put arrowheads on both ends to
emphasize that the mathematical line goes on and on in both directions.

A X c
We can name a line by naming any two points on the line and usmg an overbar w1th
two arrowheads We can designate the line shown by writing CX XC, 4x, XA

ac , Or CA.

A part of a line is called a line segment. A line segment contains the endpoints
and all points between the endpoints. To show the location of a line segment, we use
a pencil line with no arrowheads. We name a segment by naming the endpoints of
the segment. ~ .

M c
This is segment MC or segment CM. We can indicate that two letters name a
segment by using an overbar with no arrowheads. Thus MC means segment MC. If
we use two letters without the overbar, we designate the length of the segment. Thus

MC is the length of MC.

Segment AC measures 10} units. Segment AB measures 42 units. Find BC.

A B c

We need to know the length of segment BC. We know AC and 4B. We subtract to
find BC.

BC = AC - 4B
= 10§ - 43
= 105% = 4;—% common denominators
9—;—2 = 4;—% borrowed
= 5—2§ units subtracted

Add or subtract as indicated. Write answers as proper fractions reduced to lowest
terms or as mixed numbers.

Vi s e RN
Different denominators:

dPE e ¢ 3}
L1 E s 172 0. 542

10. :—4—3—64 115 1_53+2_16 12. ;—%

1138 %+%+% 3 14 %+%+% 1S, %—%4—%



5 B.A perimeter

Addition of mixed numbers:

16. 2%+ 3%‘ 5 1. 7%+4% 18. 1%+7%

Subtraction with borrowing:

\@ 153 -7 1% 20. 423 - 213 2. 2% - 13k

2 4 - 173 @ 78% - 14 D75 24 w3 - 62

25, 21%-151—73 2. 21%9—7% @431—37—21% plani

28. The measure of AB is 74 units. The measure of BC is 52 units. Find AC.

y . P

A B C
29. XL is 424 units. LC is 243 units. Find CX.

X (o} L
30. KXis 741_l1 units. YZ is 22% units. KZ is 44% units. Find YX.

Y V4 K

> ¢

REVIEW Geometry review * Perimeter + Area
LESSON B

B.A

perimeter If two lines cross, we say that the lines intersect. The place where the lines cross is
called the point of intersection. Two lines in the same plane either intersect or do not
intersect. If two lines in the same plane do not intersect, we say that the lines are
parallel lines. The perpendicular distance between two parallel lines is everywhere
the same.

Intersecting lines Parallel lines

If two lines make square corners at the point of intersection, we say that the
lines are perpendicular. The angles made by perpendicular lines are called right
angles. We can draw a little square at the point of intersection to indicate that all
four angles formed are right angles. Two right angles form a straight angle. An angle
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smaller than a right angle is called an acute angle. An angle greater than a right angle
but less than a straight angle is called an obtuse angle.

—+ L

4 right angles Straight angle 2 acute angles and 2 obtuse angles

obtuse

obtuse

Polygons are simple, closed, planar (flat) geometric figures whose sides are line
segments.

S UDOR

(@) (b) () (d)

Figures (a) and (d) are not polygons because the segments cross and the figures are
not simple closed figures. Figure (b) is not a polygon because it is not closed. Figure
(c) is not a polygon because one of the “sides” is curved.

If a polygon has an indentation (a cave), the polygon is a concave polygon. If
there is no indentation, the polygon is a convex polygon.

Convex Concave Equilateral Equiangular
polygon polygon polygon polygon

A *‘corner” of a polygon is called a vertex. The plural of vertex is vertices. We
note that if a polygon has four sides it also has four vertices. If a polygon has five
sides, it has five vertices. The number of vertices always equals the number of sides.
If all the sides of a polygon have the same length, the polygon is an equilateral
polygon. If all the angles have the same measure, the polygon is an equiangular
polygon.

Polygons are named according to the number of sides.

3 sides 4 sides 5 sides 6 sides 7 sides 8 sides

AN ORS

Triangle Quadrilateral  Pentagon Hexagon Heptagon Octagon




example B.1

7 B.A perimeter

A polygon of 9 sides is a nonagon. A polygon of 10 sides is a decagon. A polygon
of 11 sides is an undecagon. A polygon of 12 sides is a dodecagon. Some polygons
of more than 12 sides have special names but these names are not often used.
Instead we use a number and the suffix -gon. Thus a polygon of 42 sides can be called
a 42-gon.

A trapezoid is a quadrilateral that has exactly two parallel sides. A parallelo-
gram is a quadrilateral with two pair of parallel sides. A rectangle is a parallelogram
with four right angles. A rhombus is an equilateral parallelogram. A square is a
rhombus with four right angles.

— /——“7 /—7 o+, 1
H - — e
Trapezoid Parallelogram Rhombus Rectangle Square

In these figures we use equal tick marks to denote sides whose lengths are equal.
Polygons in which all sides have the same length and all angles have the same
measure are called regular polygons.

O

Regular Regular Regular
quadrilateral pentagon octagon

The Greek prefix peri- means around. The Greek word metron means measure.
Thus the word perimeter means the measure around.

Find the perimeter of this figure. Dimensions are in feet. All angles are right angles.

4 3

15

solution  All the angles are right angles, so we begin by finding the missing lengths.

4 3

15









B.B
area

example B.2

solution

8 Review Lesson B

Since it is 15 feet across the bottom, it must be 15 feet across the top. The missing
length is 8 feet because 4 + 3 + 8 = 15. The height of the left-hand side is 9 feet, so
the height of the right-hand side is 9 feet. Thus\

Perimeter = (9 + 4+ 5+ 8 + 5+ 3 + 9 + 15) feet
= 58 feet

The area of a figure tells us the number of square floor tiles it will take to cover the
figure completely. Here are three rectangles.

3ft

5cm

2ft 2cm

6 squares ins 10 squares

3in.

12 squares

In each rectangle, we note that the number of squares equals the length times the
width. This is true for any rectangle.

Area of a rectangle = length X width

Find the area of this figure. Dimensions are in centimeters. All angles are right
angles.

To find the area, we divide the figure into rectangles. Then we find the area of each of
the rectangles, and add. We show two different ways to work this problem.






10 Review Lesson B

6 ft

4 ft A

[] []

B

4 ft

Area A = 4 ft X 6 ft = 24 ft?

AreaB=M= 8 ft?

z 2

example B.4 Find the area of the shaded portion of this figure. All angles are right angles.
Dimensions are in meters.

10
solution The area of the figure in the preceding example was found by adding smaller areas.
We can find the shaded area in this problem by subtracting the area of the small
rectangle from the area of the large rectangle.

Large area = 8 m X 10 m = 80 m?
— Smallarea=2m X 6m = —12 m?
68 m?’ subtracted W

B.D

circles Every point on a circle is the same distance from the center of the circle. This
distance is called the radius of the circle. The diameter of a circle is twice the length
of the radius of the circle.

Radius Diameter
It takes more than 3 diameters to go around a circle. It takes fewer than 4 diameters
to go around a circle. It takes approximately 3.14 diameters to go around a circle.

DIA N
Q S

= 0.14 diameter

&
w
s
A
-~

@



example B.5

11 B.D circles

The number of diameters it takes to go around a circle is the same for every circle.
We call this number pi (pie) and use the symbol 7 to represent this number. To write
the number exactly would take an infinite number of digits. If you depress the = key
on your calculator, you will get

3.141592654

We call the perimeter of a circle the circumference of the circle. If we know the
diameter, we can find the circumference. If the diameter is 12 inches, the distance
around the circle is 12 times #, which is approximately (12 x 3.14) inches. Since the
radius is one-half the diameter, it takes 2 radii to go around the circle.

Circumference = #D = #(2r) = 27r

G O E

In the figure on the right we show a circle inside a big square. Each side of each
little square has the length r. So the area of each little square is r times r, or 2. There
are four little squares, and their total area is 4r%.

Area of the big square = 4r?

In the figure, we see that the area of the circle is less than the area of the big square,
which equals the area of the four little squares. The area of the circle is greater than
the area of three little squares. The area of the circle is exactly # little squares. Isn’t
that a coincidence? It takes # diameters to go all the way around, and the area of the
circle equals = times the area of one of the little squares!

Area of a circle = 7r?

Find the area of this figure. The dimensions are in meters. Lines that look parallel
are parallel.

7

solution We divide the figure into a triangle, a rectangle, and a semicircle (half of a circle).

5
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Total area = area of triangle + area of rectangle + area of semicircle

2
2>2(4+(5x4)+ﬁ2gL

=4+ 20 + 6.28 = 30.28 m?

These problems are arithmetic problems. A calculator can be used to help with
the arithmetic. Use the # key on the calculator, or use 3.14 as an approximation for
7 as we did here.

example B.6 (a) Find the area of the trapezoid.
(b) Find the area of the parallelogram. Dimensions are in meters.

(a) 9 (b) 8
V.

solution There is a formula for the area of a trapezoid. There is a formula for the area of a
parallelogram. These formulas are hard to remember because they are used so
seldom. The easiest way to find the areas is to divide the figures into two triangles.

(a) The altitude of both triangles is 4. The base of one triangle is 9, and the base of
the other triangle is 15.

i 9
A1 ’,””
VLT \
15 ‘
A, =ipr = Layoy =18 m?
1_2 —2( )() - m
4, = Lpi = %(4)(15) =30 m?

2

Total area = 48 m?

(b) The diagonal of a parallelogram divides the figure into two triangles whose
areas are equal. Both bases are 8 and both altitudes are 4.

1 1 .

Ay = 3BH = 5(8)(4) = 16 m’
1 1 N

A, = 3BH = 5(8)(4) = 16 m’
Total area = 32 m?



practice

problem set B

13

0

b. Find the area of the same figure.

.. Find the perimeter of this figure.
Dimensions are in centimeters.
Lines that look parallel are parallel.

problem set B

c. The area of a rectangle is 42 square meters. The length of one side is 6 meters.
What is the length of the other side?

d. The circumference of a circle is 14 inches. What is the approximate radius of
the circle? Use a calculator as necessary.

e. The area of a rectangle is 42 square feet. The length of one side is 6 feet. What is
the perimeter of the rectangle? Jo

f. Find the area of this trapezoid. Dimensions are in meters.

7

T

41 15 5

¥

13

g. Find the area of this parallelogram. Dimensions are in feet.

Add

\

il

10.

13.

14.
15.

16.

20 "
A 74
20 i
or subtraﬁc; as indicated:
""%+% %‘“ 2. —;—+1713— 3. %+%
T 5. 81 +31 125 6. 93+58
235~ 148 8. 423 - 142 9. 2% - 143 7«
426 - 16% 11. 8% - 3% 12. 42% - 5% b

1

5 inches. Find CB.

BD is 10% inches, and CD is 3

‘l,";_

B Cc D

The diameter of a circle is 4 centimeters. What is the area of the circle?
The area of a square is 36 square inches. What is the length of one side of the
square?

The circumference of a circle is 42 meters. What is the approximate radius of
the circle?



Review Lesson C

)

Find the perimeter of each figure. Dimensions are in centimeters. All angles are
right angles.

14

17. 4 18. 16
4
8
ot bl
“ H2 TR
Find the area of each figure. Dimensions are in meters. i
19. 6 20. T
5
3 i
D 5
10
21. Find the area of the shaded portion 24
of this parallelogram. Dimensions T =
are in centimeters. 8 /@ :
iy |
24
Subtract:
2 8 1 17 9 4
2522 4-5 = 15 23. 162 = 57 24. 145 = 12§
o o) 5_,8 2,14
25. 1215— 6? 26. 267 45 247)e 937 12 3
7 14 2 ol o8
28. 143 = 7? 29. ISH = 37 30. 935 63
REVIEW Geometric shapes - Volume - Degree measure
LESSON C
C.A |
geometric In mathematics we call a flat surface a plane. Planar geometric figures are figures |
shapes that can be drawn on a flat surface. Polygons are closed planar geometric figures

whose sides are line segments. The polygon with the fewest number of sides is the
triangle. If a triangle has one right angle, the triangle is called a right triangle. If one
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angle in the triangle is an obtuse angle, the triangle is called an obtuse triangle. If all
the angles in a triangle are acute angles, the triangle is called an acute triangle.

Right triangle Obtuse triangle Acute triangle

An equilateral triangle has three sides whose lengths are equal. An isosceles
triangle has two sides whose lengths are equal. A scalene triangle has no sides whose
lengths are equal. We use tick marks to designate equal lengths and to designate
angles whose measures are equal.

Equilateral Isosceles Scalene

All three sides in an equilateral triangle have the same length. The three angles also
have equal measures. Two sides in an isosceles triangle have equal lengths. The
angles opposite these sides are also equal (have equal measures). In any triangle the
angles opposite equal sides are equal angles (have equal measures). Also, the sides
opposite equal angles have equal lengths. The scalene triangle has no equal sides, so
no two angles have equal measures.

C.B

volume We remember that the area of a surface tells us the number of square floor tiles it
will take to cover the surface. An area of 46 square feet (ft*) can be covered with
46 square floor tiles whose sides are 1 foot long. An area of 46 square miles (mi?)
can be covered with 46 square floor tiles whose sides are 1 mile long. An area of
46 square meters (m°) can be covered with 46 square floor tiles whose sides are
1 meter long.

We use the word volume to tell us the number of cubes it takes to completely
occupy a particular three-dimensional space. Geometric figures that have three
dimensions are called geometric solids. A cube is a six-sided geometric solid whose
faces are all squares of the same dimensions.

=
-

If each edge is 1 meter long, the cube has a volume of 1 cubic meter (1 m?). If each
edge is 1 mile long, the cube has a volume of 1 cubic mile (1 mi?). If each edge is |
foot long. the cube has a volume of 1 cubic foot (1 ft?).



example C.1

solution

16 Review Lesson C

When we discuss volume, it is helpful to think of sugar cubes. We can visualize
volume by mentally stacking sugar cubes. On the left we have a rectangle that
measures 2 feet by 3 feet. It has an area of 6 square feet.

2 3
L o i AL
g Y 3

Area = 6 ff Volume = 6 ft° Volume = 18 ft®

3

In the center figure we have placed a 1-cubic-foot sugar cube on each square.
There are 6 cubes, so we say the volume is 6 ft*. In the right-hand figure we have
stacked the cubes 3 deep. There are 18 cubes, so we say that the volume is 18 fi°.
From this we can induce that the volume equals the number of cubes on the bottom
layer times the number of layers. We can extend this idea to any geometric solid
whose sides are perpendicular to the base. Because the sides of a solid are
perpendicular to the base, we call the solid a right solid. The ““top” and the
“bottom” of a right solid are called the bases of the solid and are identical geometric
figures. If the bases of a right solid are polygons, the solid is called a prism. The
volume of a right solid equals the number of cubes that we can place on the bottom
layer (area of the base) times the number of layers (height of the solid).

VOLUME OF A RIGHT SOLID

The volume of a right solid equals the product of the
area of the base and the height of the solid.

The base of a right solid with vertical
sides is the isosceles triangle shown. T %
The height of the solid is 6 meters. 8m
What is the volume of the solid?
v/
4m

The area of the base is 4 x 8 divided by 2, or 16 m?. This means that 16 one-meter
sugar cubes (crushed, of course) would cover the base completely to a depth of one
meter. The height of the solid is 6 meters. If we stacked the sugar cubes 6 deep, we
would have 6 layers of 16 cubes in a layer, or 96 sugar cubes in all.

16 cubes in each layer

I
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Volume = (area of base) x (height)
= (16 m?)}(6 m) = 96 m*

example C.2 A right circular cylinder has a radius of
6 cm and a height of 20 cm as shown. 6
What is the volume?

20
solution We multiply the area of the base times the height.
Volume = area X height
= 7(6)(20) = 7207 cm?

example C.3 The base of an irregular solid has an area of 426.3 square feet. The sides are
perpendicular to the base and the height is 20 feet. What is the volume of the solid?

20 ft

solution We can put 426.3 one-cubic-foot sugar cubes in the bottom layer. If we stack the
cubes 20 deep, we get

Volume = (426.3 ft2)(20 f) = 8526 ft*

C.C

degree If the central angle of a circle is divided into 360 equal parts, each of the parts has a
measure measure of 1 degree. One-fourth of a central angle is a right angle. A right angle has a
measure of 90 degrees, which we can write as 90°. Two right angles form a straight

angle. A straight angle has a measure of 180°.

180° 60
90°
_ 60° 60°
360’ in a circle 90’ in a right angle Straight angle Equilateral triangle

The sum of the measurements of the three angles of any triangle is 180°. An
equilateral triangle has three equal angles, and each angle has a measure of 60°.
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problem set C
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- 0 a 6

Review Lesson C

Find the area of this shape. Di-
mensions are in feet. 4 2

What is the volume of the solid
whose base is the figure shown in
Practice a and whose height is 10
feet?

What kind of triangle has three sides whose lengths are equal?
What kind of triangle has only two sides whose lengths are equal?
What do we call a quadrilateral that has exactly two parallel sides?

What is the degree measure of a straight angle? What is the degree measure of a
right angle?

Add or subtract as indicated:

1.

10.

11.

12.

13.

14.

15.

1 1 2 3 1 3

12§ = 37 2. 5§ I l-l—l 3. 5§ aF 87
3 2 2 3 8 7
7 8 7 1 3 7
8§ A 14'5- 8. 93ﬁ = 55 9. 9§ = 5—1-?"

The base of a right circular cylinder has a diameter of 10 feet. The cylinder is
10 feet long. What is the volume of the cylinder?

The base of a right solid is a triangle whose altitude is 14 in. and whose base is
4 in. The solid is 10 in. high. What is the volume of the solid?

Define a rectangle. Define a square. Is every square also a rectangle?

Kais 14% om. IMKs 12% cm. What is AM?

A K M

The circumference of a circle is 10 centimeters. What is the approximate
diameter of the circle?

The perimeter of a rectangle is 140 ft. Two of the sides are 10 ft long. What is
the length of each of the other two sides?

Find the perimeter of each figure. Dimensions are in miles. All angles are right
angles.

16.

17. 620

62 4
500 s

e Ll =

50
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brings to mind the idea of three, although all the things in the drawing are not of the
same kind.

If we wish to use a symbol to designate the idea of three, we could write any of
the following:
30 27 33 " _
0 9> e | 6 < 2, 11 -8
Each of these is a symbolic representation of the idea of 3. Throughout the book
when we use the word number, we are describing the idea. We will use numerals to
designate the numbers. But we will remember that none of the marks we make on
paper are numbers because

111, 3,

A number is an idea!
Since the symbols
30
10

are both numerals that represent the same number, we say that they have the same
value. Thus, the value of a numeral is the number represented by the numeral, and we
see that the words value and number have the same meaning.

3 and

The system of numeration that we use to designate numbers is called the decimal
system. It was invented by the Hindus of India, passed to their Arab neighbors, and
finally transmitted to Europe circa 1200 A.p. The decimal system uses 10 symbols
that we call digits. These digits are

0, 1, 2, 3, 4, 5, 6, 7, 8, 9

We use these digits by themselves or in combination with one another to form the
numerals that we use to designate decimal numbers.

We call the numbers that we use to count objects or things the natural numbers
or the counting numbers. When we begin counting, we always begin with the number
1 and follow it with the number 2, etc.

1, 2, 3, 4 5, 6, 7, 8 9, 10, 11, 12, 13,...

It would not be natural to try to count by using numbers such as % or0or %, so these
numbers are not called natural or counting numbers. We designate the natural or
counting numbers with the listing above. The three dots after the number 13
indicate that this listing continues without end.

The numbers of arithmetic are zero and the positive real numbers. We say that a
positive real number is any number that can be used to describe a physical distance
greater than zero. Thus, all the numbers shown here
3 3 Ul
2 0.000163 363 38 46 7
are positive real numbers, for all of them can be used to describe physical distances
when used with descriptive units such as feet, yards, etc.

400.1623232323
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Jmile  0.000163 yard 363 fect 33 meters

46 inches 171 kilometers 400.1623232323 centimeters

The number zero is not a positive number, but it can be used to describe a
physical distance of no magnitude. Thus we say that zero is a real number. In
addition to the positive numbers and zero, in algebra we use numbers that we call
negative numbers, and these numbers are also called real numbers. The ancients did
not understand or use negative numbers. A man could not own negative 10 sheep. If
he owned any sheep at all, the number of sheep had to be designated by a number
greater than zero. The ancients could subtract 4 from 6 and get 2, but they felt that it
was impossible to subtract 6 from 4 because that would result in a number that was
less than zero itself. To their way of thinking, this was clearly impossible.

While some might tend to agree with the ancients, to the modern mathemati-
cian, physicist, or chemist, the idea or concept of negative numbers does exist, and it
is a useful concept. We say that every positive real number has a negative counterpart,
and we call these numbers the negative real numbers. We must always use a minus
sign when we designate a negative number, as we see here by writing negative seven.

L)

We may use a plus sign to designate a positive number, as we see by writing positive
seven.

+7

Or we may leave off the plus sign as we did in arithmetic and just write the numerical
part with no sign.

7

We must remember that when we write a numeral with no sign, we designate a positive
number. When we are talking about negative numbers as well as positive numbers,
we say that we are talking about signed numbers. As we shall see later, the use of
signed numbers will enable us to lump the operations of addition and subtraction
into a single operation which we will call algebraic addition.

In the 1950s the so-called new math appeared, and among other things it introduced
the number line at the elementary algebra level. The number line can be used as a
graphic aid when discussing signed numbers, and it is especially useful when
discussing the addition of signed numbers.

To construct a number line, we first draw a line and divide it into equal units of
length. The units may be any length as long as they are all the same length.

] 1 | |
r i+ & r r r + & T & & & ¥ /¢ « ¢ 7 7T T T T &+ 7/—/7T T 1§ 7

Many books show small arrowheads on the ends of number lines to emphasize that
the lines continue without end in both directions, as we show below. The
arrowheads are not necessary and may be omitted. Now we choose a point on the
line as our base point. We call this base point the origin, and we associate the
number zero with this point.
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Then we associate the positive real numbers with the points to the right of the origin
and the negative real numbers with the points to the left of the origin.

! 1 ] 1 ! 1 ! ] 1 1 " ] 1 | !
T 1 I 1 ¥ I ) I L 1 I 1 I 1 U

-7 -6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 7

On the number line above we have indicated the location of zero, the counting
numbers, and the negative counterpart of each counting number. As required, we
can indicate the position of any real number by locating it in relation to the numbers
shown. For example, on the number line below we indicate the position of +3, -1 3
and +2.6 by placing a dot at the approximate location of these numbers.

—115 + % +2.6

I | ! eI l 1 e ol ]
Nl T T LA T

<4 -3 -2 -1 0 1 2 3 4

When we place a dot on the number line to indicate the location of a number, we
say that we have graphed the number and that the dot is the graph of the number.
Conversely, the number is said to be the coordinate of the point that we have graphed.
We use the number line to tell if one number is greater than another number by saying
that a number is greater than another number |f its graph lies to the nght of the graph
of the other number Thus i is greater than —1 because the graph of lies to the right
of the graph — 12 This topic will be dlscussed in considerable detall in later lessons.

&— 1 1 ! e
hd i T T hd

-2 -1 0 1 2

On the line above we have graphed +2 and —2. The number +2 (usually the + -
sign is omitted) lies 2 units to the right of the origin, and the number —2 lies 2 units
to the left of the origin. Since the graphs of these numbers are equidistant from the
origin but in opposite directions, it is sometimes helpful to think of each of these
numbers as being the opposite of the other number. In this example, we say that —2
is the opposite of 2 and that 2 is the opposite of —2.

Fractions are multiplied by multiplying the numerators to get the new numerator,
and by multiplying the denominators to get the new denominator.

PROBLEM SOLUTION
4.1 ax7_28_ .13
@ 3x3 3515 115
We divide fractions by inverting the divisor and then multiplying.
PROBLEM INVERTING SOLUTION
4,15 4,8 4x8 _ 32
® 3+3% 3% 15 3x 15 45
If cancellation is possible, it is easier if we cancel before we multiply.
PROBLEM CANCELLATION SOLUTION
30 10
(c) § X5 7. 30 70 _ 47
39 T
1
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(39
—

21
6

JJIIW -~

(d)

0\|U|

21
23

X
l

18y
We change mixed numbers to improper fractions first and then multiply or divide as
indicated.

— ™y —
X

N vy —
[}
w

PROBLEM IMPROPER FRACTION SOLUTION
8
1,61 5. 16 40 _ .1
(e) 22><53 Zx3 3_133
1
2
LN, 31 .8 74 _:-9
gy o= 7 13 3°°13
1
3l 10
()::_3‘j i 1_0"_5__5_0—]!_7_
& i T 3V1 337 733
5 5

We use the equals sign (=) to designate that two quantities are equal. Thus we can
write

542=7

because the number represented by the notation 5 + 2 is the same number as that
represented by the numeral 7. In the same way we use the symbol # to designate that
two quantities are not equal. Thus we can write that

S+2+#11

because 7 is not equal to 11.

The four basic operations of arithmetic are also the basic operations of algebra. The
operations are addition, subtraction, multiplication, and division. We will review
these operations here and will restrict our discussion to the numbers of arithmetic,
which are the positive real numbers and zero.

When we wish to add two numbers to get a result, we use the plus sign (+) to
indicate the operation of addition. We call each of the numbers an addend, and we
call the result a sum.

2+3=5

In this example, we use the plus sign to indicate addition; we say that the numbers 2
and 3 are addends, and we say that 5 is the sum.

We note that the sum of zero and any particular real number is the particular real
number itself.

4+0=4 and 15+ 0=15
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When we wish to subtract one number from another number, we use the minus sign
(-) to indicate the operation of subtraction. We call the first number the minuend;
the second number, the subtrahend; and the result, the difference.

9-5=4

In this example, 9 is the minuend, 5 is the subtrahend, and 4 is the difference.

If two numbers are to be multiplied to achieve a result, each of the numbers is called
a factor and the result is called a product. There are several ways to indicate the
operation of multiplication.

4-3=12 43)=12 @) -(3) =12 (A3)=12 4x3=12

In each of the five examples shown here, the notation indicates that 4 is to be
multiplied by 3 and the result is 12. In algebra, we will avoid the last notation
because the cross can be confused with the letter x, a symbol we will use for other
purposes. In each of the above, we say that 4 and 3 are factors, and we say that 12 is
the product.

We note that the product of a particular real number and the number 1 is the
particular real number itself.

4-1=4 and 15-1=15

The number zero also has a unique multiplicative property. The product of any
real number and the number zero is the number zero.

4-0=0 and 15-0=10

If one number is to be divided by another number to achieve a result, the first
number is called the dividend, the second number is called the divisor, and the result
is called the quotient.

‘;’1_0 —
_5 e

Both of the notations shown here indicate that 10 is to be divided by 5 and that the
result is 2. We call 10 the dividend, call 5 the divisor, and say that the quotient is 2.
When the indicated division is expressed in the form of a fraction such as ‘2, we say
that 10 is the numerator of the fraction and that 5 is the denominator of the fraction.

2 10 +5=2

We must align the decimal points vertically when we add and subtract decimal
numbers, as we show here.

1.005
+300.012
301.017

Add 4.0016 and 0.02163.

We remember to place the numbers so that the decimal points are aligned.

4.0016
+0.02163
4.02323

Subtract 0.02163 from 4.0016.
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Again we align the decimal points.

4.0016
—0.02163
3.97997

Multiply 4.06 x 0.016.

We do not align the decimal points when we multiply.

4.06
x0.016
2436
406
0.06496

Divide 6.039 by 0.03.

As the first step, we adjust the decimal points as necessary. Then we divide.

201.3
0.0316.039 3[603.9
6 B

o
[N=N-]

If we multiply a number by a fraction that has a value of 1, we do not change the
value of the number. We just change the numeral we use to represent the number. To
write 5 with a denominator of 7, we multiply 5 by 7 over 7.

5.7_35
1777

The fraction 7 over 7 has a value of 1, so we have just multiplied 5 by 1. Thirty-five

over 7 has a value of 5 and is just another way to write 5. The fractions

3 ft and 1 vd
1 yd 3 ft

have units and are equal to 1 because 3 ft is another name for 1 yd. We call these
fractions unit multipliers. We can use unit multipliers to change the units of a
number.

Use unit multipliers to change 32 feet to inches.

There are two unit multipliers that we can consider.

1 ft and 12 in.
12 in. 1 ft

Let’s try the first unit multiplier and see what happens.

32fc  1ft _ 32ftx 1ft 32 ft?
1 12in. ~  12in. ~ 12in.
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This answer is correct but is not what we want. Let’s try the other unit multiplier.

324 % 12 in.
1 1.£¢

We can cancel the ft on the bottom with the ft on top because ft over ft has a value of
1. Since we are not interested in a numerical answer, we will not do the
multiplication.

= (32)(12) in.

Use unit multipliers to convert 36 ft to miles (5280 ft = 1 mi).

There are two unit multipliers that we may consider.

5280 ft and 1 mi

1 mi 5280 ft
We will use the second multiplier because the ft on the bottom will cancel the ft on
the top. The symbol = means approximately equal to.

36 41 Imi _ 36 - .
i X 52806t — 3280 mi = 0.0068 mi

Use unit multipliers to convert 47.25 inches to centimeters.

The inch is defined to be exactly 2.54 cm, so there are two unit multipliers that we
may consider.
1 in. 2.54 cm

PR 1in.

Since we have 47.25 in., we will use the second unit multiplier because it has in. on
the bottom, which will cancel in. on the top.

2.54 cm
1 am.

A numerical answer is not necessary, so we will leave the answer as it is.

47.25 1. X = (47.25)(2.54) cm

Use unit multipliers to convert 42 m to centimeters.

There are 100 cm in | m. The two possible unit multipliers are

100 cm and 1 m
| m 100 cm

We will use the first one because it has meters on the bottom.

42Vti>< 100 cm
1 1

= 4200 cm

Convert 42 ft to centimeters.

Many people in the United States still use feet, inches, and miles to make
measurements. The rest of the world uses centimeters, meters, and kilometers. Thus
U.S. engineers often find it necessary to convert from one system to another. The
crossover point is the exact relationship 1 in. = 2.54 cm. We will convert feet to
inches and then convert inches to centimeters.

121,  2.54 cm

VAR

42 £ x = 42(12)(2.54) cm
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'We will not do the multiplication because a decimal answer is not required. We are
interested in the method. not in an exact numerical answer.

Convert 4 miles to inches.

We will convert from miles to feet and then convert feet to inches.

52804 _ 12 in. .
ke l—/‘f? = 4(5280)(12) in.

The following table provides the basic equivalent measures.

4 miles %

TABLE OF EQUIVALENT MEASURES

1 ft=12 in. 3ft=1yd 5280 ft=1 mi
1 m=100 cm 10 mm=1 cm 1000 m=1 km
1 in=2.54 cm

Problems to provide practice in operations with decimal numbers will appear in
the problem sets. Do not use a calculator when working these problems.

Perform operations as indicated. Do not use a calculator.
a. 47.123 + 8.416 + 705.4 b. 800.62 — 75.88

c. 47.05 x 6.42 d. 4.006 =+ 0.032 e. 5412 +0.123
f. Use two unit multipliers to convert 75 feet to centimeters.

g. Use two unit multipliers to convert 450 inches to miles. (Go from inches to feet
to miles.)

What is the difference between a number and a numeral?
What do we call our system of numeration?

Who invented this system?

What numbers are called the counting numbers?

1

2

3

4. List the digits that we use in this system.

5

6. What numbers are called natural numbers?
7

The numbers of arithmetic are zero and the positive real numbers. How do we
define positive real numbers?

8. What do we call the point on the number line with which we associate the
number zero?

9. The radius of a circle is 4 cm.
(a) What is the circumference of the circle?
(b) What is the area of the circle?

10. The height of a triangle is 10 in. The area of the triangle is 40 in.2. What is the
length of the base of the triangle?

11. The circumference of a circle is 628 centimeters. What is the approximate
radius of the circle?
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Areaof front =4mX2m= 8m?
Areaofback =4m x2m= 8 m?
Area of top =4mXx3m=12m?
Area of bottom = 4m X 3 m = 12 m?
Areaofside =3mx2m= 6m?’
Areaofside =3mx2m= 6m?
Surface area = total = 52 m?

Find the surface area of this prism. All

dimensions are in centimeters.

The prism has two ends that are trian-

gles. It has three faces that are rectan-

4
gles. 5
3

Area of one end = i_g_m_>2<_3ﬂ = 6cm?
Area of one end = fic_m_;lgg = 6 cm?
Area of bottom = 3 cm X 6 cm = 18 cm?
Area of back =4 cm X 6 cm = 24 cm?
Area of front = 5cm X 6 cm = 30 cm?
Surface area = total = 84 cm?

lar cylinder shown. Dimensions are in
meters.

Find the surface area of the right circu- Q >
10

The cylinder has two ends that are

circles. The area of one end is 7r?, so

the area of both ends is

ar’ + orl = (3.14)(4 m)? + (3.14)(4 m)’
= 100.48 m?

We can easily calculate the lateral surface area if we think of the cylinder as a tin can
which we can cut down the dotted line and then press flat.

|€———— Circumference ————— |

-
i

We note that the height of the rectangle is 10 m, and that the length is the
circumference of the circle, which is 7 times the diameter. The radius of this
cylinder is 4 m, so the diameter is 8 m.

7D = (3.14)8 m) = 25.12 m
Thus the area is 10 m X 25.12 m = 251.2 m?. Therefore
Total surface area = 100.48 m? + 251.2 m? = 351.68 m?

Circumference
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2.B surface area

The base of a right solid 10 ft high is 5

shown. Find the surface area of the

solid. Dimensions are in feet. d 3
5

The surface area consists of the areas of the two equal bases and the lateral surface

area.
+ D

2
5><6+1(2§)—=30+4.577»:44.14&2

Area of one base

The lateral surface area of any right solid equals the perimeter times the height. We
can see this if we cut our solid and mash it flat;

5 5 6 S 3n

T

6 10

’ i

The length of the curved side equals the circumference of a whole circled divided
by 2.

5

Length of curve = % = -ﬂ%' =ar= 3w

The perimeter of the figure is
Perimeter = 5 + 6 + 5 + 37 =~ 16 + 9.42 = 25.42 ft
Thus the lateral surface area is the area of the rectangle.
Lateral surface area = 10(25.42) = 254.2 ft?

We add this to the surface area of both bases to get the total surface area.

Base area 44.14 ft’
Base area 44.14 fi?
Lateral surface area  254.2 ft?
Total surface area 342.48 ft?

a. Use braces and digits to designate the set of integers.

b. Use braces and digits to designate the set of whole numbers.
c. Use braces and digits to designate the set of natural numbers.
d. Find the surface area of this rectangular prism.

3ft

2ft

4 ft
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Find the surface area of this right circular cylinder. Dimensions are in

centimeters.
20,
!
|

200

This is the base of a right solid whose sides are 10 cm high. Find the lateral
surface area of the solid. Dimensions are in centimeters.

14

10

What do we call the total area of all exposed sides of a solid?

Divide or multiply as indicated:

22

4
S.
6
7

=

10.
11.
12.
13.

14.

15.

1.509 + 0.02 3. 64.09 x 1.3
Designate the set of counting numbers.

A right angle has how many degrees?

Elements of a set are also called what?

When two numbers are added to get an answer, what do we call the numbers
and what do we call the answers?

Define a positive real number.

A straight angle has how many degrees?

How can we tell if one number is greater than another number?
Use two unit multipliers to convert 4000 ft to centimeters.
What do we call the answer to a division problem?

Use the numbers 4 and 0 to illustrate the two special properties of the num-
ber 0.

The circumference of a circle is 40 cm.
(a) What is the approximate radius of the circle?
(b) What is the approximate diameter of the circle?

Find the perimeter of this figure. 16. Find the area of this figure. Di-
Dimensions are in feet. Corners mensions are in centimeters.
that look square are square. The lines that look parallel are
parallel.
8

2 g
3

12
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LESSON 3
3.A

absolute value

example 3.1

Absolute value - Addition on the number line

The number zero is neither positive nor negative and can be designated with the
single symbol 0. Every other real number is either positive or negative and thus
requires a two-part numeral. One of the parts is the plus or the minus sign, and the
other part is the numerical part. If we look at the two numerals

+7 and =7

we note that the numerical part of each one is the same and that the numerals differ
only in their signs. We can think of the numerical part as designating the quality of
“bigness” of the number, and we use the words absolute value to describe this
quality. However, when we try to write the absolute value of one of these numbers by
just writing the numerical part

7

we find that we have written a positive number because we have agreed that a numeral
written with no sign designates a positive number. Because of this agreement, we are
forced to define the absolute value of any nonzero real number to be a positive number.
We define the absolute value of zero to be zero. If we enclose a number' within
vertical lines, we are designating the absolute value of the number. We will
demonstrate this notation by designating the absolute value of zero, the absolute
value of positive 7, and the absolute value of negative 7.

o] =0 read “the absolute value of zero equals zero”
[+7] = +7  read “‘the absolute value of 7 equals 77
|=7| = +7  read “the absolute value of —7 equals 7”

Since the plus sign in front of a positive number is customarily omitted, the above
can be written without recording the plus signs:

|7| =7  read “the absolute value of 7 equals 7”
|=7| =7  read “the absolute value of —7 equals 7"
Thus we have two rules for stating the absolute value of a real number.
1. The absolute value of zero is zero.
2. The absolute value of any nonzero real number is a positive number.

Here we designate the absolute value of zero and several other real numbers.
(@) |0 =0 (b) |-7.12| = 7.12 (c) |7.12| = 7.12

3 3
@ |-l =5 ) Is =3 0 B3] =3
Simplify: (a) [-5| (b) |11 =2| (c) —]20 - 2|
' We really should use the word numeral here, but from now on we will often use the words

number and numeral interchangeably because excessive attention to the difference between
these words is counterproductive.
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(a) The absolute value of =5 is 5.
[-5] =5
(b) First we simplify within the vertical lines:
[11 = 2] = 9|
The absolute value of 9 is 9.
9] =9
(c) Again we simplify within the vertical lines:
—-|20 - 2| = —|18]
'.l'he laf:Jsolute value of 18 is 18, but we want the opposite of this. so our answer
is —18.
—|18/ = -18

In arithmetic the minus sign always means 10 subtract. but in algebra we also use the
minus sign to designate that a number is a negative number. This can be confusing
at first, as we see if we look at the expression

£} =2

and ask if the minus sign means to subtract or if it means that —2 is a negative
number. It turns out that we will find the same answer with either thought process,
but in algebra we normally prefer the second process in which we think of the
negative sign as designating that —2 is a negative number. If we do this. we say that
we are using algebraic addition.

To help explain the rules for algebraic addition. we will use diagrams drawn on
a number line.

J 1 1] i i 1 4 .l
1 T 1 T T 1] T T T

-4 -3 -2 - 0 +1 +2 +3 +4

We will represent signed numbers with arrows and say that the arrows indicate
directed numbers. We represent positive numbers with arrows that point to the right
and negative numbers with arrows that point to the left. The length of each arrow
corresponds to the absolute value of the number represented. For instance. +3
and —2 can be represented with the following arrows.

———t—> e
+3 2

To use these arrows to add +3 and —2, we begin at the origin and draw the +3 arrow
pointing to the right.

Then from the head of this arrow we draw the —2 arrow, which points to the left.
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The head of the —2 arrow is over +1 on the number line.

[}
}

il ] 1 1 ! Il ]
T T T T

3 -2 - 0 +1 +2 43

This is a graphical solution to the problem
(+3) + (-2) = +1
Note that we obtain the same answer when we add signed numbers algebraically as
we obtain when we use only the positive numbers of arithmetic and subtract!
3-2=1

It may seem that we are trying to turn an easy problem into a difficult problem, but
such is not the case. In algebra the operations of addition and subtraction are lumped
together in the one operation of algebraic addition, and this enables a straightforward

solution to problems that would be very confusing if the concepts of signed numbers
and algebraic addition were not used.

Use directed numbers and the number line to add +3 and —5.

1

|
(&)}
|
w
|
N
|
=
o +--
=
N
w
»
(3}

We begin at the origin and draw an arrow 3 units long that points to the right to
represent the number +3. From the head of this arrow we draw an arrow 5 units
long that points to the left to represent the number —5. The head of the second
arrow is just above the number —2 on the number line. Thus we see that

(+3)+ (=5 = -2
Use directed numbers and the number line to add —5 and +3.
=

: +3
| ! | Il 1

1
|
|
5 4 -3 -2 -1 0 1 2 3 4 5

We will use the same arrows, but this time we will draw the —5 arrow first and then
draw the +3 arrow. We note that again we get an answer of —2.

This example demonstrates that we may exchange the order in which we add
two numbers without changing the answer we get. The Latin word for exchange is

commutare, so we call this peculiarity or property of real numbers the commutative
property for addition.

T
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COMMUTATIVE PROPERTY FOR ADDITION

The order in which two real numbers are added does
not affect the sum. For example

4+3=7 and 3+4=7

This property can be used to show that any number of numbers can be added in any
order and the answer will be the same every time. !

When the signed numbers to be added have the same signs, the arrows will
point in the same direction, as we see in the next two examples.

example 3.4 Use directed numbers and the number line to add +2 and +1.

solution —
+2 +1

1 1
1 U

1
1
1
-2 -1 0 1 2 3 4 5 6

L

We see from the graph that the solution is +3.
(+2) + (+1) = +3

example 3.5 Use directed numbers and the number line to add ~2 and —1.

solution Fe—r e ——

We see from the graph that the solution is —3.
(-2) + (-1) = -3

The numbers to be added may also be exchanged when three or more numbers
are being added. To demonstrate this we will add four signed numbers, and then
exchange the order of the numbers and work the problem again. The sum will be the
same.

example 3.6 Use directed numbers and the number line to add these numbers:
(—4) + (+2) + (—1) + (+5)

solution We will use arrows and add the numbers in the order they are written.

f T T 1

L)




practice

problem set 3

38 Lesson 3

We began at the origin and moved 4 units to the left for —4, then 2 units to the right
for +2, then | unit to the left for — 1, and finally 5 units to the right for +5. We find
that we end up directly above the number +2 on the number line. Thus

(—4) + (+2) + (=1) + (+5) = 2

the answer will be the same regardless of the order in which we draw the arrows. To
show this, we will work the problem again with the order of the numbers changed.

(=1) + (+2) + (—4) + (+5)

I 1
1 5 |
| [}
L 1 | 1 I
T T T 1 1
—4 : I
—_—
N 2 :
l—qy :
—11 1
[} 1
; f } } t t 1 t t f t
-5 -4 -3 -2 - 0 1 2 3 4 5
Again we find that the sum of the numbers is 2.
Simplify:
a. |-4| b. [4.2] c. —|10 - 6|

d. Use a number line to add: (=5) + (2) + (=3) + (3)

Simplify:
1. |-8| 2. |+38| 3. |-12]
4. —|30 - 12| 5. —[15 - 5|

Draw a number line for each of the following problems and use directed numbers
(arrows) to add the signed numbers.

6. (+3) + (—8) 7. (=) + (+2)

8. (+4) + (+3) 9. (=4)+ (+2) + (—4) + (+8)
10. (#3)+ (=5 + (7 + (-1 11. (+7) + (=5) + (=3) + (—4)
12. Designate the set of natural 13. Designate the set of integers.

numbers.

14. What do we call the answer to a division problem?

15. What is the coordinate of a point on the number line?
16. What is the graph of a number?

17. What do we call the answer to a multiplication problem?
18. What is a factor?

19. When we divide 10 by 5 and get an answer of 2, we call 2 the quotient. What do
we call 10 and 5?
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20. What real number cannot be graphed on the number line?

Add, subtract, multiply, or divide as indicated:

1 15 1,7 .9 1 14 8
21. 1472 - 1432 — . 5t +o—— e S
3714325 B St ItR 1% £ Bt
1 3 1
24. 53 + 7§ -1z 25. 8.48636 + 2.12
26. Find the perimeter of this figure. 10
All angles are right angles. Di-
mensions are in inches. 18
26 26

11
31

27. This figure is in the base of a right prism whose sides are 6 cm high. Find the
volume and the surface area of the prism. Dimensions are in centimeters. All
angles are right angles. (Remember that the lateral surface area of a right prism
equals the perimeter times the height.)

—

Add, subtract, multiply, or divide as indicated:

1,51 2,45 F iz u X
2. 2%+ 31 29. 72 %33 . 73+73-33
31, 12.16608 = 3.04 32. 0.00143 + 0.012 + 443.6 + 0.0007
142 23%
33. 3.628 x 0.0404 34, 41 .52 35 -8
2735 14
3

36. Use two unit multipliers to convert 100 feet to centimeters (2.54 cm = 1 in.).

LESSON 4

4.A
rules for
addition

Rules for addition - Definition of subtraction

In the preceding lesson we learned to add signed numbers by using a number line
and arrows to represent the numbers. This procedure allows us to have a graphical
picture of what we are doing. Unfortunately this method is slow and time-
consuming. We do not have time to go through the entire algebra course drawing
number lines and arrows, so we must develop rules that will allow us to do algebraic
addition quickly. We need two rules—one to use when the numbers to be added



40 Lesson 4

have the same signs and one to use when the numbers have different signs. In the
following example we will draw two diagrams that will help us state the first rule.

1 Il It !
T T

T

example 4.1  Use directed numbers and the number line to add +1 and +3 algebraically, and use
directed numbers and the number line to add —1 and —3 algebraically.
solution (+1) + (+3) (=) +(=3)
— t } > f t t f 1
'+ +3 ! ' -3 =11
[} I I 1
f t I I f ; f f ; I f — t
-1 0 1 2 3 4 5 -5 4 -3 -2 -1 0 1
We see from these figures that
(+1) + (+3) = +4 and (=) + (=3)= -4
Now we will generalize. To add algebraically two signed numbers that have the
same sign, we add the absolute values of the numbers and give the result the same sign
as the sign of the numbers.
Now we will use two examples in which numbers with different signs are added
algebraically to help us state the second rule.
example 4.2 Use directed numbers and the number line to add —2 and +5 algebraically, and use
directed numbers and the number line to add +2 and —5 algebraically.
solution (=2) + (+5) (+2) + (-5)
: T T +5 1 T : : T T -5 U 1 :
[} : : I
-2 1 ! +2
! 1
3

1
|
-3 -2 -1 0 1 2

!
w
|
N
|
=
o 4-~-
-
n
w

4 -4

From the figure we see that the absolute value of each answer is 3 but that one
of the answers is +3 and that one of the answers is —3.

(=2) + (+5) = +3 (+2) + (=5) = -3

In the first case, the number +5 had the larger absolute value and thus the sign of the
result was positive. In the second case, the number —5 had the larger absolute value
and thus the sign of the result was negative. In both cases, the absolute value of the
answer was the difference in the absolute values of the numbers.

Now we will generalize. To add algebraically two signed numbers that have
opposite signs, we take the difference in the absolute values of the numbers and give to
this result the sign of the original number whose absolute value is the greatest.

When two numbers have the same absolute value but different signs, their sum
is zero. For instance, the sum of (—5) and (+5) is zero.

(=5 +(+5)=0

We say that —5 is the opposite of +5 and that +5 is the opposite of —5. Every real
number except zero has an opposite, and the sum of any number and its opposite is
zero. Another name for the opposite of a number is the additive inverse of the number,
so we can also say that the sum of any number and its additive inverse is zero.
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4.C inserting parentheses mentally

Test your un‘ders‘tanding of the rules by covering the answers to the following
problems and seeing if your answers are the same.

(@) (+7)+(-3) = +4 (e) (+2)+ (+6) = +8
(by (=7)+(=3)=-10 (f) (=2) +(-8)=-10
(€) (=7)+(+3)= -4 (8) (=2) + (+8) = +6
@ =9+ (-)=-5 (h) (+2) +(-8) = -6

We have noted that signed numbers may be added in any order and the answer will
not change. Some people add from left to right, and others begin by first adding
numbers that have the same sign.

Add: (=5) + (4) + (=3) + (+2)

This time we will add from left to right.
(=5) + (4) + (=3) + (+2)  original problem
(=1) + (=3) + (+2)  added (-5) and (4)
(—4) + (+2) added (—1) and (-3)
=7/ added (—4) and (+2)
Add: (=3) + (+2) + (=2) + (+4)
We see that we have two negative numbers and two positive numbers. As the first
step, we will add (—3) to (—2) and (+2) to (+4) and then add these sums.
(=3) + (+2) + (=2) + (+4)  original problem
(=5) + (+6) added (—3) to (—2) and (+2) to (+4)
1 added (-9) to (+6)

Most signed number problems are written without parentheses enclosing the signed
numbers. We must insert the parentheses mentally before we can add. We will let the
sign preceding the number designate whether the number is a positive number or a
negative number, and we will mentally insert a plus sign in front of each number to
indicate algebraic addition. If we use this process,

4-3+2 can be read as (+4) + (=3) + (+2)
and
== J=A 3 can be readas  (—6) + (—3) + (=2) + (+9)
Thus, to simplify an expression such as
SCian ) SR = 2 =) (S
we mentally enclose each of the numbers in parentheses, insert the extra plus signs,
and then add.
(=4) + (+2) + (=3) + (=3) + (=2) + (+6) = —4

Care must be used to avoid associating the signs with the wrong numbers. If the
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mental parentheses are not used, some would incorrectly read the original expres-
sion from right to left as <6 plus 2 minus 3,” etc. Guard against this.

Simplify: -4 -3+2-4-3-2
We mentally enclose each number in parentheses and use plus signs so that we can
read the problem as

(=H+(=3)+(+2) + (=4 +(=3) + (-2
Now we add the numbers and get a sum of —14.

() +(-3)+(+F2)+ (-9 +(-3)+(-2)=-14

Simplify: -2+ 11 -4+3-2
We mentally enclose the numbers in parentheses and add algebraically to get a sum
of +6.

(=2) + (+11) + (—=4) + (+3) + (=2) = +6

Simplify: (—4) + |-2| +3-7-2

We mentally insert parentheses so that the problem reads as follows:
D+ (=2h+ )+ (=N + (-2
Now we simplify and get an answer of —8.
(H+2)+B+ (-7 +(-2)=-8

As we have seen, if we use algebraic addition, we can handle minus signs without
using the word subtraction. We let the signs tell whether the numbers are positive or
negative, and we mentally insert parentheses and extra plus signs as necessary. Thus
the subtraction problem on the left

7-4=3 7+ (-4)=3

can be turned into the algebraic addition problem on the right. A definition of
algebraic subtraction does exist, however, and some people prefer to use it rather
than using mental parentheses. The result is exactly the same, but the definition uses
the word subtraction. To subtract algebraically, we change the sign of the subtrahend
and add.

7-4=3 7+ (-4)=3

The formal definition of the operation of algebraic subtraction is as follows.

ALGEBRAIC SUBTRACTION
.If @ and b are real numbers, then

a-b=a+ (-b)
where —b is the opposite of b.

Thus there are two thought processes that may be used to simplify expressions that
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contain minus signs such as
7-4

Since we prefer to consider that the minus sign designates a negative number, we

will emphasize algebraic addition in this book and will avoid the use of the word
subtraction.

Simplify:
a. -5-2+7-6 b. —4—|-2| -6+ (-5)
c. —|-8-3+5-11 d. —8)+[-6| - |5| -7

State the rule for adding two numbers whose signs are alike.
State the rule for adding two numbers whose signs are different.

1
2
3. What is (a) a factor? (b) a quotient? (¢) a product?
4

Find the surface area of this rec- 5. Find the perimeter of this figure.
tangular prism. Dimensions are Dimensions are in kilometers. All
in meters. angles are right angles.
16
20
2 18
26 26
10
9
31

6. Find the volume of the rectangular prism in Problem 4.

Find the surface area of this right
circular cylinder. Dimensions are
in centimeters.
12

8. Use two unit multipliers to convert 3000 inches to miles.

Simplify:

9. (+3) +(-14) 10. (—3) + (—14)

11. (—14) + (—-21) 12. (—32) + (+4)
13. (=7) + (—24) 14. (=5) + (4) + (=3) + (+8)
15. (=3) + (+2) + (-2) +4-20 16. (=2) + (=5) + (3) + (-3)
17. (32)+ (=5 +(=3)+ (-7 18. (=5 + (=3)+ (1) +(-2)

19. (—14) + (=3) + (=7) + (-14)

Insert parentheses mentally and simplify:

200 -4-3+2-4-3-8 2. -2+11-4+3-8
22, -11-3+14-2-5+7 23, -5-11+20-14+5
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. AT , -
M4, -2-8+43-2+5-7 25, (A 3T 2E 1IF 4= 5+ 3
6. —T—4-13+4-2+7 27 -8+ 13-4+13-2-5-17

Both the preceding notations and absolute value are included in the following
problems:

28. -7+ (-8)+3 29. +|-2| + (-5)

30. |-2 - 3] +(=5) 3. -7+ (=3)+4-3+(=2)

32 -6+ |-2| +(=3) -1 33. (—8) + (5) + (—10) — 4 — |-2|
3. |-2-3] -2 35. —4—2+ (-8)+|-5|

36. +|-2-3| -4+ (-8) 37. -2l +(-2) -2

38. XY=9%in XZ = 13 vz=0 Ty 3

39. Divide: 0.037 + 0.0004

LESSON 5

5.A
the opposite
of a number

Opposites and multiple signs

We can use the thought “opposite of a number” to help us understand and simplify
expressions such as —(—2), —=[—(—2)], ={—[—(2)]}, etc. We begin by graphing the
number 2 and the number —2.

|
+
-‘

From the figure we see that the number —2 lies on the opposite side of the origin
from 2 and is exactly the same distance from the origin. Thus we can think of +2 as
being the opposite of —2 and —2 as being the opposite of +2. Often it is helpful
to read a negative sign as “the opposite of.”” If we use this wording, it is easy to
locate —(—2), for we read this as the opposite of the opposite of 2. Well, the opposite
of 2 is —2, so the opposite of that must be 2 itself.

—-2)

Thus 2 and —(—2) are different numerals or symbols for the same number. If this is
true, then where does —[—(—2) ] lie? We can read this as the opposite of the opposite
of the opposite of 2.
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solution

example 5.3

solution

example 5.4

solution

45 5.B simplifying more difficult notations

If we begin at 2, we can find the opposite of 2 at —2. Then the opposite of the
opposite of 2 is back on the right side, so the opposite of the opposite of the opposite
of 2 is on the left and is another way to write —2. Of course, we could go on forever
with this process—but we won’t.

Complicated expressions such as
—(=4 + (=2) + [-(=6)]
can be simplified by using algebraic addition and the concept of opposites. We begin

by noting that algebraic addition of three numbers is indicated. We emphasize this
by enclosing the numbers that are to be added and writing plus signs between the

enclosures.
(=(=4)) +(+(=2)) + (+[-(=0)1))

The number in the first enclosure is +4, in the second is —2, and in the third is +6.
So we can write

@+ (=2)+(@©) =8
Simplify: —(+4) — (=5) + 5 — (=3) + (-6)

This problem indicates addition of five numbers.
(=(+9) + (=) + ((+9) + (=(=3) + (+(=6))
We simplify within each enclosure and add algebraically.
(—4) + (+5) + (+5) + (+3) + (-6) =3

Simplify:  —(=3) = [=(=2)] + [-(=3)]

We see three numbers are to be added. We begin by enclosing each number and
inserting the necessary plus signs.

(=) +(-I-=2D) + (*[-(=3)])
Now we simplify within each enclosure and then add.
3+4(-2)+(3) =4

Simplify: —(=4) + (=2) — [-(=6)]
This time we will picture the enclosures mentally but won’t write them down. If we
do this, we can simplify the given expression as
(4 +(=2)+(-6)= -4
Simplify: —(+4) — (=5) + 5 = (=3) + (=6)
This time we won’t even use parentheses but will write the simplification directly as

—4+5+5+3-6=3

It will take a lot of practice to become adept in doing simplifications such as this
one. Don’t get discouraged if you find these problems troublesome.
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Simplify; \ N =l
(-3 - b. (+=3)+ [-(-6)]
c. _(+6,,_(§@ (=3)E (=5
d. (- 3)’-[ (-4)

L i TR

1. The opposite of 4 is —4 and the opposite of —4 is 4. What is the opposite of
—45,654?
2. What is the sum of a number and its opposite?

Use the concept of opposites to simplify:

3. —(+9) —(-4)
5. —[=(-4)] —{=l-(=91}
7. Find the perimeter of the follow- 8. Find the area of this figure. Di-

ing figure. Dimensions are in feet. mensions are in meters,

All angles are right angles.

12

20
30 11

25

30
9. Use two unit multipliers to convert 444 feet to centimeters,

Use the concept of opposites and algebraic addition to simplify the following. Use
additional plus signs and brackets as required.

10. +7-(=3+(-2 1. (-I+(-2)-(-3) 12 4-(=3)-7+ (-2

13. 3 - (+4) - (~2) 4. -6 - (-8) - (-6) 15. | —-2/= |-2]
16. 6+ |2 1. =3 = (=3)+ |3 o
8. =2~ (=3) - {~[~(-4)])
19. =2+ 5 - (=3)i% |3 20. ~[-10| - (~10)
2. -2~ (=(=6)) + || 22. =7+ (=5) - (+5) - |2
2. (-2-5-7/C |- 4. ~8-3-4-(-10) + |12
5. 7=31~(-2)+7-4+|-11] 2 —4 = (=3) = 7 + (=3)
2. S(=5)% (=2)+ 3/= |- 14] 8. ~(=2) - (+2) - 3 - (=3)
29. —|-3-2/-(-3)-2-5 30. —(=3) = [—(=4)] - 2 + 7
Simplify:

3.7 7%
3313 -4 3. 3% +34 3. 3

w
~o
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34. 0.416 + 5.007 35. 0.00402 = 0.01 36. 0.3004 X 21.02
0.0612
S w02

LESSON 6

6.A

multiplication
of signed
numbers

Rules for multiplication of signed numbers

The sum of three 2s is 6. Also the sum of two 3s is 6.
2+2+2=6 3+3=6
We can get the same results from multiplication by writing
3-2=6 or 2-3=6

because multiplication is just a shorthand notation for repeated addition of the
same numeral. Thus, if we wish to use the number line to explain the multiplication
of 3 - 2, we can do it two ways. We can show the sum of two 3s or the sum of three 2s.

1 ! i 1 ]

This ; T 1 1 1 T 1

1 +3 +3 :

or this (!

: +2 +2 +2 1
1 1 L ] 1 1 ! 1 ! 1 &
1 1 T T T 1 T I T T 1]
-2 -1 0 7 2 3 4 5 6 7 8

Now let’s find the product of 2 and —3 on the number line. We can obtain the
same answer by adding two —3s.

| ! | Il il
1 T T T U

-3 -3

s
]
]
1 1
1] 1
L, TR . TR Gl

]
T

Thus we see that
(=3) +(-3)= -6 SO 2 times —3 = -6

But now if we attempt to use the number line to show —3 times 2 by trying to
draw —3 arrows that are +2 units long, we find that the task is impossible because
we don’t know how to draw —3 arrows, for any number of arrows we draw will be a
number equal to or greater than 1.

The number line was a useful graphic aid in understanding the concept of
signed numbers and the algebraic addition of signed numbers but is of less help
when discussing the multiplication of signed numbers (and also the division of
signed numbers), so we will not try to use it further for this purpose.

We could now just give the rules for multiplication and be done with it, but
let’s try to get some feeling for why the rules are as they are.

We need three rules for multiplication:
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1. A rule for use when both factors are positive. . -
2. A rule for use when one factor is negative and the other factor is positive.
3. A rule for use when both factors are negative.

We use the first figure in this lesson to justify the following rule.
The product of two positive real numbers is a positive real number whose
absolute value is the product of the absolute values of the two numbers.

(b) 4(3) =12 (c) 2-9=18

(a) (+4)(+5) =20

Now we use the same figure again and note that 3 times 2 equals 6.
32)=6

So it seems reasonable that the product of the opposite of 3 times 2 would be the
opposite of 6, or —6. It is!

(=3)2) = -6 (3)(-2) = -6

The product of two signed real numbers that have opposite signs is a negative
real number whose absolute value is the product of the absolute values of the numbers.

and also

(@) (=3)5)=-1I5 (b) 4(-2)=-8 (c) (=2)(6) = -12

We know that 3 times 2 equals 6,
3:2=6

and in the preceding section we said that 3 times the opposite of 2 equals the
opposite of 6.

3(-2) = -6

Now it seems reasonable to guess that the product of the opposite of 3 times the
opposite of 2 would be the opposite of the opposite of 6, which is 6 itself. It is!

(=3)(=2) = +6

The product of two negative real numbers is a positive real number whose
absolute value is the product of the absolute values of the two numbers.

(a) —3(-2)=6 (b) —5(-4) =20 (c) —5(-3)=15
Simplify:

a. (=5)(—4) b. (=5)(8) c. 3(-6)

d. (—4)(+3) e. (—8)(—95) f. —(5)(—8)

L. What is the coordinate of a point on the number line?
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2. What is the additive inverse of —2?

3. How do we tell if one number is greater than another number?

4. When we multiply numbers, what do we call the answer?

5. What do we call the answer 10 a division problem?

6. Indicate the set of integers.

7. Find the perimeter of this figure. 8. Find the area of the shaded por-
Dimensions are in meters. All an- tion of this rectangle. Dimensions
gles are right angles. are in centimeters. The figure in

the center is a trapezoid with a
height of 2 centimeters.
21
29 11
19
6 2]
46
12

9. Find the surface area of this rec- 10. Find the volume and surface area
tangular solid. All dimensions are of this right prism. Dimensions
in meters. are in feet.

: -
- /S =
3 3

Simplifyv:

1. (-3)(-5) 12. 5(-2)

13. -5(2) T4 =[=(=4))

15. —|-2| - (-2) 16. 4+ (=2) + (—9)

17. —(-4) + (-2) — (-3) 18. |-4]+5-6—|-2-4|

19. ' -3+7-8-5-(4) 20. —|-2| + 12| - (-2)

21, -7+3-2-5+(=6) 22, -3+ (=3)+(=6) -2

280NE SISO SR LS =8 = (=)= (EE))

25. -3—(=3)+(-2)-(3) 26. |-4-31-2+7-(=3)

27. 7= 4o s 12-2- |2 28. |-3-2|-(-3)-4-6

29. 5—-|-2+5|-(=3)+2 30. -8+5=3-(-2)+(=3)

31 =3+ 7—(=2)+(-3)-2 32, GEX- (- n2-3+4

L AR

33. 41.263 + 0.002 3. n%-71

53
35. 4.05 + 0.0005 36. —

(=%
Wit
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11 15 212
37. _3§+2§ 38. 7x5x49

39. Use two unit multipliers to convert 620 centimeters to feet.

LESSON 7 Inverse operations - Rules for multiplication
and division

7.A

inverse If one operation will undo another operation, the two operations are called mverse
operations operations. 1f we take a particular number and then add and subtract the same
number, the result is the particular number itself. For example, if we begin with the

number 7 and add 3 and then subtract 3, the result is 7.1

7+43-3=7

Thus addition and subtraction are inverse operations.
Multiplication and division are also inverse operations. If we multiply 7 by 2
and then divide by 2, the result is 7.
-2 _
7= 7
There has been no change since dividing by 2 undoes the effect of multiplying by 2.
Since multiplication and division are inverse operations, our rules for 1h¢
multiplication and division of signed numbers must be stated in such a way that
these operations are inverse operations.

7.B
division of one In Lesson 6 we said that the product of two positive real numbers is a positive real
positive number. For example, 4 times 3 equals 12.
number by 4.-3=12

another . o g O .
Since division undoes multiplication, we can divide the product by one of the

POSItIVE (.11 1o give the other factor:
number 0 !
3= 4 and Z= 3

If one positive real number is divided by another positive real number, the
quotient is a positive real number whose absolute value is the quotient of the absolute
values of the original numbers.

' Now we use algebraic addition instead of subtraction.
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51 7.D rules for division and multiplication of signed real numbers

In Lesson 6 we said that the product of two real numbers with opposite signs is a
negative real number. Therefore, we must define the division of two numbers of
opposite signs so that the division will be an inverse operation. Hence, 2 times the
opposite of 3 is the opposite of 6.

2(=3)= -6
Division must be defined in such a way that it will undo the multiplication.
=6 _ =6__
—3=2 and 7 = 3

Thus we see that we will have to define division so that the quotient of two negative
real numbers is a positive real number and that the quotient of a negative real
number divided by a positive real number is a negative real number.

If one negative real number is divided by another negative real number, the
quotient is a positive real number whose absolute value is the quotient of the absolute
values of the original numbers.

If a negative real number is divided by a positive real number, the quotient is a
negative real number whose absolute value is the quotient of the absolute values of the
original numbers.

We need to cover one more possibility. In Lesson 2 we found that the product
of the opposite of 2 times the opposite of 3 equals 6.

-2(-3)=6

Thus, since division is the inverse operation of multiplication and must undo the
multiplication, the following must be true.

GL 6 _

-5 = 3  andalso 3= 2
This gives us the last case. The quotient of a positive real number divided by a
negative real number is a negative real number.

If a positive real number is divided by a negative real number, the quotient is a
negative real number whose absolute value is the quotient of the absolute values of the
original numbers.

The following examples demonstrate all the rules for the division of signed
numbers.

=12 20 20

(@) == ==3 (b) Z_%)= 5 (c) =5=-10 @ 5 =+10

We can consolidate all we have learned about the multiplication and division of
signed numbers into two rules:

1. Like signs. The product or the quotient of two signed numbers that have the same
sign is a positive number whose absolute value is the absolute value of the
product or the quotient of the absolute values of the original numbers.

2. Unlike signs. The product or the quotient of two signed numbers that have
opposite signs is a negative number whose absolute value is the absolute value of
the product or the quotient of the absolute values of the original numbers.

We can state the rules above in a less rigorous but more easily remembered way
if we say
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Lesson 7

IN BOTH MULTIPLICATION AND DIVISION
oy el "
1. Like signs X% a positive number.

2. Unlike signs 8 negative number.

practice Simplify:

a.

€.

problem set7 1.

4
> b. —4(2)
—4(-2) f. _iz

C.

g.

-4

d. (-4)(-2)
~2(4) h. :—‘2‘

What operation is the inverse operation of multiplication?

2. What operation is the inverse operation of division?

3. Use two unit multipliers to convert 4000 cm to feet.

Simplify:
4. —4(-3)
6. —3(8)
8. Find the volume of this rectangu-

lar solid. Dimensions are in feet.

30

10
20
10. Find the surface area of the rec-
tangular prism shown. Dimen-
sions are in centimeters.
Y S N
11. XM is 71—5. MB is 33. Find BX.
Simplify:
12. —|-5+3-2|+2
14. -[-3(-2)] + (=5)
16. —|-6| — [-(-2)] + 5
18. -7 -4-(-3)+|-3|
200 —-|-3-3]-2
22. -4-(6) - (-3) -2

5. 4(-12)
—-16

7. -

9. Find the perimeter of this figure.
Dimensions are in meters. All an-
gles are right angles.

|5

I o

| 5

40
20
21
10
M B X

13, -4+ 5-7+(=3)-2+7
1S5 =3 = (16) + (—6) —"2
17. =5-3)—-2 + (-3)
19. =2+ (=3) - (-4) + 2
21. =3+ (=3)- (=5 -7
23. —|-2-5+7]-(-3)
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24. 7-|-3-5+1|-(-2) 35. —6-4-(3)—(=3)+3
26. 5 1-223+|+7 -3 2. —6+(=3) = [~(-2)] + 7
28. |-3|+(-2)—4+7 29. —6—(=6)—4+(=2)—1
30. _5+(_2)_(—7)_4 31. 8—7+(—6)—3+(_5)_ |_2'
4 32
% 33 —
3 6
° 15
34. Divide (do not use a calculator): 0‘40?22

LESSON 8

8.A
division by
zero

Division by zero - Exchange of factors in
multiplication - Conversions of area and
volume

The operation of division is the inverse operation of the operation of multiplication,
for division is defined as the process that will #zndo multiplication. Thusif 3 X 2 = 6.
it is necessary that

=2 and g=3

We will now use the same thought process to try to decide what the result will be if
we divide a nonzero number by zero. We will use the example of 6 divided by 0.

2=1

0

Since we say that division undoes multiplication, the multiplication that is to be
undone by the above division must be

6=7-0

But the product of zero and any real number is zero—it is not 6. There is no number
that we can substitute for ? so that the product of ? and 0 equals 6. Therefore, we say
that since the multiplication does not exist that is to be undone by the division, the
expression

6

0

has no meaning, or is undefined. A similar reasoning process is used to show that we
can’t divide zero by zero, and we say that zero divided by zero is indeterminate
rather than saying it is undefined. Thus indicated divisions such as

0 142 6 =5

0 0 0 0

have no meaningful simplifications.



example 8.1

solution

8.B
exchange of
factors in
multiplication

example 8.2

solution

example 8.3

solution
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— 3= 13
Evaluate: (a) 1—123—2‘ b)) 7773

(a) First we simplify the numerator.
4-2-2

0
_=—-—= O
13 13
Zero over 13 is read as “zero thirteenths” and has a value of zero. If the bottom of a
fraction is not zero and the top is zero, the fraction equals zero.

13 13
R — L Sopn
(b) A-2-3-0 M
The expression 13 over 0 has no meaning and thus has no value. It does not have a
value of infinity. It does not have a value of zero. It is a meaningless expression.

In Lesson 3, we noted that we can change the order in which signed numbers are
added without changing the answer. This is called the commutative property of
addition. Now we note that the order of multiplying signed numbers does not affect
the answer. This is called the commutative property for muliiplication.

COMMUTATIVE PROPERTY FOR MULTIPLICATION

The order in which two real numbers are multiplied
does not affect the product. For example

4-3=12 and 3-4=12

The order in which signed numbers are multiplied does not affect the value of the
product! This property can be used to show that any number of numbers can be
multiplied in any order and the answer will be the same every time.

Find the product: —4(3)(—6)(—2)

—4(3)(—6)(—2) given
—12(=6)(—2) multiplied —4 by 3
72(—2) multiplied =12 by —6
—144 multiplied 72 by ~2

In the first step, we multiplied —4 by 3 and got —12. In the second step, we

n}ultiplied —12by —6 and got +72, which we multiplied by —2 to get the final result
of —144.

Find the product: —6(—2)(3)(—4)
—6(=2)(3)(—4) given
123)(-4)  multiplied —6 by —2
36(—4) multiplied 12 by 3
—144 multiplied 36 and —4




example 8.4

solution

8.C
conversions

of area

and volume

example 8.5

solution

example 8.6

solution

practice

problem set 8
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Find the product: —6(—4)(3)(—2)

—-6(—4)(3)(—2)  given
24(3)(—-2) multiplied —6 by —4
72(-2) multiplied 24 by 3

-144 multiplied 72 by —2

In each of the three preceding examples the same factors were multiplied, but
the order of multiplication was different. The product was —144, however,
regardless of the order of the factors.

Two unit multipliers are required to convert area measurements, and three unit
multipliers are required to convert volume measurements.

Change 44 in.? to square centimeters.

We will write 44 in.? as 44 in. - in. Two unit multipliers are necessary.

2.54cm _ 2.54 cm

44 1. - . X in, n

= 44(2.54)(2.54) cm?

Change 180 ft* to cubic inches.

We will write 180 ft* as 180 ft - ft - ft. This shows why we need three unit multipliers.

12in. _ 12in. _ 12 in. 5
o — 9 3
180.£¢ - £€ - £ X TR X 1R & 180(12)(12)(12) in.
Simplify:
—3-2 p, -8+6+2
-2+8-6 C 8-4-4

. \DL’_U( 4" d. 2(=6)(10) (-2)

e. Use two unit multipliers to convert 44 square miles to square feet.

f. Use three unit multipliers to convert 4400 cubic feet to cubic yards.

1. Is the product of two negative numbers always a positive number?

2. Is the sum of a positive number and a negative number always a negative
number?

3. Why is division by zero said to be undefined or indeterminate?
Simplify:
4. —4(3)(-2) 5. 4(-3)(—4)

6. —2(3)(4) 7.
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8. = 9. &

10. —3Q2)(-1)(3) 1. =2(=3)(=2)(2)

12. —4(-2)(—3) 13. 4(=2)(—3)(2)

14 -3-6+5-2+4-3 15. =3+ (-2)+3 - (-4

16. |-2| +]|-4-5/+2 17. =2 —(=3) + (-4) - |-3|

18. —|-2+3-5|-[-3- 6| 19. -2-(-3)—|-4-3]+2

20. —{-[-(-2)]}—|-4 - 2| 2. -5+ (=3)—-(-2)+2

22. —|-3-2| + (-5 23 T ar S = 3 = 2k (=5)

24, —[-(-4]-(-3)+2 25. |-6] + |=3] =5+ (-3)

26. —4 -3 —(+3)+(-3) 27. |-2-5+7]-(=3)+2

28. 3— (-4 +(-3)- (-4 29. 3-|-2-3]+(=6) —(-3)

30. Use three unit multipliers to convert 147 m? to cubic centimeters.

31. Find the surface area of this right 32. Find the number of l-centimeter
circular cylinder. Dimensions are cubes this right prism will hold.
in centimeters. Find the surface area of the

prism. Dimensions are in centi-
meters.
14.1
10 A #
20
Simplify:
2
33. % 3. 73+ 33
3
35. 4.00165 — 1.00072 36. 0.008484 + 0.0028
3. —23+13 38 -7 427

LESSON 9

9.A

reciprocal or
multiplicative
inverse

Reciprocal and multiplicative inverse - Order
of operations

If one fraction is the inverted form of another fraction, each of the fractions is said
to be the reciprocal of the other fraction.
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(a) 4+3-2

Here we will first multiply 3 by 2 to
get 6

4+6
and then add to get 10.
4+6=10

Lesson 9

(by 4+3-2
Here we will first add 4 and 3 to get 7
7-2
and then multiply to get 14.
7-2=14

We worked the problem two ways and got two different answers. Neither way is
necessarily more correct than the other, but since there are two possible ways to work
the problem, mathematicians have found it necessary to agree on one way so that
everyone will get the same answer. They have agreed to do the multiplications first and
then to do the additions. Thus, to simplify an expression such as

4-3+45-6+4-3-5+6-4-2

we will use a two-step process. First we will perform all the multiplications and get
12+5-6+4-15+6-38

Now we will do the algebraic additions.
17-6+4~-15+6-28
11+4-15+6-8

15-15+6-38
0+6-—28
=2

= 1)

iR
example 9.1  Simplify: 4-3+ 2 + (=

added 12 and 5
added 17 and —6
added 11 and 4
added 15 and —15
added 6 and —8

solution We perform the multiplications first and get
12+2-15

which we now add algebraically.

12+2-15= -1

example 9.2 Simplify: —5(2) — 3 + 6(3)

solution We perform the two multiplications first

-10—-3+ 18

and now add to get

W=7, .l,vJ‘ \ ':J\
example 9.3 Simplify: 4-3 - 2—5+ 6 — 52

solution 12-10+ 6 — 10 performed multiplications

=) added algebraically




9.C

identifying
multiplication
and addition

practice

problem set 9
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When confronted with an expression such as
4 = 305) — 7(=6) — (4(—3)

the beginner often has difficulty telling whether quantities are to be added or
multiplied. There is an easy way to identify indicated multiplication. If there is no +
or — sign between symbols, multiplication is indicated. Let’s simplify the expression
above from left to right by first performing the indicated multiplications. The first
place where there is no sign between the symbols is between the 3 and the
parentheses enclosing the 5. The second place is between the 7 and the parentheses
enclosing the —6, and the third is between the parentheses enclosing both the 4 and
the —5.

4= 3(5) = 7(=6) = (4)~5)
| e, )

The places where multiplication is indicated are designated by arrows. If we
perform the indicated multiplications, we have

4 — 15 - (—42) — (-20)
Now we can simplify this expression and add.
4 — 15+ 42+ 20 =51

Simplify: 1o ®O
a. 6-3— 4(5)6) b. 13 —+4=5r— 3(10)
-4-(5—-(6) -3 d 30 — 6 + (=8)(=3)
©I0-(=5-2 > - 6(=35) + (10) + (=5)(4)
10

1. Which real number does not have a reciprocal and why?

2. (a) What is the product of any nonzero real number and its reciprocal?
(b) Is this product sometimes a negative number?

3. (a) What is a quotient?
(b) What is a product?

4. What is the additive inverse of —8?
5. Use three unit multipliers to convert 420 ft* to cubic inches.
6. Use two unit multipliers to convert 465 meters to inches.
7. Find the volume of this right cir- 8. Find the area of this figure. Di-
cular cylinder. Dimensions are in mensions are in meters.
meters.
6
[
5
3
o
10

12
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Simplify. Remember that multiplication is done befo?g addm&n

9. 6 -8+ 203) 10. 3 -2—4 +352
ih “5=—7-3-2 12. 4-5(-5)+3
T B 14, —3(—2)-8) - 2
15. -3-6+2-5 16. —6(=2) — 3(-2) ?
17. = 4(=3) +a(~ 20} 18. -2 - 3(+6) ’
19. }195 20. (-2)(-2) -2 ! )
21, -3+ (-2) - (+2)(2) 22, -2 —2(=2) + (—Az)\(—-—z)
2. (-2(-2)(-2) = |-3] 24. —(=5) + (<2) + (=5)|-3| |
5. (=7)02) - 2¢<3) + 6 26. (5)—(5);2( +4 o |
27. =3 = (=2)| +%=3) = EHeE) 28. 3=2) — H=3)+3)-+ 9 — H=2)
29. (=5)(=5)-5(2) +3 30. (—3)(=3) - 3 - 2|(-3)2) + 5|
1
3._
2 .6 5
81, 32— 7.5 32. 5
15
4.16 3 .3
S M. 2553

LESSON 10 Symbols of inclusion - Order of operations

10.A
symbols of In Lesson 9 we found that the simplification of
inclusion 4+3-2

is 10 because we have agreed to do the multiplication first and then do the addition.
So,

4+43-2=4+6=10 ‘

Parentheses, brackets, braces, and bars are called symbols of inclusion, and can
be used to help us emphasize the meamng of our notation. Using these sy mbols the
notation above could be written in any of the following ways:

(@) 4+(3-2) (b) 4+([3-2] (¢) 4+{3-2} (d 4+3-2

Each of the notations emphasizes that 3 is to be multiplied by 2 and that 4 is to be
added to this product. A further benefit of the use of symbols of inclusion is that a
nonstandard order of operations can be indicated. For example, we can use
parentheses to indicate that 4 is to be added to 3 and the result multiplied by 2 by
writing

23 + 4) or (3+4)2

While bars and braces can be used as indicated above, we normally reserve the use




10.B
order of
operations

example 10.1

solution

example 10.2

solution

example 10.3

solution

example 10.4

solution

61 10.B order of operations

of braces to indicate a set, and bars are most often used as fraction lines as shown
here.
4+(3:2)_4+6_10 _ _,
5(2 - 3) =3 )
The parentheses in the numerator are used to emphasize that 4 is to be added to the
product of 3 and 2, and the parentheses in the denominator are used to designate
that 5 is to be multiplied by the algebraic sum of 2 and —3.

To simplify numerical expressions that contain symbols of inclusion, we begin by
simplifying within the symbols of inclusion. Then we simplify the resulting
expression, remembering that multiplication is performed before addition.

Simplify: 4(3 + 2) — 5(6 — 3)

First we will simplify within the parentheses.
4(5) - 5(3) simplified within parentheses
20— 15 multiplied
5 added algebraically

Simplify: —3(2— 3 + 5) — 6(4 + 2) — 3

First we simplify within the parentheses. then multiply and finish by adding.
—3(4) — 6(6) — 3 simplified within parentheses
=il2 = 30 = 3 multiplied
=51 added algebraically

Simplify: —2(=3—-3)(-2-4)—-(-3-2)+34-2)

We begin by simplifving within the parentheses.
=04 (=5 (=) = (8) &5 8(2) simplified within parentheses
—72RLESTENG multiplied
—61 added algebraically

When the expression is in the form of a fraction. we begin by simplifying both
the numerator and the denominator. Then we have our choice of dividing or leaving
the result in the form of a fraction.

5(=5+3)+7(=5+9) +2
4-2)+3+5

Simplify:

First we will simplify the numerator and the denominator.

(@) DTN +2

2+3+5

—10+28 +2
2+3+5

simplified within parentheses

(b) multiplied
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- -\

16. —2(=5—7)—3(=8 + 2)
18. (2-3)(-8+2)+ |-3+ 53

20. %(8—4)—5(8—2)—2

22, —|-2-5% 3|5~ 2)
24. 4(8 + 4) + 7(10 — 8)
26. 6(10 + 3) + 2(=3 =2)(-2 — 2)
28. —6 — (+3) + (=3) — 54—="3)
30. 714 - 7) - 6(—12 — 4)
32. —8(+2)+ 3(—2)4 - 3)
2
5]

34. I
6

Lesson 11 Multiple symbols of inclusion

igm (—p_aatEaet) —1—31_ %
19. —4-6-(-3)—(-3-8)

21. (6~ 2)—=3 - 5) = (-5)

23. 22 -4)-8-6(7 + 3) — |-2
25. -8 — 4 - (=2) — (+2(=3)

27. 5(12+2)— 6(-3 + 8) — (2 + 3)
29. 4-6-— 25—;) - 5(6) + 7

31. 2-4-5=-2)+5-2)—-4

0.01608
33 Z0.004

T
35. —4§+2§

LESSON 11 Multiple symbols of inclusion

Often we encounter expressions such as
-3[(-2-4)-3]-2
where symbols of inclusion are within other symbols of inclusion. We simplify these

expressions by beginning with the innermost symbol of inclusion and working our
way out. Here we will simplify within the parentheses and then within the brackets.

~3[(-6) - 3] - 2
—3[-9] - 2

) — 3

25

simplified within parentheses
simplified within brackets
multiplied

added

example 11.1  Simplify: 4{2[(-3 — 2)(-7 + 4) — 5]} - 2

solution We will begin on the inside with the parentheses and work our way out.

H2[(=5)(—3) — 5]} — 2
4{2[10]} - 2

4{20} - 2

80 — 2

78

simplified within parentheses
simplified within brackets
simplified within braces
multiplied

added



example 11.2  Simplify: | [(__32(4__3)2])[—2]}
solution  First we will simplify the numerator and the denominator. Then we will divide as
the last step.
£ __35(2) —2]} simplified within parentheses
%(12(? simplified within braces
__—360 multiplied
5 divided
practice Simplify: 10 =5

a. 3{2[(-4 - 3)(-8 - 2) - 4]} p. =34 = V3] = 5}

problem set 1.

Lesson 11

24 -7

Designate the set of whole numbers.

1 2. How do we define real numbers?
3. (a) What is a factor? (b) A product? (c) A quotient?

Simplify:

4 -2=6-3)+3 (=7) - [=(=2)]5
6. —2+ 3|-4 (=3 + 2)(-6)
8. (-3-2)-(5+2) A3 5o 3

10. 523D + (<27 I -2-3- () +(-3)

12. -2 -(=2) - |-2]@2) 13. ~|-4-2|(-2)+3

14. —3(=3)(-2 -5+ |-11]) 15. -2+ 3 = 2(-2)3

16. —|—11] + (=3)|-3 + 5| 17. —8{[(=5 = 2)(- b}

18. Find (a) the perimeter and (b) the 19. Find the area of the shaded por-
area of this figure. Dimensions tion of this parallelogram. Di-
are in meters. mensions are in inches.

30 : = >~
. W]
T 44 /
Simplify:
—3(@ - 2) - (=5) _—(=2-6)

0. =63 2 T-1-3)+38
—(=3+5) +7 — = (= - 5)(=2) —

22" (23 28 BN 2) +(3-5-2)-5

gy 4 —2 5. =3 - [~(=D)] + (=3)5)
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At this point in an algebra book, however, it is customary to give a rule for
finding the number represented by

6+3-6+2-6:-2
The rule is to perform the operations from left to right in the following order.

1. Multiplication and division
2. Algebraic addition

First we will go through the problem from left to right, performing the multiplica-
tions and divisions in the order in which they are encountered.
6+3:-6+2-6-2 original problem
6+18+2-6-2 multiplied 3 times 6
6+9-6-2 divided 18 by 2
(5 Q= 112 multiplied 6 times 2

Now we go through the problem again from left to right, performing the algebraic
additions as they are encountered.

6+9-12 from above
15 —-12  added 6 and 9
3 added 15 and —12
If symbols of inclusion had been properly used, instead of stating the problem as
6+3:-6+2-6-2
the problem would have been written as follows

6+ (62

and here the method of solution is clearly indicated. We simplify within the
parentheses as the first step.

6 + % - 12 simplified within parentheses

6+9-12 divided 18 by 2
15 - 12 added 6 and 9
3 added 15 and —12

We will use symbols of inclusion to include the use of a bar as a fraction line when
stating problems. Thus problems such as the one just discussed will not be
encountered again in this book.

Let’s review the concept of the opposite of a number by watching the pattern that
develops here.
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WHICH
READ AS Is
2 2 2
=2 the opposite of 2 =7
—(—=2) the opposite of the opposite of 2 2
—[=(=2)] the opposite of the opposite of the opposite of 2 =2
—{—=[-(=2)]} the opposite of the opposite of the opposite of the opposite of 2 2

The expressions in the left-hand column are all equivalent expressions for 2 or for
—2. If we look at the right-hand column, we see that every time an additional (-) is
included in the left-hand expression, the right-hand expression changes sign.
A similar alternation in sign occurs whenever a particular number is multi-
plied by a negative number. For instance,
-2=-2
(=2(-2) = +4
(=2)(=2)(-2) = -8
(=2)(=2)(=2)(-2) = +16
(=2)(=2)(=2)(-2)(~2) = —32
The numbers on the right have different absolute values. but they alternate in sign.
We note that

The product of two negative factors is positive.
The product of three negative factors is negative.
The product of four negative factors is positive.
The product of five negative factors is negative.

Without proof we will generalize these observations.

1. The product of an even number of negative real numbers is a positive real
number.

2. The product of an odd number of negative real numbers is a negative real
number.

We can use these observations to determine the sign of the product of several
signed numbers. Let’s consider

(A=3)=H(=2)11) =2

Here we have +4 and +11 as two of the five factors. Since multiplication by a
positive number does not affect the sign of the product, we will not consider these
numbers. The other three factors are negative. We can look at the rules stated above
and see that the sign of the product of three negative numbers is negative. Thus our
answer can be expressed as

—(4-3-4-2-11)=-1056

example 12.1 Determine the signs of the following products and give the reasons. Do nor do the
multiplications.



solution

practice

problem set
12
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SIGN REASON

(@) (—=4)(=3)2)(+5)+6) positive Even number of negative factors

(b) (3)(+2)(6) positive No negative factors

(©) (=3)(=2)6)(4)(-2) negative Odd numbers of negative factors

(d) (=3)(=2)(=5=7)(-2) negative Odd number of negative factors

(€) (=3)(—=4)—=2) + 2(-3) ? Rule does not apply, as this is an
indicated sum. We will do the
problem in three steps.

(£) (=3)—4)(-2) negative Odd number of negative factors

(g) 2(-3) negative Odd number of negative factors

(h) —(3)(4)(2) — (2)(3) negative Algebraic sum of two negative
numbers is a negative number

Simplify:

a. (—=2)(=2)(—3)(-3) b. 4-2(-3)(-2)

c. Is the following product a positive number or negative number? Do not

multiply. Give the reason.

4(=3)(SH=H(=3I)=TH=21)(5)(14)(=5)(=8)

Simplify:
d. —[=(=3)] e. —{-[-(=2)]}
1. Is the product of 33 negative numbers and 2 positive numbers a positive

number or a negative number?

Is the product of 33 negative numbers and 3 positive numbers a positive
number or a negative number?

What is the reciprocal of —5?
What is another name for the reciprocal of a number?

The figure on the left is the base of a right solid that is 100 cm high. What is the
volume of the solid? Dimensions are in centimeters.

33.6

Ll
27

Find the surface area of this rec-
tangular solid. Dimensions are in
inches.

Use two unit multipliers to con- 6
vert 60 meters to inches.
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8. Use three unit multipliers to convert 48,700 cubic feet to cubic miles.

Simplify: .
+12 =6
NENGES =3 + 2 10. —5 +(=3)(-2) + 3-4 - 2|
1. -3(-2-5)4 1. =5(=3-2)+(-2)-(-3-4)
- -6-3 . )L
=4+ (4-3) T (=2 0)(=D)
15 =26 -2 - “2-4-3-270
Y =9ar (T ) S R EET
17. =3 - (2) + (=2) - (=3)(=2) 18. @}J—:—ll—_%l‘ﬂ
19. t_%_—_g%i(;—)zl 20. -2+ (=2) - (—4)5
N — e
2. =2(=6-1-2)-(=2+7) 22. F3E(-2-6)-2+4)
23. (=5-6)— 23 - 6)+ |4 24, =2 -3 - (2)(=2) + (-1)(-3)
25. -23-2-(-3)]-[B-2(-2)] 26. (-2)(-3)(-4+2)-(3+1)
27. =7 —(2) +(-2) - 3|-4] 28. 5—6—4+3—(:22—3—2)
29. —3(=2|-11]) + 5(-3 +2) 30 3-6-2—(=3)(-4)+2
1,1 :
N SSEp 32. —0.1386 + 0.063
3. =332

LESSON 13

Evaluation of algebraic expressions

In Lesson 1 we said that a number is an idea and that when we wish to write down
something to represent this idea, we use a numeral. If we wish to bring to mind the
number 7, we could write any of the following:

14 =21
2 -3

We call each of these notations a numerical expression or just a numeral. Every
numerical expression represents only one number and we call this number the value
of the expression. Each of the numerical expressions shown above has a value of 7.

In algebra we often use letters to represent numbers. When letters as well as
numbers are used in an expression, we don’t call the expression a numerical
expression but we call it by the more general name of algebraic expression or
mathematical expression. These words are used to describe expressions that contain
only numbers or only letters or contain both numbers and letters.

7 4+3 2+2+2+1
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If we write the algebraic expression
4+ x

the expression has a value that depends on the value that we assign to x. If we give x a
value of 5, then the expression has a value of 9 because

4+5=9
If we give x a value of |1, then the expression has a value of 15 because
4+11=15

Because the value assigned to x can be changed or varied, we call letters such as x
variables.

We also call the letters unknowns since they represent unknown or unspecified
numbers. The numeral 4 in this example does not change value and has a constant
value of 4. For this reason the symbol that we use to denote a number is called a
constant.

When we use variables in algebraic expressions, the notations that we use to
indicate the operations of division and algebraic addition are the same as the
notations that we use to indicate the division and algebraic addition of real
numbers. The notation for the multiplication of variables is sometimes slightly
different. We can denote that we wish to multiply 4 by the variable x by writing any
of the following:

(a) 4x (b) 4(x) (©) (Hx) (d) 4-x () 4

The notations (b) through (e) are the same as the notations that we use for real
number multiplication, but the notation shown in (a) is different from the real
number notation.

4x indicates that 4 is to be multiplied by the value of x
whereas

45 does not indicate that 4 is to be multiplied by S
but instead is a numeral that represents the number 45

Thus the expression xym indicates that the values of x, y, and m are to be
multiplied. If we give x a value of 1, y a value of 2, and m a value of 3, the value of
the expression xym can be found.

1-2-3=6
If we write the algebraic expression
4x + mx

we indicate that 4 is to be multiplied by the value of x and that the value of mis to be
multiplied by the value of x and that the two products are to be added. If we give x a
value of 3 and m a value of 5, then we can find the value of the expression.

4-3+5-3
12+ 15 =27

Thus the value of the expression when x equals 3 and m equals S is 27.
If we give x the value of 2 and m the value of 6, then the expression will have a
different value.

dx+mx=4-2+6-2=8+12=20

In this case the value of the expression is 20. It is of utmost importance to note that in
the first case when we gave x a value of 3, the value of x everywhere in the expression
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was 3. When we gave x a value of 2, the value of x everywhere in the expression was
2. While the values assigned to variables may change or be changed, under any set of
conditions the value assigned to a particular variable in an expression is the same
value throughout the expression. Also, when we begin solving equations and working
problems, we must remember that the value assigned to any particular variable under
any set of conditions must be the same value regardless of where the particular
variable appears in the equation or the problem.

Find the value of: xmp ifx=4.m=5,andp=2

We replace x with 4, m with 5, and p with 2.
xmp=4-5-2=20-2=40

Evaluate (find the value of): 4yz — 5 ify=2andz =10

We replace y with 2 and z with 10 and then simplify.
4yz — 5=4(2)(10)-5=80-5=175

Evaluate: y -z ify=-2andz= -6

We replace y with —2 and —z with +6 since —z represents the opposite of z.
-2+ 6=+4

y-z
Evaluate: —a— b —ab ifa=Z3andb= -4

The value of a is — 3, so the opposite of a 1s 3. The value of bis —4, so the opposite of
b is +4. Finally, ab = 12 and the opposite of this is —12. Thus, we get —5 for an
answer.

3+4-12=-5
Evaluate: —x — (—a + b) ifx=2,a=-4,and b= -6
Some people find that it is helpful to replace each variable with parentheses. Then
the proper number is written inside the parentheses.
=0 == =) replaced variables with parentheses
—(2) = [—(—4) + (—6)] numbers inserted

The first entry can be read as the opposite of 2, or —2. Inside the brackets we have
—(—4), read the opposite of the opposite of 4, which is 4 itself. The last entry inside
the brackets is +(—6), read plus the opposite of 6. which is the same as —6. Thus we
have

—2-(@4-6)=-2-(-2)=-2+2=0
Evaluate: x — y(—a + x) ifx=-2,y=+3,anda= -4

We will replace each variable with parentheses.
(H)=-()H)-CHr»=c N replaced variables with parentheses
(-2) = (+)[-(—9) + (-2)) numbers inserted
=-2-(3)4-2)=-2-(3)02) simplified
=-2-6=-8 simplified
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Evaluate: —(m + x)(—a + mx) ifm=2x=-3,anda = -4

We will replace each variable with parentheses.

=[C Y+ )I=C )+ X )] replaced variables with parentheses
=[(2) + (=3)][-(—4) + (2)(—3)] numbers inserted
=—-2-3)4+(-6)]=—-(—1)4-6) simplified

= —(=1)}=2)=-(2)= -2 simplified

Evaluate: —xa(x — a) + a ifa=-2and x=4

We will replace each variable with parentheses.

= )CNCH)=-C )+ ) replaced variables with parentheses
=A@ - (=] + (-2) numbers inserted
= —(-8)4+2)—-2=2806)—2 simplified
=48 — 2 = 46 simplified
Evaluate:

a. x-—Xxy ifx=-2andy=3
b. a—-(ab—a) ifa=-4andb=-2
¢. Xx—abla-b) ifx=-3a=-2,and b= —4

d. —xa(a + x) + x if x=—-4anda = -2

1. What is the difference between a numerical expression and an algebraic

expression?

2. What do we mean by the value of an expression?

3. What is (a) a variable? (b) an unknown?

4. Use two unit multipliers to convert 75 feet to centimeters.

5. Use two unit multipliers to convert 7000 square miles to square feet.

6. Find the volume of this right cir- 7. What is the area of the trapezoid
cular cylinder. Dimensions are in in square centimeters? Dimen-
meters. sions are in centimeters.

D -
T
—Jk i
i
60
Evaluate:
8. xm-—-2m ifx=-2and m = -3
9. ma-m-a ifm=-2anda = -4

10. 2abc — 3ab ifa=2,b=-3,andc=4
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Evaluate: ax[—a(a — x)] ifa=-2and x = -6
This time we will not use parentheses. We will replace a with =2, —a with 2, x with
—6, and —x with 6.
12[2(=2 + 6)]
Now we simplify, remembering to begin with the innermost symbol of inclusion.
12[2(=2 + 6)] = 12[2(4)] = 12[8] = 96

Evaluate: — b[—b(b — ¢) — (c — b)] ifb=—-4and c= —6

We replace b with —4, —b with 4, ¢ with —6, and —c with 6.
4[4(=4 + 6) — (=6 + 4)]

Now we simplify, remembering to begin within the innermost symbols of inclusion
and to multiply before adding.

4[4(2) - (-2)]
48 + 2]

4[10]

40

Eval at,eo)
. %als a(p q)] ifp=-4anda=2
b. pa[-p(-a)] ifp=-2anda= -4

c. —Xx[—x(x—a)— (a— x)] if x=-2anda = -5

1. What is (a) a factor? (b) a quotient? (c) a sum?
Evaluate:

2. xX— Xy ifx=-2andy=-3

3. x(x—1y) ifx=-2andy = -3

4. x- )y —x ifx=2andy= -3

5. x=y»)—-(x-p ifx=-2andy=3

6. (=x)+ (-y) ifx=-2andy=3

7. —xa(x — a) ifa=—-2and x = 4

8. (—x+a)-(x-a) ifx=-4anda=5

9. —x(a — xa) ifx=3anda = -5

10. —mp(p — m) ifm=-5and p =

11. (p - x)(a - px) ifa=-3,p=2,and x=— 4
12. (p—px)+ (a+ p) ifa=-3,p=2,and x = —4
13. (p—px)+ (a+p) ifa=-5p=-3,andx =4
14. —a[(=x —a) — (x — )] ifa=-3, x=4,and y = =5
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15. Find the volume and the surface
area of this right prism. Dimen-
sions are in meters.

o
O 12

4

15.A factors and coefficients

16. Find the perimeter of this figure.
All angles are right angles. Di-
mensions are in feet.

10

12

17. Use three unit multipliers to convert 4700 cubic feet to cubic yards.

Simplify:

18. —-3[-2-53-17)]

20 -2+ (-3)-|-5+2|3

2, =32 = 9) = (G = )
S(E2=l)

-72 - 9)

26. —2(-4) — {-[-(-6)]}

28. —2(=5-2) + (=3)(—6) - 2
30. =3-2-5=2-1)+(=3)
S, =B = |22 =5 o (G860 = 2)

24.

19. -3 -(=2)-{-[-1}
2. -8 —6(=2 — 1) + (=5)

~3(=6-2)+5
8 ML g ey
b5 =2 =5

T =3(-2)

27. -3-2[(5-3)2 -2 -3)]
2. 5(=2 - 3) - H-2 + 5)
31, 423 - 2) — (6 — 4)]

LESSON 15

15.A
factors and
coefficients

Terms and the distributive property

If the form in which variables and constants are written in an expression indicates
that the variables and constants are to be multiplied, we say that the expression is an

indicated product. If we write

we indicate that 4 is to be multiplied by the product of x and y. Each of the symbols
is said to be a factor of the expression. Any one factor of an expression or any
product of factors of an expression can also be called the coefficient of the rest of the
expression. Thus in the expression 4x) we can say that

(a) 4 is the coeflicient of xy
(b) x is the coefficient of 4y
(¢) yis the coefficient of 4x

(d) xy is the coefficient of 4

4(xy)
x(4y)
y(4x)
xy(4)
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(e) 4y is the coefhcient of x  4y(x)
(f) 4xis the coefficient of y  4x())

As mentioned earlier. the value of a product is not affected by the order in which the
multiplication is performed, so we may arrange the factors in any order without
affecting the value of the expression. You note that we change the order at will in (a)
through (f) above.

If the coefficient is a number as in (a) above, we call it a numerical coefficient,
and if the coefficient consists entirely of variables or letters as in (b), (¢), and (d)
above, we call it a literal coefficient. We need to speak of numerical coefhcients so
often that we usually drop the adjective numerical and use the single word
coefficient. Thus in the following expressions

4xy —15pq 8lxm:z

4 is the coefhicient of xy, —15 is the coefficient of pg, and 81 is the coefficient of xmz.

A term is an algebraic expression that

I. Consists of a single variable or constant.

2. Is the indicated product or quotient of variables and/or constants.

3. Is the indicated product or quotient of expressions that contain variables
and/or constants. \

4xy(a + b) 3x + 2y
D m

All the expressions above can be called terms. The first two are terms because they
consist of a single symbol. The third is a term because it is an indicated product of
symbols. The fourth and fifth are terms because they are considered to be indicated
quotients even though the numerator of the fourth term is an indicated product and
the numerator of the fifth term is an indicated sum. A term is thought of as a single
entity that represents or has the value of one particular number. The word term is
very useful in allowing us to identify or talk about the parts of a larger expression.
For instance, the expression

4 X

X + dxym — -8

14
W+ 2
is an expression that has four terms. We can speak of a particular term of this
expression, say the third term, without having to write out the term in question. The
terms of an expression are numbered from left to right beginning with the number 1.
Thus, for the expression above:

6p
y+2

The first term is +.x. The third term is —

The second term is +4xym. The fourth term is —8.

If we consider that the sign preceding a term indicates addition or subtraction,
then the sign is not a part of the term. In this book we prefer to use the thought of
algebraic addition. and thus most of the time we will consider the sign preceding a
term to be a part of the term. But we must be careful.

Let’s look at the third term in the expression we are considering.
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_p_
¥+ 2

If pand y are given values such that

, . op .
= 3 isanegative number. then — e will be

positive. For example. if p is equal to—4 and y is equal to 1, then the eipression has
a value of +8.

i— M—_(_8)=+8

y+2 T 1+2°

We have noted that the order of adding two real numbers does not change the
answer. Also, the order of multiplying two real numbers does not change the answer.
We call these two properties or peculiarities of real numbers the commutative
property for addition and the commutative property for multiplication.

Now we will discuss another property of real numbers that is of considerable
importance, the distributive property of real numbers. If we write

4(5 = 3)

we indicate that we are to multiply 4 by the algebraic sum of the numbers 5 and — 3.
A property (or peculiarity) of real numbers permits the value of this product to be
found two different ways.

4(5 - 3) 45 - 3)
4(2) 4.5+ 4(=3)
8 20 - 12
8

On the left we first added 5 and —3 to get 2, and then multiplied by 4 to get 8.
On the right we first multiplied 4 by both 5 and — 3. and then added the products 20
and —12 to get 8. Both methods of simplifving the expression led to the same
result.We call this property or peculiarity of real numbers the distributive property
because we get the same result if we distribute the multiplication over the algebraic
addition.”

DISTRIBUTIVE PROPERTY
For any real numbers a. b, c,

alb +¢)=ab + ac

It is possible to extend the distributive property so that the extension is applicable to
the indicated product of a number or a variable and the algebraic sum of any
number of real numbers or variables.

* Note that while multiplication can be distributed over addition. the reverse is not true. for
addition cannot be distributed over multiplication. For example.

2+(3-5)2(2+3)-(2+53)
because 17 = 35
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EXTENSION OF THE DISTRIBUTIVE PROPERTY
For any real numbers a, b, ¢, 4, . . .,

ab+c+d+---)y=ab+ac+ad+---

‘Use the distributive property to find the value of 4(6 — 2 + 5 — 7).

We begin by multiplying 4 by each of the terms within the parentheses, and then we
add the resultant products.

46 -2+ 5—7T) = 4(6) + 4(=2) + 4(5) + 4(-=7)
=24-8+20-28=8

Use the distributive property to expand mn(x + y + 2p).

We will multiply mn by each of the terms within the parentheses.

mn(x + y + 2p) = mnx + mny + 2mnp
Use the distributive property to expand (x — 3y + xz)mp.
The order is different, but we use the same procedure. Thus, mp is multiplied by
each term within the parentheses.

(x — 3y + xz)mp = mpx — 3ymp + mpxz
Use the distributive property to expand —3(2x — 4).
This can be read two ways! The first way is to read it as the opposite of 3(2x — 4).
Since 3(2x — 4) can be expanded as

32x —4)=6x-—12
we can write the opposite of this as
—6x + 12

The second way is to multiply —3 by both 2x and —4 and write the result as an
algebraic sum. If we do this, we get the same answer.

—32x—4) = —6x + 12

Use the letters a, b, and ¢, and parentheses to write the distributive property.

s

Evaluate 4(5 — 3) by adding and then multiplying.
c. Evaluate 4(5 — 3) by multiplying and then adding.

=

When we multiply first, we say we are using the distributive property. Use the
distributive property to evaluate 4(6 — 2 + 5 — 7).

Expand by using the distributive property:
e. xy(a+b-20c) f. (mn — 3)(4x) — 3(2x—4)

1. What is a coefficient?

2. What is a literal coefficient?
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LESSON 16 Like terms - Addition of like terms

16.A
like terms

16.B

addition of like

terms

Like terms are terms that have the same variables in the same form or in equivalent
forms so that the terms (excluding numerical coefficients) represent the same number
regardless of the nonzero values assigned to the variables. Let’s look at the indicated
sum of terms

4xmp — 2pmx + 6mxp

Now whether terms are like terms or not does not depend on the signs of the
terms or on the values of the numerical coefficients. So we won’t consider the + and
— signs or the numbers 4, 2, and 6. We just need to know if

xXmp,  pmXx, and mxp

are in the same form or equivalent forms and if each expression represents the same
number regardless of the nonzero values that are assigned to the variables. We state
the following:

1. They are in equivalent forms, for they have the same variables in the form of
an indicated product, and the order of multiplication of the factors does not
affect the value of the product.

2. They represent the same number regardless of the values assigned to the
variables.

We will not attempt to prove statement #2 but will demonstrate it with one set of
values for the variables. If we let x = 4, p = 6, and m = 2, we have

xpm pmx mxp
4-6-2 6-2-4 2:4:6
48 48 48

Thus 4xmp, 2pmx, and 6mpx are like terms because the variables represent the
same number regardless of the real number replacements used for the variables.

The extension of the distributive property of Lesson 15 can be rewritten as
bat+tca+da+ - -=0b+c+d+---)a

We note that ¢ is a common factor of each of the terms on the left and is written
outside the parentheses on the right. If we look at the indicated sum of terms

dxmp — 2pmx + 6mxp

we see that the factor xpm is a factor of all three terms and can be treated in the
same manner as the a factor on the left side of the statement of the distributive
property.

Thus we can write the sum of three terms as a product of (4 — 2 + 6) and pmx
as shown here.

dxpm — 2pmx + 6mxp = (4 — 2 + 6)pmx = 8pmx

The factors of the three variables in the expression 8pmx can be written in any order

without changing the value of the expression. Thus any of the following would be
equally acceptable.
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8pmx 8pxm 8xmp 8xpm 8mpx 8mxp

The above is a rather detailed approach to justify the following statement:
To add like terms, we algebraically add the numerical coefficients. Thus to add

4xpm — 2pmx + 6mxp
we simply add the numerical coefficients 4, —2, and +6 to get 8pxm.
4xpm — 2pmx + 6mxp = 8pxm
If the expression contains signed numbers, these are added separately, as shown in

the following examples.

Simplify by adding like terms: 3x + 5 — xy + 2yx — 5x

The first term and the fifth term are like terms, and the third term and the fourth
term are like terms. If we add these terms, we get

“2x+xy+5

Simplify by adding like terms: 3xy + 2xyz — 10yx — Syzx

The first term and the third term are like terms and may be added. Also, the second
and fourth terms are like terms and may be added. If we add these terms, we get

~Tyx — 3xyz

Simplify by adding like terms: 4 + 7mxy + 5 + 3yxm — 15

We add like terms and get
-6 + 10mxy

Simplify by adding like terms:
Ix—-x—-y+5—2y—3x—10 - 8y

We add the x terms, the y terms, and the numbers and get

—x—11y-—-5

Simplify by adding like terms:

-3+ xmy—y—5+8mx— 3y— 14

We add the y terms, the ymx terms. and the numbers in any order and get
=22 — 4y + Imyx

Of course, the letters myx could be in any order.

Simplify by adding like terms:

a. —2xy+3x+4—4yx — 2x b. 2xyz + 3xy — Szyx
c. 3yac — 2ac + 6acy d. 4—-x—-2xy+ 3x— Tyx
1. What is a term?

2. What kind of terms may be added?
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What is (a) a factor? (b) a product? (c) a quotient?

Find the area of this figure. Di- 5. Find the surface area of this rec-
mensions are in feet. tangular prism. Dimensions are
in inches.
qisla 3
9 :
4

Use three unit multipliers to convert 6 feet to meters. Go from feet to inches,
to centimeters, to meters.

Use four unit multipliers to convert 42,000 square inches to square miles. Use
two unit multipliers to go from square inches to square feet and two unit
multipliers to go from square feet to square miles.

Simplify by adding like terms:

8. 3xyz + 2zxy — Tzyx + 2xy 9. 4x+ 3 - 2xy—-5x— 7+ 4yx
Expand by using the distributive property:
10. (4 + 2p)x 11. 3x(y — 2m) 12. 2p(xy — 3k)
Evaluate:
13. -a(x — a) ifa=-3andx =6
14. —x - (—a)a — x) ifx=-2anda=4
15. (m — p)p ifm=3andp= -2
16. -p(—x) — px ifp=-3andx=4
17. x=-»)—-(y—x ifx=-3and y = -2
18. —x(-))—xy ifx=3andy= -2
19. —-px(x — p) ifx=—-4andp=>5 :
20. (-a)b(-a+b) ifa=6andb=-3 I
Simplify:
2. -3-2(-4+7)—-5-|-2-5] 22. {3(-2)(-4+2)-[3- (-2} =%
23. —4-(-2)-[-(-2)] - |-3| 24, -6 —-2(-3)(-1)-53-2-2) I'
25. 3= (=6 + 8)2 — 4(=3) + (-3) 26. —5—-2-6(-3+ 7)2-2(-3)
27. =2[(=3 + 5)(=2) - (3 ~ 2)] 8. 223+ 7)

(=2)(-3)

3l
29, —7—_%(2_43”—)32 30. 5—75

10

I ke 72 mom ON0GEED

5 3 T —=0.046
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LESSON 17
17.A

exponents

17.B
powers

example 17.1

solution

Exponents - Powers of negative numbers - Roots

Often we find it necessary to indicate that a number is to be used as a factor a given
number of times. For instance. if we wish to indicate that 5 is to be used as a factor
seven times, we could write 5+ 5-5-5-5-5 - 5. This is a cumbersome expression
and mathematicians have developed a sort of mathematical shorthand called
exponential notation that allows the expression to be written more concisely. The
exponential notation for 3 used as a factor seven times is 57, read “five to the
seventh.” The general form of the expression is x”, which indicates that x is to be
used as a factor » times and is read “x to the n.”

DEFINITION OF EXPONENTIAL NOTATION

XXX . g Xy= KR

l n factors
l

In this definition the letter x represents a real number and is called the base of the
expression. The letter n represents a positive integer and is called the exponent.
For example,

Il

x*=x-x-x-x The base is x and the exponent is 4.
(—4) = (—4)(—-4)(—-4%) The base is (—4) and the exponent is 3.

(1)4 = (1)<1)<l)(1) The base is 4 and the exponent is 4
3) = 3)\3)\3)\3 is 3 e exponent is 4.

The value of an exponential expression is called a power of the base.
2% = (2)(2)2)2) = 16

The value of 2 used as a factor four times is 16. We say that the fourth power of
2 is 16. We find it convenient to sometimes use the word power to name the
exponent. To do this. we would say that the expression

I

94

represents 2 raised to the fourth power.

When a positive number is raised to a positive power, the result is always a positive
number.

Simplify: (a) 3° (b) 33 (c) 3¢ (d) -3¢
Each of these notations tells us that +3 is the base. The exponents 2, 3. and 4 tell us
to use 3 as a factor twice. three times, and four times.
(@) 3*=03)3)=9 (b) 3°=(3)3)3) =27
(c) 3*=(3)3)3)(3) = 81
(d) We must be careful here because —3* means the opposite of 3¢ and not (—3)*.
=3 = —(3)3)3)3) = -81
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When a negative number is raised to an even power, the result is always positive;
and when a negative number is raised to an odd power, the result is always negative,
as demonstrated in the next example.

Simplify: (a) (=3)' (b)) (=3) (¢) (=3)" (&) —(=3)

The first three are straightforward.
() (=3)=(=3)-3)=9 (b) (=3)' =(=3)(=3)=3)=-27
(¢) (=3)* = (=3)(=3)(=3)(-3) = 81
(d) Be careful here. We want the opposite of (—3)°.
—=(=3)* = =(=3)(=3)(=3)(-3) = -81

Simplify: —3% = (=3)* + (=2)?

Be careful with the first term.
—-(3)3)3) — (-3)(-3) + (—2)(=2)=-27 -9 + 4= =32

Simplify: —2? — 4(=3)} = 2(=2)* - 2

—2%is —4,(=3)%is —27, and (—2)? is 4, so we get
—4 - 4(-27) - 2(4) - 2=-4+ 108 — 8 ~2 =94

If we use 3 as a factor twice, the result is 9. Thus 3 is the positive square root of 9. We
use a radical sign to indicate the root of a number.

3)3)=9 so V9=3
If we use 3 as a factor three times, the result is 27. Thus 3 is the cube root of 27.
B3)3)3)=27 so V271=3

If we use 3 as a factor four times, the result is 81. Thus 3 is the positive fourth root of
81.

B)3)3)3) =81 so V8l =3 ‘
If we use 3 as a factor five times, the result is 243. Thus 3 is the fifth root of 243. I
(3)(3)(3)(3)(3) = 243 ) /243 = 3 ’

Because (—3)(—3) equals +9, we say that —3 is the negative real root of 9. Because
(=3)(—=3)(—3)(—3) equals +81, we say that —3 is the negative fourth root of 81. If n
is an even number, every positive real number has a positive nth root and a negative
nth root. We use the radical sign to designate the positive even root. To designate the
negative even root, we also use a minus sign.

V9 =3 -9 = =3 V81 =3 -V8l = -3

The number under the radical sign is called the radicand, and the little number that
designates the root is called the index. If n is an odd number, every positive number

has exactly one real nth root. Also, every negative number has exactly one real odd
nth root.

V37 =3  NTi=-3
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In this book we will consider even roots of positive numbers and odd roots of
both positive and negative numbers. Even roots of negative numbers will be
discussed in the next book in this series.

Simplify: (a) V64 (b) V16 (c) V=27 (d) -V8I

(a) The notation V64 designates the positive number which used as a factor twice
has a product of 64. The answer is 8 because 8 times 8 equals 64.The notations V64
and V64 both designate the positive square root of 64. If the index is not written, it
is understood to be 2.

V64 =8
(b) The fourth root of 16 is 2 because
V16 =2 because (2)2)(2)2) = 16
(c) Every real number has exactly one nth root, where 7 is odd.
V=27 =-3 because  (=3)(=3)(—=3) = —27
(d) The square root of 81 is 9. We want the opposite of this.
-V8l = -9

Simplify:
a. (-2) b. -2° c. (-3 + V=27
d. -3 - (-2 -2 e. -3 -V=-8-Vi6

1. Use the numbers 2, 3, and 4 to demonstrate the distributive property.

2. Which integer is not a real number?

3. How many l-inch-square floor 4. Find the volume and surface area
tiles would it take to cover this of this right prism. Dimensions
figure? Dimensions are in inches. are in feet.

15
I

12 12

5. Use three unit multipliers to convert 42 feet to meters. Convert feet to inches
to centimeters to meters.

6. Use four unit multipliers to convert 170 square inches to square yards. Use two
unit multipliers to go from square inches to square feet and two unit
multipliers to go from square feet to square yards.

7. Use three unit multipliers to convert 42 cubic meters to cubic centimeters.
Simplify by adding like terms:

8. xym — 3ymx — 4xmy — 3my + 2ym 9. —3pxk + pkx — 3kpx — kp —3kx
10. m+ 4+ 3m—6—2m+ mc — 4mc

11. a—3—Ta+ 2a—- 6ax+ 4xa— 5
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12. -p—5-3p—-6-2p+7-ax + 3xa
Expand by using the distributive property to multiply:
13. x(4 — ap) 14. (5p — 2c)4xy 15. 4k(2c — a + 3m)
Evaluate:

16. |x —a] —a(-x) ifa=-3andx=4

17. (—x—a)— a(x — a) ifa=—-3and x = -4
18. —a(b—a) ifa=-4andb= -3

9. —@-x(x-a ifa=-Sandx=3

20. (-p)—a(p— a) ifa=-4andp=35

21. —a[(x — a) + (2x + a)] ifa=-4andx =3
2. —(x+x) ifx=-3andy=2

23. m[(x + 2xm) — (3x — mx)] ifx=—-4and m =2

Simplify:

24. -3(4 - 3)-3—|-3| 2500 =228 EN(=30=N5) ESN(E0))

26, —4-3+7)—(-2)-3 27. =2(=5 - 2)(=2)(-2-3)
-5+ (=5) - —42 - 4)

8. -5+(=5-(3)+(Q) 2. Thew

30. —2(—4)—-32+2-5 31. (-2)* - 2(2) - 3(—5)

3. =7+ (6) — (=3) + (-2)?

LESSON 18

example 18.1

solution

Evaluation of powers

Evaluation of expressions with exponents is straightforward when the replacements
of the variables are all positive numbers. To evaluate

|
1
!
yx2m3

with y = 3, x = 4, and m = 2, we proceed as follows:

(B)#*2)* = (3)(16)(8) = 384
We must be careful, however, when the expressions contain minus signs or when
some replacement values of the variables are negative numbers.
If a = -2, what is the value of each of the following:

(@) & (b) -—a? (¢) -& (d) (-ay

(a) a’ means a times q, or (—2)(—2) = +4

(b) —a? asks for the opposite of a2, or —(=2)(-2) = -4
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(¢) —a® means the opposite of a times a times a, or
=(=2)(=2)(-2) = +8
(d) (—a)’ means (—a)(—a)(—a) = (2)(2)(2) = +8
Evaluate: x?z2’%y ifx=2,z=3,andy= -2
We replace x with 2, z with 3, and y with -2.
(2)(3)'(~2) = (9)27)(~2) = —216
Evaluate: pm? — z? ifp=1,m=-4andz= -2

We replace p with 1, m with —4, and z with —2.
(1)(=4)? = (=2)* = (1)(16) — (—8) = 16 + 8 = 24

Evaluate:

a. x?zy ifx=-3,z=-2,andy= -2
b. b* —dac ifb=—-4,a=-3,andc = -5
c. m*—pg® ifm=-2p=4,andg= -3

1. Designate (a) the set of whole numbers; (b) the set of integers.

What is another name for the multiplicative inverse?
3. Is the product of 142 negative numbers and 3 positive numbers a positive
number or a negative number?
Simplify:
4. 324 (—3)2 St =28 A5 (S2F 6. —22+ (—4)
7. —(-3)> - (-2 8 -3%-2)-2

9. —3-23-(-3)*+ V64

10. If the figure on the left is the base of a right prism that is 8 feet high. how many
sugar cubes that measure 1 foot on a side will the solid hold? What is the
surface area of the prism? Dimensions are in feet. All angles are right angles.

6 4

14

11. How many I-inch-square floor
tiles would it take to cover the
trapezoid? Dimensions are in
inches.
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12. Use three unit multipliers to convert 49 meters to feet. Go from meters to
centimeters to inches to feet.

Evaluate:
13. —x?—)° ifx=-3andy= -2

14. a* - b’a ifa=—-2and b =3

Simplify:

15. —32-2(-3-4) 16. —2% — 4(=3)

17, =A=2E2 = 3) 18. —|-2| -3+ (-3-2)

19. 53 —4)(-2)+(=5-2) 20. 2[—-3(—2 - 4)3 - 2)]
Simplify by adding like terms: ;
21. S—x+xy—3yx—-2+ 2x 22. —3bpx—3bp—3+5pb>
23. 7 - 3k — 2k + 2kx—xk + 8 2. —8—-py+2yp+4-y
Expand by using the distributive property:

25. (4 — 2p)dx 26. —3(—x - 4) 27. —2x(a — 3p)
Evaluate:

28. —x(a—3x)+x ifa=3and x =4
29. —p(—a+2p)+p ifp=-3anda=2
30. k(ak—4a)+k ifk=-3anda=2

Simplify:
23 |
5 1,57
gy —= Wy [l dr B 33. -0.000012 + 0.003
_41 8 16
8

LESSON 19 Product rule for exponents - Like terms with
exponents

19.A

product rule The product theorem for exponents can be deduced from the definition of
for exponents exponential notation. We know that

(a) 3° means 3:3:3-3-3
and thus (b) 32-3* means (3:3)-(3:3-3),0r3°
and also (¢) 3-3¢ means  (3)-(3-3-3-3),0r3°

We see that when we multiply exponentials whose bases are the same, the exponent of
the product is obtained by adding the exponents of the factors. Thus,

@ x*:x-x2=x" (b) 57-5%-52=57
(C) pS . 1}12 = pl7 (d) 42 . 43 . 425 = 430
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solution

example 19.2

solution

example 19.3

solution

example 19.4

solution

89 19.A product rule for exponents

We call this rule the product rule for exponents and give the formal definition as
follows:

PRODUCT RULE FOR EXPONENTS
If m and »n are real numbers and x # 0,

X" o x" = xmtn

We can use this theorem to help simplify expressions that contain exponents.
Simplify: x2y2x’y?

Since rearranging the order of the factors of a product does not change the value of
the product, we may write x*y*x°)? as

X252yt = xTys
Simplify: x?)°m®x?)?

First we rearrange the factors and then we simplify.

X23mS = xSySm’

Now we define the notation x'.

DEFINITION

x'=x

This says that x means the same thing as x' and that x' means the same thing as x. If
any variable or constant is written withont an exponent, it is understood to have an
exponent of 1. Thus,

5 equals 5!, X' equals x, and  7!'equals 7
Simplify: x))2x3
First we rearrange the letters. Then we simplify, remembering that x means x' and y
means y'.

xx3yy? = x4’
Simplify: m’pmxm?x3p’

We rearrange and simplify to get the result.
m3mmixxipp® = mtx‘pt
We note that there are six ways that this result can be written:
m6x4p6 m6p6x4 p6x4m6 p6m6x4 x4m6p6 x4p6m6

Because the order of factors does not affect the product, all six of these answers are
equally correct and none is preferred. In mathematics preference is reserved to the
individual. There is no requirement to alphabetize the variables.
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adding like

terms that
contain
exponents

example 19.5

solution

example 19.6

solution

example 19.7

solution
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Lesson‘19

Above we noted that we multiply exponential expressions with like bases by adding
the exponents. The task of adding like terms that contain exponents appears similar,
but the rule is different. When we add like terms that contain exponents, we do not
add the exponents. Thus

3x? + 2x% = 5x?

and does not equal 5x*. Addition and multiplication are often confused, so we -

discuss them in the same lesson so that we can point out the difference.

When we add, we can only add like terms. We recall that letters stand for
unspecified numbers and that the order of multiplication of real numbers can be
changed. This means that

x*yp* and  pPxly
are like terms, and that
xy’p* and  yxp?
are like terms because the literal factors of the terms are the same.
Simplify by adding like terms:
A xiyps + 2xpipS + 3pixty — Tyixp’
The first and third terms are like terms, and the second and fourth terms are also
like terms. We add the numerical coefficients of these terms and get
4xyp’ — Sxy'p®
Simplify by adding like terms:
2mixy*p + 3pxyim® — 10xy*m’p + yx’m’p
The first three terms are like terms and may be added.
—5xy’m’p + x*ym’p
Simplify by adding like terms:
2x%y + 3yx? + xy? — xly — 4x?)y?

The first, second, and fourth terms are like terms and so are the third and fifth

terms. Thus we add the first, second, and fourth terms and the third and fifth terms
to obtain

4xy — 3x2y?

Simplify:
a. xX*xy}y’x'mm b. xyxix3y’
Simplify by adding like terms:

c. 2x7y% + xy — 8p3x? — Syx d. x® + yx® + 3xy — 5xp°

1. What is a variable?

2. When can terms be called like terms?
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LESSON 20

20.A
numerical and
algebraic
expressions
(again)

20.B
statements
and sentences

Statements and sentences + Conditional
equations

Each of the following expressions

@4 (B 6+3 (9 s2+3y (@ LA

is called a numerical expression because it consists of a meaningful arrangement of
numerals and symbols that designate specific operations. Every numerical expression
represents a particular number, and we say that this number is the value of the
expression. The values of expressions (a), (b). (c), and (d) are 4, 9, 20, and 12,
respectively.

We use the words algebraic expression to describe numerical expressions and
also to describe expressions that contain variables.

(e) 6 (f) x+4 (g) x*—6 (h) x(x + 4)

Each of the expressions shown in (e) through (f) is an algebraic expression. The
value of expression (e) is 6, but the values of expressions (f), (g), and (h) depend on
the value that we assign to the variable x. If we assign to x the value of 3, then the
values of expressions (f), (g), and (h) are 7, 3, and 21, respectively.

If we wish to make a statement that certain quantities are equal or are not equal, we
can do so by writing a grammatical sentence in English.

(a) The number of peaches equals the number of apples.
(b) The number of peaches does not equal the number of apples.
(c) The number of peaches is greater than the number of apples.
(d) The number of peaches is less than the number of apples.
If we use the variables
Y, and N,

to represent the number of peaches and the number of apples, and if we use the
symbols

= to mean equal
# to mean not equal
> to mean greater than (read left to right)
< to mean less than (read left to right)
we can make the same statements by writing algebraic sentences.
(a) N,=N,
(b) N, #N,
(c) N,>N,
(d) N, <N,

1
1
We see that all four are called statements or sentences but only the first one, (a), uses ‘
)

the equals sign. This algebraic statement is called an equation. The other three
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93 20.C equations

statements, (b), (c), and (d). do not use the equals sign and are called inequalities. We
will discuss equations here and hold the topic of inequalities for a later lesson.

An equation is an algebraic statement consisting of two algebraic expressions
connected by an equals sign. Thus all the following are statements and all are also
equations.

(@) 4=3+1 (b) 4+x=2+2+x (c) 4=6
(d 4+x=6+x () x+4=28

Equations are not always true equations as we see here. Two of these equations are
true equations and two are false equations, and the truth or falsity of one of them
depends on the number we use as a replacement for x in the equation.

(a) This is a true equation because 4 does equal the sum of 3 and 1.

(b) This is a true equation regardless of the number we use as a replacement
for x. We will demonstrate this by replacing x with —3 and then by replacing x
with +7.

WITH (—3) WITH (+7)
(b) 4+ (-3)=2+2+(-3) (b) 4+ (+7)=2+2+(+7)
4-3=4-3 4+7=4+7
1 =1 True 11 =11 True

(c) This is a false equation because 4 is not equal to 6.

(d) This is a false equation regardless of the number we use as a replacement
for x. We will demonstrate this by replacing x with —3 and then by replacing x
with +7.

WITH (—3) WITH (+7)
(d) 4+ (=3)=6+(-3) @d 4+EHT)=6+(+7)
4-3=6-3 4+7=6+7
=3 False 11 =13 False

(e) We call this equation a conditional equation because its truth or falsity is
conditioned by the number used as a replacement for x. If we use —2 as the
replacement for x, we get a false equation; but if we use 4 as the replacement for x,
we get a true equation.

WITH (—2) WITH (4)
(e) (-2)+4=238 (e) 4)+4=238
-2+4=238 4+4=238

2=28 False 8§ =28 True

Replacement values of the variable that turn the equation into a true equation are
called solutions of the equation or roots of the equation and are said to satisfy the
equation. Thus in the equation

x+4=28

we say that the number 4 is a solution or root of the equation. and we also say that the
number 4 satisfies the equation.
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example 20.1 Does —2 or +5 satisfy the equation x? = -5x - 6?

solution  First we try —2.

(=2)? = =5(-=2) - 6  replaced x with —2
4=10-6 simplified
4 =4 True
Now we try +35.
(52 = —=5(5) — 6  replaced x with 5
25=-25-6 simplified
25 = =31 False

Thus —2 is a solution and +5 is not a solution.
example 20.2 Is —2 or +5 a root of the equation x* — 3x = 10?

solution  First we try —2.
(=2 - 3(-2)=10
4+6=10 True
Now we try +5.
(52 =35 =10
25-15=10 True

Thus, both —2 and +5 are solutions or roots to the given equation, and we say that
both —2 and +5 satisfy this equation.

practice Is either —2 or —5 a root of these equations?
a. x—-2=0 b. x2+ 7x=-10

problem set 1. Give an example of (a) a true equation, (b) a false equation, (c) a conditional

20 equation.

2. Find the perimeter of the follow- 3. Find the surface area of the right
ing figure. Dimensions are in feet. circular cylinder shown. Dimen-
All angles are right angles. sions are in inches.

: >
30 11 20
30
4. Use three unit multipliers to convert 12 cubic feet to cubic yards.
Simplify:
5. x xxy’xy? 6. pmiyppimy? 7. 8k’nn*kn’kk

8. a’aba’b’a’ 9. m?’pap*ma’aa’ 10. 4p’x’kpx*kik
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Simplify by adding like terms:

11. 3x+2-x2+2x2 -4 12. xy — 3xp? + Sy*x — 4xy
i13.. =3x*ym + 7x — Symx?/+ 16x 14. Smp*y— 6myp* + 3ymp? — 2p*my
15. x4+ 2x* — 3 + 5x — 6x2 — 10 16. m?y — 6ym? 4 2y = 3m?y|+| 4y

17. 5-3x+7 -4+ 4x* - 2x - x*
Expand by using the distributive property: >

18. a(3x - 2) 19. 4xy(5 - 2a) 20. (3a — 4)6x
Simplify: .

21, (-3)? - 23 32.) -32 - (-2)? + V&27

23 (-3 +(-27 - |2 2. “3[(=3 + 5)(=2 - 6)] - 3
25.) —2[(5 — 3) - (5 - 8)]

Evaluate:

26. @ —-b* ifa=-2andb=3

27. a-—b(a®> - b) ifa=-2and b =3

98.) Bd(cx — y)]  ifx=-3,p=3,and ¢ = 2
29. —ba(a—b) ifa=-3andb=2

30. b(b?) - a* ifa=3and b= -2

Simplify:
31
4 1, ,5 0.003636
= _93 32. 733423 33 00303
7

LESSON 21

21.A
equivalent
equations

21.B
additive
property of
equality

Equivalent equations - Additive property of
equality

Two equations are said to be equivalent equations if every solution of either one of the
equations is also a solution of the other equation.

@) x+6=9 (b) x+10=13

The two equations shown are equivalent equations, for the number 3 will satisfy
both equations and 3 is the only number that will satisfy either equation.

If we begin with the true statement that
2=2

and add +4 to both sides of the equality, we get the true statement that 6 equals 6.
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2+4=2+4 4+42=4+2
6=6 6=6

On the left we placed the 4s after the 2s and on the right we placed the 4s before the
2s. We note that both procedures yield the same result. We emphasize this fact in the
formal definition given in the box by writing the definition twice, the second time
with the order of the addends reversed.

ADDITIVE PROPERTY OF EQUALITY
If a, b, and c are any real numbers and if a = b, then

at+tc=b+c and also c+ta=c+b

The additive property of equality can be used to find the solution of
conditional equations such as

x+4=6

This equation is a conditional equation and is neither true nor false because no
value has been assigned to x, so the additive property of equality does not apply.
Thus we must hedge a little. We assume that some real number exists that when
substituted for x will make the equation a true equation. We further assume that x
in the equation represents this number. Now we have assumed that

X + 4 equals 6

is a true statement, and thus we can use the additive property of equality. We will
use the additive property to eliminate the +4 that is now on the left side with x. We
will add —4 to both sides of the equation.

x+4= 6

-4 -4 add —4 to both sides
x+0= 2
X = 2

Now since we made an assumption to permit the use of the additive property of
equality we must check our solution in the original equation.

x+4 =6 original equation
2)+4=6 substitute 2 for x
6=26 True

Since using the number 2 for x in the equation makes the equation a true equation,
we say that the number 2 is a root or solution of the equation and that the number 2
satisfies the equation. It can be shown that the use of the additive property of
equality will not change the numbers that satisfy the equation, so we say that the use
of the additive property of equality results in an equation that is an equivalent
equation to the original equation.

If the same quantity is added to both sides of an
equation, the resulting equation will be an equivalent
equation to the original equation, and thus every
solution of one of these equations will also be a
solution of the other equation.




example 21.1

solution

example 21.2

solution

97 21.B additive property of equality

The rule says that we may add the same quantity to both sides of an equation,
but it does not specify a particular format to be used, and one format is usually just
as acceptable as another. Below are shown three possible formats for the problem
worked above.

(@) x+4= 6 (b) x+4= 6 () x+4+(-4)=6+(-4)
—4 = -4 -4 -4 x+0=2
X = 2 X = x=2

In (a) we added —4 to both sides of the equation and placed an equals sign between
the —4s to emphasize that they are equal. In (b) we added —4 to both sides but
omitted the equals sign since it really isn’t necessary. In (c) we added the —4s on the
same line with the rest of the numbers and variables. This form is adequate for very
simple problems such as this one but is less desirable for more complicated
problems. By the end of the book one should be able to perform this calculation
mentally, without writing anything down, so that none of these formats will be
necessary.

Solve: x—-3=12

To solve the equation, we want to isolate x on one side of the equals sign. We can do
this if we eliminate the —3. Thus we will add +3 to both sides of the equation.

x—3=12
+3 +3
5 = 15

This same procedure can be used when the equation contains fractions or
mixed numbers, as we see in the next two examples.

Solve: x+%= -

o1 18]

To isolate x we must eliminate the ;. Thus we add — 5 to both sides of the equation.

- %
T
11
i "3
: = I I _ 5
¥ TTgT3 YT g

Lol 2
k-rf23—9
] I
"3 23
L D2l 2 _21 __1
k =523 > k=g — k=3
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- 4

—4(=3 = 2) = 5(=2) - 2|— =22-4)
=3 - 2) - 5(-2) - 2|-4| o

=3[5(=2 = 1) = (6 — 2)]
& 2(=3 = 2)

LESSON 22

Multiplicative property of equality

To demonstrate the multiplicative property of equality, we will begin with the true
equation

2=2 true
and multiply both sides of the equation by 3.
3-2=3-2
The result is the true equation that 6 equals 6.
6=26 still true

The formal statement of the multiplicative property of equality in the box
below is made twice to emphasize the fact that the order of the factors does not
affect the product.

MULTIPLICATIVE PROPERTY OF EQUALITY
If a, b, and c are any real numbers and if

a=b,

| then

ca=cbh and also ac = be

It is possible to use the multiplicative property of equality to prove that
multiplying or dividing every term on both sides of an equation by the same
nonzero number does not change the solution(s) to the equation. This means that
the new equation is an equivalent equation to the original equation.

If every term on both sides of an equation is multiplied
or divided by the same nonzero quantity, the resulting
equation will be an equivalent equation to the original
equation. and thus every solution of one of these
equations will be a solution of the other equation.

i

We can use this rule with either of two thought processes to solve equations such as

4x =12
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The first way is to remember that division by 4 will undo multiplication by 4 because
division and multiplication are inverse operations. Thus, we solve by dividing both
sides of the equation by 4.

=12 — EL s pas

The second way is to remember that the product of 4 and its recnprocal is 1. To solve
by using this thought, we will multiply both sides of the equation by 3, which is the
reciprocal of 4:

4x=12 — %~4x=%-12 — x=3

Both of the preceding thought processes are correct and either one can be used
at any time.

example 22.1 Solve: 5x =20

solution We can solve by (a) multiplying both sides by %, or by (b) dividing both sides by 5.

1 1 5x _ 20 !
(@) 5-5x=3"20 ® FT=%
4 x=4

example 22.2 Solve: %x =17

solution We can solve by (a) multiplying both sides by %, or by (b) dividing both sides by %

5 2 _35 g___
@@ 5-3x=3-7 (®) g—z
3

Many beginning algebra students would prefer to write the preceding answer
as the mixed number 172 Both forms of the answer are equally correct, but we
prefer the 1mproper fraction 2 2 to the mixed number 172 because the improper
fraction is easier to use. Suppose the mstructlons in this problem had been to, say,
solve and then multiply the answer by . If we had written the answer & the mixed
number 175, we would have to change 1t back to the improper fraction 3 5 > before the
multiplication could be performed. Instructors at this level and in higher courses
usually prefer the improper fraction to the mixed number.

example 22.3 Solve: Z%x =3

solution We can undo multiplication by 2} by dividing by 23,

._
(39}

—_ X = =]

£o|w
|
[PSIF N
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1. The same quantity can be added to both sides of an equation without changing
the answers' to the equation.

2. Every term on both sides of an equation can be multiplied or divided by the same
nonzero quantity without changing the answers to the equation.

In many equations, it is necessary to use both of these rules to find the solution. We
will always use the addition rule first and then the multiplication/division rule. We
do this because we are undoing a normal order of operations problem. To
demonstrate we will begin with the number 4, multiply by 3, and then add -2 for a
result of 10.

34)-2=10

Now, to undo what we have done and get back to 4, we must undo the addition of
—2 first and then undo the multiplication. This is the reason that in solving
equations, we reverse the normal order of operations and undo addition first and then
nndo multiplication or division. We demonstrate this procedure by replacing 4 with x
in the above expression and getting the equation 3x — 2 = 10. Now we solve to find
that x equals 4.

3Ix-2= 10 replaced 4 with x
+2 42 add +2 to both sides
3x = 12
%x =2 — r=4  divided both sides by 3
Solve: 4x+ 5= 17

We must use the addition rule to eliminate the +5 and then use the multiplication/
division rule to eliminate the 4. We always use the addition rule first.

4x + 5= 17 original equation
=8 =8 add -5 to both sides
4x = 12
& = L2 5 y=3 divided both sides by 4
Solve: —5Sm+ 6 =38

To isolate m, we must first eliminate the 6 and then eliminate the —35.

-Sm+6= 8 original equation
-6 -6 add — 6 to both sides
(@) —5m = 2
Now we complete the solution by dividing both sides by —5.
-5Sm _ 2 __2
s =5 m*=

Dividing by a negative number sometimes leads to errors. In this problem, division by

t We remember that the answers to an equation are formally called the roots or solutions of
the equation.
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Evaluate:
22. a(@-b—-b ifa=-2andb=3

23. x(y—a)+a(y —x ifx=-3,y=2, anda = -1
24. —-bb-a) ifa=-2andb=1
25. (-d)Yd-¢) ifc=-3andd= -5

Simplify:
26. —4[(=5+2) - 3(-2-1)] 27. =31+ (-3) -4 - V27
28. %—42 29. (-2)2 - 3" — (-4 - |-2 -3

LESSON 24 More complicated equations

Often we will encounter equations that have variables on both sides of the equation.
When this occurs, we will begin the solution by using the addition rule to eliminate
the variable on one side or the other. It makes no difference which side we choose, as
we will demonstrate by working the first problem both ways.

example 24.1 Solve: 3x -4 =5x+7

solution We begin by eliminating the variable on the right side by adding —5x to both sides.

3x—-4= 5x+7 original equation
=55¢ —5x add —5x to both sides
-2x— 4 = 7
We finish by adding +4 and then dividing by —2.
“2x—-4= 17
+4 +4  add +4 to both sides
- o= — U o b divided by 2

-

example 24.2 Solve: 3x— 4 =5x + 7

solution  This time we begin by eliminating the variable on the left side by adding —3x to

both sides.
3x—-4= 5x+7 original equation
=3bF =3 add —3x to both sides
—4= 2x+7

Now we finish by adding —7 and dividing by 2. We will get —%', the same answer
that we got in the last example.

-4 =2x+7
=7 =7  add -7 to both sides
sti=2c — SHoZ Moy Givided by 2
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In many problems we must begin by simplifying on both sides by adding like
terms.

example 24.3 Solve: 3x+2-x+4=-5-x-4

solution We begin by adding like terms on both sides of the equation to get
2x+6=-9—x

This time we decide to eliminate the x term on the right side so we add +x to both

sides.
2x+6=-9—-x
TIE e add +x to both sides
3x+6=-9
Now we can finish by adding —6 to both sides and then dividing both sides by 3.
Ix+6= -9
= -6 add -6 to both sides
x  =-15 —= —33i‘=131—5 % = =51 | dividecdiby 3

example 24.4 Solve: k+3—4k+7=2k-5
e
solution We will begin by adding like terms on both sides to get

-3k +10=2k-5

Next, we eliminate the —3k on the left by adding +3k to both sides and then finish
the solution.

-3k+10= 2k-5 added like terms

+3k +3k add 3k to both sides
10= 5k-35
+5 +5 add +5 to both sides
15= 5k
Lo %‘ divide both sides by 5
3= k

example 24.5 Solve: —=7Tn+3+2n=4n—-5+n

solution We begin by simplifying and then eliminating the 5» term on the right side.
-5n+3= 5n-35 simplified both sides

—5n —3n add —35n to both sides
—10n + 3 = -5
-3=-3 add — to both sides
—10n = -8
10n = 8 multiplied both sides by (—1)
0n_8 _ ~_4 divided each side by 10 and
1 10 -5 simplified answer

Note that we used four steps in solving this equation. The steps were:
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1. Simplify by adding like terms.

2. Eliminate x on one side.

3. Eliminate the constant term.
4. Eliminate the coefficient of x.

Lesson 24

Check the order of these steps in the next problem.

example 24.6 Solve: 2x—5+7x=5+3x+ 10

solution  After we simplify, we will eliminate the 3x term on the right side.

9x - 5= 3x+ 15

—3x —-3x
6x—5= 15
+5 +5

6x = 20
6x  _ 20
6 6
e 10

-3

practice Solve:

a. 3m—Tm=8m—6

c. 2x+3x+4x—-5=2+3+ 4x

problem set
24

o 5O

are square.

What are equivalent equations?

How many I-yard-square floor
tiles would it take to cover the
area shown? Dimensions are in
yards. Corners that look square

Solve:

1._3
7. 22x—7
9, Ix—-4=7

11. 2x+x+3=x+2-5

simplified
add —3x to both sides

add +5 to both sides

divide both sides by 6

simplify answer

b. 5-6p=9—-7+8p—-3+2p
d. 3p+7-(=-3)=p+(-2)

Are x + 2 = 6 and 3x — 14 + x — 5 = —3 equivalent equations? Why?
Use four unit multipliers to convert 120 square miles to square inches.

Use three unit multipliers to convert 200 cubic meters to cubic centimeters.

6. Find the volume of this right cir-
cular cylinder. Dimensions are in

centimeters.

12 ‘|
|
|
I

8. —x=3

10. 0.02p — 2.4 = 0.006
12, 5x-3-2=3x-2+x
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@ m+4m—-2-2m=2m+2-3 M4 -m—-6m+4=-2m—95
15. y+2y—-4-y=3y—-2+y
Simplify:
m2ySmyy*m? 17. K’mmm?k*m*k’aa?
Simplify by adding like terms:
18. xym’z — 3m’zxy + 2xm’yz — Sxym’z
@@ 2bc —@+ ’§c;a__zl/7 =3¢ 20. a-—ax+2xa—3a-3
Expand by using the distributive property:
21. 4(7 - 3x) (m + 2p)3axy
Evaluate:
23. a(—a* + b) ifa=—-2andb=4 24. x(x—y) ifx=-3andy=35
@ pla — 2p?) ifa=-2and p= -4
y-m)—-m ifm=2andy= -3
Simpllfy:
27. -32 —(=3)} + (=2) - V=125
@ —4(-3+2)=3—(-4) - | -3+2

e —H-2-3-4 30, Z2(=3) +(=6)
T —(-3+2) ) —-4(-2)

LESSON 25

25.A

the
distributive
property

Move on the distributive property - Simplifying
decimal equations

Remember that we can simplify expressions such as
42 + 7)
by adding first or by using the distributive property and multiplying first.
ADDING FIRST MULTIPLYING FIRST
42 + 7) 42 + 7)
4(9) 8 + 28
36 36

Thus far, we have restricted our use of this property to expanding simple
expressions such as 4p(x + 3y).
4p(x + 3y) = 4px + 12py

In the following examples, we will use the distributive property to expand
expressions that are more complicated. We remember that in each case the
expression on the outside is multiplied by every term inside the parentheses.



example 25.1

solution

example 25.2

solution

example 25.3

solution

example 25.4

solution

25.B

simplifying

decimal
equations

example 25.5

solution

example 25.6

solution
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Expand: xy()? — x’z)

The xy is multiplied by y* and also by —x’z.
xy(y? = x22) = (X)) + (p)(-x*z) = 2y = xyz

Expand: 4xpy’(x*y — 5x)

4x)? is to be multiplied by both x*y and —5x.
4xy}(x'y — 5x) = (4xp*)(x'y) + (4xp*)(—5x) = dxSy* — 20x7y°
Expand: (ay — 4y°)2x%y
It is not necessary to write down two steps. We can do the multiplication in our head

if we are careful.

(ay — 4y°)2x%y = 2ax?y? — 8x7y*
Expand: 8m’x(5m*x — 3x° + 2x)

This time 8m%x must be multiplied by all three terms inside the parentheses.
(8m2x)(5mx) + (8m*x)(—3x°) + (8m’x)(2x) = 40m’x? — 24m>x® + 16m’x?

Finding the solutions of equations such as
0.4 + 0.02m = 4.6 0.002k + 0.02 = 4.02

can be facilitated if we begin by multiplying every term on both sides of the
equation by the power of 10 that will make every decimal coefficient an integer. The
value of the smallest decimal number in the problem often determines whether we
multiply by 10 or 100 or 1000 or 10,000, etc.

and

Solve: 0.4 + 0.02m = 4.6

The smallest decimal number in the problem is 0.02. We can convert 0.02 to 2 if we
multiply by 100. Thus, we will multiply every term on both sides of the equation by
100 and then solve.

0.4 + 0.02m = 4.6 original equation

40 + 2m = 460 multiplied every term by 100
2m =420  added —40 to both sides
m = 210 divided both sides by 2

Solve: 0.002k + 0.02 = 4.02

This time the smallest number is 0.002, so we will use 1000 as our multiplier.

0.002k + 0.02 = 4.02 original equation

2k + 20 = 4020  multiplied every term by 1000
2k = 4000 added —20 to both sides
k = 2000 divided both sides by 2
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Evaluate:
24. (ay — 4y%)2x%y ifa=-2,y=-l,andx =2

@ —(—a — x) — x? if x=-3anda =4
26. —yy-2x) ify=-2andx=3

27. —(-p)’+(p-x) ifp=-2andx=3
(@—b)+(-a ifa=-3andb=6
Simplify:

_
29. —30 - 33— 4) = V6 - |-7+2| 30. =5 —(2=3)

LESSON 26

example 26.1

solution

example 26.2

solution

Fractional parts of numbers

When we multiply a number by a fraction, we say that the result is a fractional part

of the number. If we multiply —Z; by 48, we get 42. We say this mathematically by

writing

-;- x 48 = 42

and if we use words we say that
(seven-eighths) (of 48) (is 42)

We can generalize this problem into an equation that has three parts.

(F) X (of) = (is)

The letter F stands for fraction, and the words of and is associate the parts of the
statement as we note in the following problems. We will use the variable WN to
represent what number and WF to represent what fraction. We will avoid the use of
the meaningless variable x.

% of what number is 69?

In this problem, the fraction is %, the word of associates with what number (WN),
and the word is associates with 69. We make these replacements and get.

(F) X (of) = (is) —> (%) x (WN) = 69

We can undo multiplication by % by multiplying by %. Thus we solve by multiplying
both sides of the equation by 3.

4.3

N =692 -
3 3WN=69-3 — WN=9

What fraction of 40 is 24?

This time the fraction is unknown, of associates with 40, and is associates with 24,
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We make these replacements. Then to solve, we divide both sides of the equation by

40.
(F) x (of) = (is) —> (WF)(40) = (24) — %%E

2% O 240 isrwisdlt, HeRBEL?

This time the fraction is written as the mixed number 2§. We see that of associates
with 240 and is with what number (H#N). We make these substitutions and solve by
multiplying 2% and 240.

(F) x (of) = (i) —> (23)(240) = WN —> 600 = WN

2. % of what number is 62 b. What fraction of 60 is 28?
C. 4% of 824 is what number? d. 3% of what number is 40?

1. Use three unit multipliers to convert 50 feet to meters.

Use three unit multipliers to convert 50 cubic meters to cubic centimeters.

3. Find the surface area of this right 4. Find the area of this figure. Di-
solid. Dimensions are in centime- mensions are in feet.
ters.
T
U > 19
.
22
Solve:
5. What fraction of 324 is 270? 6. % of 42 is what number?
Solve:
Lo 1_51 T, 1._3
7 §l+2-25 8. 8+2X—4
9. 0.005p + 1.4 = 0.005 10. x—-2-2x=3-x+ 4x
11. 3y—y+2y-5=7-2y+5 12. p—-2p+4-T7=p+2
@-k—4—2k=7+3k—k+5 14 x-5-(-2)+2x=7
15. 3x—-4x+7=5+x-6
Simplify:
(16) y5x2yyxy? 17. mmyy*m3ym

Simplify by adding like terms: .
18. xym? + 3xy’m — dm*xy + 5mxy* \19. pc—4cp +c—p+ Ipc — Tc

20. a’xy + 4xa’y — yxa® + 3yx’a
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Expand by using the distributive property:
21. x*(3xy — 5y) {22.) 3xta(x® — 2xa?) 23. (xyp — 3xp)p*xy

Evaluate:
24. Xy(x—y) ifx=-3andy=1
=
25.) pP—a(p-a) ifp=3anda=35
26. ka(—a)—k+a ifa=-3andk=4
27. p(a) — xp(-a) ifp=-2,a=3andx=4

Simplify:
(38 -3 + (-2) - VI 29. —4(=7 + 5)(=2) - |-2 - 3|
30, =S(=3+7)

© 5+ (-2)

LESSON 27 Negative exponents

It is convenient to have an alternative way to write the reciprocal of an exponential
expression. Here we show an alternative way to write | over 52 and 1 over 572,

I
57

In the formal definition we will use x and # to represent the base and the exponent.

=5'2 —=52

DEFINITION OF X"

If n is any real number and x is any real number that is
not zero,
1 ]

X

L =5 (@) 67=g

In (a) we moved 3¢ from the denominator to the numerator and changed the sign of
the exponent from plus to minus. In (b) we moved 7-? from the numerator to the
denominator and changed the sign of the exponent from minus to plus. In (c) we
moved 57% from the denominator to the numerator and changed the sign of the
exponent from minus to plus. In (d) we moved 63 to the denominator and changed
the sign of the exponent. The formal definition of x~" is stated in the box above. We
will now state the definition informally.

@ =3¢ (0 7%=

A number or a variable that is written as an exponen-
tial expression can be written in reciprocal form if the
sign of the exponent is changed.
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solution

example 27.2

solution

example 27.3

solution

example 27.4 Simplify: x*m?x7im™
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If the exponent is positive, the exponent is negative in the reciprocal form. If the
exponent is negative, the exponent is positive in the reciprocal form.

Simplify: 3-?

The negative exponent is meaningless as an operation indicator. Thus the first step
in the solution is to write 3% in reciprocal form and change the negative exponent to
a positive exponent.

S
L
Now we can complete the simplification because a positive exponent is an operation
indicator because 3% means 3 - 3.

1 _ 1

3_2= 2:—:

w

Simplify: %

Again, as the first step we write the expression in reciprocal form so that the negative
exponent can be changed to a positive exponent.
1
F
Now 3? is meaningful as 3 - 3 - 3, and 3° equals 27. so

31_—3=33=3-3-3=27

Simplify: (=3)7?

We first change the negative exponent to a positive exponent by writing the
exponential expression in reciprocal form.
-2 1

(=37 = =gy =

1
(=379

We have defined negative exponents so that their use will not conflict with the
use of the product rule, which is repeated here.

PRODUCT RULE FOR EXPONENTS
If m and » are real numbers and x # 0,

xm . xn = xm*-n

When the bases are the same, we multiply exponential expressions by adding the
exponents. This is true even if some of the exponents are negative numbers.

(a) x7x?=x7 (b) y'yiy=y" (c) p¥p

=9

=p

s

solution We first change the order of multiplication

x‘xm*m
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and then add the exponents of the exponential expressions whose bases are the
same.

xm™3

Simplify: x72y~°y*xizxz’

We change the orders of the factors and add the exponents of the exponential
expressions that have the same bases to get

x’zx“xy'ﬂvszzs — xay—lze l

Simplify:
a. 47 b. 2—1—3 c. (-4)7
& (—;)—2 S f. x7y8yxizxlz

1. Designate (a) the set of integers, (b) the set of whole numbers.

2. 2;1- of what number is 750? 3. What fraction of 72 is 63?
4. 3% of 72 is what number?
Solve:
1 1 1 _
5. —5+2§x—l7 6. 32x+2—9
T gx+i=i 8. 3x+5-x=x+5
9. 3y—5=7-2y+8 10. 7p—14=4p—-5+p
11. 0.0025k + 0.06 = 4.003 12. 3m—-2-m=-2+m-2>5

13) x—3x—5-2x=7Tx+3-5+2x
14. Use two unit multipliers to convert 7200 inches to meters.

15. This figure is the base of a right solid that is 4 feet high. Find the volume and
the surface area of the solid. Dimensions are in inches.

14.4

2 6

16. What is the surface area of this
right prism? Dimensions are in
feet.
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Simplify:

N 18. 2 19, 55 - V33
20. xSylaxy’yia 21. mP*pimipmim

Simplify by adding like terms:

33., 4x%yp — px*y + 3ypx? — 4 23. Sm?x%y — 2x2m?y + 8miyix
Expand: =

24. (6x%yp — 4p + 2)x%yp \2_5) dmz(m3cz* — S5mz°)
Evaluate:

26. —xa*(a + x) ifx=-2anda=3

27. m’p—pm—-p) ifm=-3andp=>5

fii\ 4x(a + x)(—x) ifx=-3anda=2

29. m(k* -—m?) ifk=-2and m= -1
Simplify:

42 -5
* SE-5-

LESSON 28

28.A

zZero
exponents

Zero exponents + Decimal parts of a
number - Volume conversions

We know that a nonzero number divided by itself equals |. For instance.

L.

L=

We can simplify this expression by moving the 42 on the bottom to the top and
changing the exponent from 2 to —2. Then we multiply 42 by 472 and get 4°.

Now, 4° must equal 1 because 42 divided by 42 equals 1. In the same way. we see that
any nonzero quantity raised to the zero power must have a value of 1.

x+ypy+2z)0 =1 (pm)°® =1 (px4)° =1

Each of the above has a value of 1 if the expression in parentheses does not have a
value of zero. Zero raised to the zero power has no meaning.

DEFINITION

If x is any real number that is not zero,




example 28.1

solution

example 28.2

solution

example 28.3

solution

solution

example 28.4

solution

28.B
decimal parts
of a number
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Simplify the following expressions: (a) x?y°’y~x7*  (b) m3b*mb=?

(because x° = 1 if x # 0)
1if b # 0)

(a) xlysy—2x-2 = y3x° = y3

(b) m*h*mb™2 = m°h° = m*  (because b° =

Since we must not use the expression 0°, it is necessary in problems such as (a)
and (b) to assume that the variable with the zero exponent is not zero. Further, in
the problem sets, we will assume a nonzero value for any variable that has zero for
its exponent.

Expand: x’y%z(p~73z° — 4x7*z7")

We choose to begin by simplifying x*)°z and p~3z°, remembering that y° = 1 and
that z° = 1. Now we have

x’z(p} — 4x73z7")
We finish by doing the two multiplications and get

x’zp™? — 4x%2° = xSzp3 - 4
Expand: x72p~3(x%)? + 4x*y?)
We do the two multiplications and get
x—Zy—ZXZyZ + x-Ey-24x4y2
Now we simplify by remembering that both x° and y° equal 1.
X+ 4xiyt = (1)(1) + 4x(1) = 1 + 4x?
(c) (=2y

Any expression (except 0) raised to the zero power has a value of 1. Thus the answer
to both (a) and (c) is 1. The expression in (b) asks for the value of the opposite of 2°.
The answer to (b) is —1.

Simplify: (a) 2° (b) -—-2°

Many people call decimal numbers decimal fractions because terminating decimal
numbers can be written as fractions. For example,

286,132 463
10,000 1,000,000

We have been working problems concerning fractional parts of a number by using
the relationship

(a) 28.6132 =

(b) 0.000463 =

(F) X (of) = (is)

We can solve statements about decimal parts of a number by using the slightly
different relationship

(D) x (of) = (is)

where D stands for the decimal (decimal fraction) part of the number and of and is
have the same meanings as before.

0.32 of 'what number is 24.32?
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We will use
(D) x (of) = (is)
We replace D with 0.32. of with W, and is with 24.32 and then solve.

0.32WN _ 24.32

N = 2
0.32WN = 2432 —> 032 0.32

WN =76

What decimal part of 42 is 26.04?

In (D) x (of) = (is), we replace D with W'D, of with 42, and is with 26.04. Then we
solve.

WD(42) _ 26.04

WD(42) = 2604 — 38 = 202

WD = 0.62

0.42 of 86 1s what number?

This time 0.42 replaces D and 86 replaces of. Then we multiply to find WN.
(0.42)(86) = WN —> 36.12 = WN

Three unit multipliers are necessary for each step in a volume conversion.

Use six unit multipliers to convert 800 ¢cm? to cubic feet.

We will use six unit multipliers to go from cubic centimeters to cubic feet.

EapEty > 2.15:tmém i 2.lsiﬁ<ﬁm . 2.1554‘& . 1;;2 = 1;:}1 12;2
- 800 i
(2.54)(2.54)(2.54)(12)(12)(12)
a. What decimal part of 60 is 80?
b. 0.16 of what number is 48.16?
c. 0.48 of 8 is what number?
Simplify:
d. &° G, G f. (=3)° g. (k+j+k)°

h. Use six unit multipliers to convert 42 cubic centimeters to cubic feet.

1. Use six unit multipliers to convert 80 cubic yards to cubic inches.
2. Use three unit multipliers to convert 42 cubic centimeters to cubic inches.
3. 0.8 of what number is 7.68?

Solve:

4. 3x—-T7=42 5. 25x-5=17
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LESSON 29

practice

problem set
29

Algebraic phrases

In algebra we learn to answer verbal questions by turning these questions into
algebraic equations. Then we solve the equations to get the desired answers. The
equations that we write contain algebraic phrases that have the same meanings as
the verbal phrases used in the questions. There are several keys to writing these
phrases. The word sum means that things are added, and the word product means
that things are multiplied. Seven more than, or increased by 7, means to add 7;
while 7 less than, or decreased by 7, means to subtract 7. If we use N to represent an
unknown number, then we will use —N to represent the opposite of the unknown
number. In the same way, twice a number would be represented by 2N. and 5 times
the opposite of a number would be represented by 5(—N). If we write the sum of
twice a number and negative 10 as 2NV — 10, we could write 7 times this sum by
writing 7(2N — 10). Cover the answers in the right-hand column below and see if
you can write the algebraic phrase that is indicated.

The sum of a number and 7 T
Seven less than a number =7

The opposite of a number decreased by 5 = = §
The sum of the opposite of a number and —5 == 5
The product of twice a number and 8 8(2N)

The sum of twice a number and —5 2N -5
Five times the sum of twice a number and -5 52N - 5)
Six times the sum of twice the opposite of a number and —8 6[2(—N) — 8]
The product of 7 and the sum of a number and 10 (N + 10)
The sum of 3 times a number and —4, multiplied by 5 S(3N — 4)
The sum of — 10 and 6 times the opposite of a number 6(—N) - 10

Write the algebraic phrases that correspond to these word phrases.
a. Five times the sum of 3 times a number and —35.

b. The product of 3 and the sum of a number and —350.
c¢. The sum of 5 times a number and —13.

d. Three times the sum of the opposite of a number and negative 7.

1. 1.6 of what number is 3200? 2. What decimal part of 80 is 8400?
3 4% of 4596 is what number?
4. Use six unit multipliers to convert 4200 cubic inches to cubic meters.

5. Find the area of this figure. Di-
mensions are in meters.

12



122 Lesson 30

Write the algebraic phrases that correspond to these word phrases.
6. The sum of 5 times a number and —8.

7. Three times the sum of the opposite of a number and —7.

Solve:
8. gx+2= -3 9. 0.3k + 085k — 2 = 2.6

10. dk-3=-7 1. 2k-5+k-3=2+2k+5
12. 2-6p+p-2=T-p 3 Im—m=5—4+2m+5-5m
Simplify: .

4. (-6)7 15. 37 ds) (_i)_z 17. 2 - V=I5
Expand:

18. p°x'(x — 2x%) @ 4x2p°(3xp’ — 2x7%)

20. (y2x7' + 3pPy2k®)xp®y? 21. 4m*x3(2m~2x75 — 3m~*k%)

(22 2p~xy (p'x*yk® — 3pix) 23, Axiyp (xyipt - Sxiyp™)

Simplify by adding like terms:

24. xmp2 — 4p~ixm + 6p~’mx — Smx
(fs‘\ kip~ty — Sk*yp~ + 2yk*p~* — Sk*yp~*
Evaluate: .

26, a*—(0*—a) ifa=-3andb=4
27. p—a(p— ap) ifa=-2andp= -3
(28) -k - (—km) ifm=3andk=-5
Simplify:

—2(=3) — (—4)%(=3)|—5 — _—N(=4-6)

29. —2(=3) - (-4)°(-3)|-5 - 2| 30. =8~ [=(=6)]

LESSON 30 Equations with parentheses

example 30.1

When equations contain parentheses, we begin by eliminating the parentheses. If
the parentheses are preceded by a number, we use the distributive property. We
multiply the number by every term inside the parentheses and discard the
parentheses.

Solve: 23 -b)=b-5

solution  As the first step, we will use the distributive property on the left side to expand

2(3 — b). Then we will complete the solution.



example 30.2

solution

example 30.3

solution
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23-0b) = b-35 original equation
6—-2b= =5 multiplied
+2b +2b add 2b to both sides
6 = 3b-5
+ 5 +5 add 5 to both sides
1 = 3% — % =b divided by 3

Solve: 3(1 +2x) + 7= —4(x + 2)

This equation has parentheses on both sides. Thus we begin by using the distributive
property on the left side and again on the right side to eliminate both sets of
parentheses.

3(1+ 2x)+7=—4(x+2) original equation
3 + 6x+7 =—-4x -8 used distributive property
10 + 6x =—4x -8 added like terms
+ 4x +4x add 4x to both sides
10 + 10x = -8
-10 =10 add —10 to both sides
10x = -18
18 9 .. .
X = 0 " *="3 divided by 10 and simplified

In this problem, we used all of the five steps that we will use to solve equations.
Sometimes one of the steps is not necessary, as in Example 30.1 above where
addition of like terms was not required. If the variable is x, the five steps are:

. Eliminate parentheses.

. Add like terms on both sides.

. Eliminate x on one side or the other.
. Eliminate the constant term.

. Eliminate the coefficient of x.

W -

Solve: 15(4 — 5x) = 16(4 — 6x) + 10

As the first step, we will use the distributive property as required on both sides of the
equation.

60 — 75x = 64 — 96x + 10 used distributive property
60 — 75x = 74 — 96x added like terms
+ 96x + 96x add 96x to both sides
60 + 21x = 74
—60 -60 add —60 to both sides
2lx= 14
_ 14 2 divided both sides by 21
= n 0 %23 and simplified

In the preceding three examples we began by using the distributive property.
To solve the next two problems, we need to have two rules for eliminating
parentheses preceded by a plus sign or a minus sign. The rules are:



example 30.4

solution

example 30.5

solution

practice

problem set
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1. When parentheses are preceded by a plus sign, both the parentheses and the
sign may be discarded as demonstrated here.

+(—4 + 3x) = -4 + 3x

2. When parentheses are preceded by a minus sign, both the minus sign and the
parentheses may be discarded if the signs of all terms within the parentheses are
changed. This rule is used because the minus sign indicates the negative of, or
the opposite of, the quantity within the parentheses.

—-x-3y+6-k=-x+3y-6+k
Solve: 12— (2x+5)= -2+ (x—3)
As the first step we drop the parentheses, remembering that if the parentheses are
preceded by a minus sign, we must change all signs inside the parentheses.
12-2x-5=-2+x-3
Now we simplify on both sides of the equation
T-2x=x-195
and solve for x:

= e x—-95
+5+2x +2x+ 5 add +5 + 2x to both sides

12 172=3Tx 4=x divided by 3

Solve: —(dy — 1)+ (=) =2y — 1) = (=)

Ix —

Again we remember that when we discard parentheses preceded by a minus sign, the
signs of all terms within the parentheses are changed.

=4y +17—-y=2y—1+y
First we add like terms and then we solve.
=5y+17= 3y-1

+S5y+ 1 +5p+1 add +5y + 1 to both sides

8= 8 —> 1?8=§82 — 42=y divided by 8

Solve:

a. -32-¢)=c-2

b. —(6c-5=4(Tc-8)+3
c. —(7-9)z~-6z=28(-6+2)

Write the algebraic phrases that correspond to these word phrases.
1. Seven times the sum of a number and —35.

2. Seven less than twice the opposite of a number.
3. The sum of 7 times a number and —51.
4

A number is multiplied by 4 and this product decreased by 15.
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LESSON 31

example 31.1

solution

example 31.2

solution

example 31.3

solution

Word problems

To solve word problems, we look for statements in the problems that describe equal
quantities. Then we use algebraic phrases and equals signs to write equations that
make the same statements of equality. We will begin by solving problems that
contain only one statement of equality. These problems require that we write only
one equation. Later, we will encounter problems that contain more than one
statement of equality. These problems will require more than one equation for their
solution.

We will avoid the use of the letters x and y in writing these equations. We will
try to use variables whose meaning is easy to remember. The problems in this lesson
discuss some unknown number. We will use the letter N to represent the unknown
number.

The sum of twice a number and 13 is 75. Find the number.

The word is means equal to. Thus, the sum of twice a number and 13 equals 75.

2N+ 13 =175 equation
We can solve this equation by adding —13 to both sides and then dividing by 2.
2N+ 13= 175 equation
— 13 —-13  add —13 to both sides
2N = 62
N= 31 divided both sides by 2

Solutions to word problems should always be checked to see if they really do solve the
problem.

Check: 231) + 13 =75 — 62+ 13=75 — 75=175 Check
Find a number such that 13 less than twice the number is 137.

We will use N to represent the unknown number. Then twice the unknown number
is 2N and 13 less than that is 2N — 3.

2N - 13 = 137 equation
+ 13  +13 add +13 to both sides
2N = 150
N= 175 divided both sides by 2

Check: 2(75) = 13 =137 — 150 - 13 =137 —> 137 = 137 Check

Find a number such that if 5 times the number is decreased by 14, the result is twice
the opposite of the number.

If we use N for the number, then 2(—N) will represent twice the opposite of the
number.

SN - 14 = 2(-N) equation

5N - 14 = -2N multiplied

2N + 14 2N + 14 add 2N + 14 to both sides
1N =14










example 32.1

solution

example 32.2

solution
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quantities

example 32.3

solution
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composite number because it can be composed as the product of the counting
numbers 5 and 7.

5-7=35
The number 1 must be one of the factors if we wish to compose 17 by multiplying.
171 =17

The number 1 must also be a factor if we wish to compose either 3 or 11 or 23.
1-3=3 111 =11 1-23=23
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